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Abstract

A classical theorem due to Buckley [Congr. Numer. 32 (1981) 153-162] relates the Wiener index of a tree with the Wiener
index of its line graph by a simple identity. We generalise this identity to the Steiner Wiener index and also use related
ideas to resolve a problem due to Kovse, Rasila and Vijayakumar [AKCE Int. J. Graphs Comb. 17 (2020) 833-840] on the
minimum value of the Steiner Wiener index of line graphs of trees.
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1. Introduction

The Wiener index of a graph, defined as the sum of all distances between vertices, is one of the most famous examples
of a topological index in chemical graph theory. Its history goes back to the 1947 paper by Wiener [20], and many of its
properties have been thoroughly studied. Books on mathematical chemistry and specifically chemical graph theory such
as [6,16,17] all have a section devoted to the Wiener index. Trees have been of particular interest throughout the history
of the Wiener index, see [5] for a topical survey.

Many different variants of the Wiener index have been considered in the literature, for example the hyper-Wiener

index [8] J .
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and the generalised Wiener index [7]

Wa(G) = Z d(v,w)®.
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The classical Wiener index W (G) is the special case o = 1, the Harary index [13,21] is obtained as the special case o = —1:
1
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A relatively recent generalisation of the Wiener index is known as the k-Steiner Wiener index, see [11]. For a graph G and
a subset U of k vertices, a k-Steiner tree is a tree of minimum size that contains all vertices of U and is a (not necessarily
induced) subgraph of G. The number of edges of such a Steiner tree is called the Steiner distance of U, see [4]. Note that
a 2-Steiner tree is simply a shortest path between two vertices, so this notion reduces to the classical graph distance for
k=2.

The k-Steiner Wiener index SWy(G) is now defined as the sum of the Steiner distances over all vertex subsets of
cardinality k. The classical Wiener index W (G) is the special case where k = 2. Note also that trivially SW;(G) = 0, since
1-Steiner trees are just single vertices.

A line graph L(G) of a graph G is obtained by associating a vertex with each edge of the graph and connecting two
vertices with an edge if and only if the corresponding edges of G have a vertex in common. An important property of line
graphs is the fact that they are claw-free: no induced subgraph is a claw (a complete bipartite graph £ 3).
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Line graphs of trees are always block graphs, i.e., graphs where each block (maximal 2-connected subgraph) is complete.
The blocks of the line graph correspond to the vertices of the tree. In fact, a graph is a line graph of a tree if and only if it
is a connected claw-free block graph, or equivalently a connected block graph in which each cut vertex belongs to exactly
two blocks. Figure 1 shows an example of a tree and its line graph.

<

Figure 1: A tree (left) and its line graph (right).

Buckley [2] proved the following elegant relation between the Wiener index of a tree and its line graph.
Theorem 1.1. For every tree T on n vertices, we have W (L(T)) = W(T) — (5).

Thus the difference of the Wiener indices of a tree 7" and its line graph L(T) only depends on the size of T, but not
its structure. Among other things, this result led to research into the Wiener index of iterated line graphs of trees, see
for instance [9] and the references therein. In the following section, we present a generalisation of Theorem 1.1 to the
k-Steiner Wiener index. Its proof is based on a representation of the k-Steiner Wiener index of a tree or its line graph as
a sum over all edges.

There are several recent papers dealing with bounds and inequalities for the k-Steiner Wiener index as well as extremal
problems, in particular concerning different classes of trees, see [12, 15,19, 22,23]. As part of their study of the Steiner
Wiener index of block graphs, Kovse, Rasila and Vijayakumar [10] applied Buckley’s theorem to determine the claw-free
block graphs (equivalently, line graphs of trees) with given block sizes b1, b, ..., b; that minimise the Wiener index. The
analogous question for the k-Steiner Wiener index was left as an open problem [10, Problem 1]. In Section 3, we resolve
this problem. Further results on the Steiner Wiener index of line graphs, in particular various bounds and inequalities,
can be found in [14].

2. A generalisation of Buckley’s theorem

The most classical result on the Wiener index of trees, which already appears in Wiener’s original paper [20], states that it
can be calculated by summing the contributions of all edges. For an edge uv in T, let n,,(T") denote the number of vertices
of T that lie closer to u than to v. We have

W(T) = Y nu(T)neu(T), 1)
wveE(T)

since the edge uv belongs to the path between two vertices if and only if they lie on different sides of uv. More generally, uv
belongs to the Steiner tree of a vertex set U if and only if U contains vertices on both sides of uv; or equivalently, if it does not
only consist of vertices on one side of uv. The number of such vertex sets is (}) — ("“";C(T)) — ("’“;{(T)) = 25;11 ("“"’].(T)) ("yc“_(jT)),
where n is the total number of vertices. Summing over all edges of T, we obtain the following (known) generalisation of (1),

see [11, Theorem 4.3] and [1, Proposition 21]:

Lemma 2.1. For every positive integer k and every tree T on n vertices, we have

SWi(T) = (n— 1) <Z> - ng:(T) ((nwk(T)) + (nv“k( T)>) .

Our next goal is an analogous formula for the k-Steiner Wiener index of the line graph:

Lemma 2.2. For every positive integer k and every tree T on n vertices, we have

SW(L(T)) = (n— 2) (n; 1) _ oy ((nw(? - 1) . (nw(Yk’) — 1))

wv€EE(T)
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Proof. Let ¢ be the canonical map from edges of T to vertices of L(T'). In a block graph, the edges of a Steiner tree are
not always unique, but the vertices are: given a set U of vertices, the Steiner tree of U needs to contain (in addition to U)
precisely all those vertices that lie on shortest paths between vertices of U, since all of them are cut vertices. For a given
edge e = uv of T, let us determine the number of vertex subsets U of cardinality &£ in L(T) for which the image ¢(e) is
contained in a Steiner tree of U. Clearly, this is the case if and only if either

e ¢(e) € U: there are (}_?) such sets, or

e ¢(e) ¢ U, but U contains elements ¢(f1), ¢(f2) where f; and f, lie on different sides of e in 7. The number of these

sets 1s 2 T)-1 T)-1
(- (-0 (0),

Summing over all edges e, we obtain SWj(L(T)) + (", ') (note that we have an overcount of 1 for each of the (") sets,
since every Steiner tree has one vertex more than it has edges), thus:

SWi(L(T)) = _(n; 1> 1) ((Z:S . <n ; 2)> - mg;m ((nw(i) - 1> . <nm(z];) - 1))

o) 3 (7))

O

Now we can easily relate the Steiner Wiener indices of trees and their line graphs, thereby generalising Buckley’s
theorem.

Theorem 2.1. For every tree T on n vertices and every k > 2, we have

SWie(L(T)) + SWi_1(L(T)) = SWi(T) — (Z) 3)

Equivalently,
SWi(L(T)) = SWi(T) — SWi_1(T) + SWi_o(T) — -+ - + (=1)*SWy(T) — (" ; 1) —(=1)*(n—1) 4)

for all k > 2.

Proof. Lemma 2.2, combined with the standard recursion for binomial coefficients, readily yields

SWi(L(T)) + SWi—1(L(T)) = (n — 2) ((n ; 1) * <Z— D)

- <(nuv(1];) - 1) N (nwk(:i)l— 1) N (nw(zl;) — 1) N (nwﬁ)f 1>>

w€eE(T)

weall)- 5, () (47)

This proves the first identity in view of Lemma 2.1, the second follows easily by induction on k: for k = 2, the statement

becomes
n—1

wiew) =w) - (") - o-n-wm - (3)

which is exactly (3) for k¥ = 2 (i.e., Buckley’s theorem), since SW;(G) = 0 for all graphs G. For the induction step, we
assume that the identity holds for SW,_1(L(T)). The first part of the theorem now yields

SWi(L(T)) = SWi(T) — SWi_1(L(T)) — (’;)

= SWi(T) = SWi—1(T) + SWi_o(T) — - + (=1)*SW(T) +

_ SWA(T) — SWi_1(T) + SWi_o(T) — - + (—1)* SWa(T) - ( ;1) (1 —1),

completing the proof of (4). O
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As mentioned before, the special case & = 2 is precisely Buckley’s theorem. For k = 3, we can simplify the relation
further to obtain an identity involving the Wiener index.

Corollary 2.1. For every tree T on n vertices,

SW(L(T)) = “=2w(T) - W‘

Proof. Simply combine the second identity of Theorem 2.1 for £ = 3 with the fact that SW3(T) = %W(T), see [11,
Corollary 4.5]. N

3. An extremal problem

In [10], it was shown that the minimum value of the k-Steiner Wiener index among block graphs with given block sizes
by, ba,..., b is attained by the star-like block graph, which has the property that all blocks share a common cut vertex. For
claw-free block graphs, which are precisely line graphs of trees, the authors of [10] made use of Buckley’s theorem and a
result on the Wiener index of trees with given degree sequence [18,24] to prove that the minimum Wiener index is always
attained by the line graph of a so-called greedy tree. The analogous question for the k-Steiner Wiener index was left as an
open problem. Our goal in this section is to settle this open problem.

Let us first explain the notion of a greedy tree. Given a degree sequence (d;,ds, . .., d,) of a tree (without loss of generality
non-decreasing), the greedy tree G(D) is a tree obtained by starting with the highest degree at the root, and then assigning
the degrees in order to the vertices from top to bottom and left to right, see Figure 2.

Figure 2: A greedy tree with degree sequence (4,4,4,3,3,3,3,2,2,1,1,...,1).

Note that a claw-free block graph with block sizes b1, bs, .. ., b, is precisely the line graph of a tree with degree sequence
(b1,ba,...,b4,1,1,...,1). So we can reformulate the problem as: given the degree sequence (b1, bs,...,0:,1,1,...,1) of a tree
T, is it true that SW(L(T)) attains its minimum when T is a greedy tree?

For k = 2 and k = 3, we find that SW(L(T')) is minimal precisely when W (T) is, by Buckley’s theorem and Corollary 2.1,
respectively. For other values of k, however, we cannot reduce the problem to a question about the Wiener index of 7" in
this way. Nevertheless, we will prove that the answer is still affirmative for arbitrary & > 2, even though the greedy tree
is not necessarily the unique tree that yields the minimum (see Remark 3.1 below).

We first need a few definitions. By a complete branch of a tree T, we mean a subtree S such that there is only one edge
between S and T\ S. Such a complete branch has a natural root (the only vertex with an edge to 7'\ S) to which smaller
complete branches 51, 5s,. .., S, are attached. We write S = [S1, S, ..., S, for short. We also need an auxiliary invariant,
defined as SW;(L(T)) = SWi(L(T')) +W (T), where ¢ > 0. The following lemma is the key to resolving the aforementioned
problem, as it allows us to apply a general result from [1].

Lemma 3.1. Let ¢ > 0 be fixed, and let T be a tree with degree sequence D for which SW;(L(T)) attains its minimum. Then,
for any two disjoint complete branches A = [A1,...,A;land B = [B1,...,B,]in T, we have

e either i > j and min{|A|,...,|4;|} > max{|Bi|,...,|Bj|},
e ori < jand max{|A:|,...,|4;|} < min{|B4|,...,|B,|}.

In other words, T is | - |-exchange-extremal in the sense of [1].

Proof. Let a and b be the roots of the complete branches A and B, respectively. Since SW;(L(T)) is minimal by assump-
tion, it must in particular be minimal under the operations of switching A and B and permuting the i + j branches
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Ay, As, ..., A;, B1, Bs,...,Bjin an arbitrary way (note that neither of these operations affects the degree sequence). When
A and B are switched or the branches are permuted, the contribution to the sum in Lemma 2.2 will only change for those
edges that lie on the path from a to b. The contribution of any such edge to SW;(L(T)) is given by

_ ((|A| re 1) 4 <|B| - 1)) (Al + o = 1)(|Bl+y - 1),

where 2 and y are certain nonnegative integers (depending on the edge). Writing |A| + | B| = m (which is invariant under
the aforementioned operations), and summing over all edges on the path from a to b, we obtain a total contribution of the

ZL: (_ <A| +;e - 1) - (m - \A|k+ ye — 1) 4 (4] 42— 1)(m — Al + o — 1)) | ®

=1

form

Binomial coefficients are (weakly) convex on the positive integers, and the final term is strictly concave for every fixed ¢ > 0.
Therefore, the entire sum represents a strictly concave function of | 4|, which can only attain its minimum when | A| is either
as large or as small as possible (potentially in both cases). Since |[A| =1+ |A;|+ -+ |A;| and |B| =1+ |Bi| +--- + | Bj|,
this happens precisely when one of the two stated conditions holds. O

A tree which minimizes SW;(L(-)), given the degree sequence, is therefore always | - |-exchange-extremal. By Theo-
rem 2.5 of [1], any such tree must be greedy. Therefore, we obtain the following proposition.

Proposition 3.1. Given ¢ > 0 and a degree sequence D, SW;(L(-)) is minimized by the greedy tree G(D), and the greedy
tree is the unique tree for which the minimum is attained.

Theorem 3.1. The line graph of the greedy tree with degree sequence (by, ..., b, ..., 1) minimizes the k-Steiner Wiener index
over all claw-free block graphs with block sizes by, ..., b;.

Proof. Taking the limit ¢ — 07 in the previous proposition, we find that the greedy tree minimizes SW;,(L(-)) among all
trees with degree sequence (b1,...,b¢,...,1). O

Remark 3.1. Note that the greedy tree may not be the unique tree minimizing SWy(L(-)) if k is large compared to the size
of the tree. Indeed, the expression (5) may no longer be strictly concave when ¢ = 0 and attain the minimum for values of
|A| other than the maximum and the minimum. This can only happen if the number of vertices n satisfies n < 2k — 2 (since
(IAlrze=1y o (m=IALTve1) becomes strictly convex as soon as (|A|+x¢ — 1)+ (m —|A| +ye — 1) = n—2 > 2k — 4). The smallest
case of non-uniqueness occurs for k = 4 and n = 6, when both trees with degree sequence (3,2,2,1,1,1) yield the same value.

Remark 3.2. Let us finally remark that the analogous problem for the maximum is more intricate. It was shown in [10]
that the maximum is always attained by a path-like block graph, i.e., a block graph where no block has more than two cut
vertices. Equivalently, these are line graphs of caterpillars (trees with the property that removing all leaves yields a path).
Houwever, even for the Wiener index, determining the optimal caterpillar given the degree sequence is a nontrivial problem
in general (even though an efficient algorithm is available, see [3]).
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