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Abstract

The Wiener index W(G) of a graph G is the sum of distances between all vertices of G. The Wiener index of a family of
connected graphs is defined as the sum of the Wiener indices of its members. Two families of graphs can be constructed by
identifying a fixed vertex of an arbitrary graph F with vertices or subdivision vertices of an arbitrary tree T of order n. Let
G, be a graph obtained by identifying a fixed vertex of F' with a vertex v of T'. The first family V = {G, |v € V(T')} contains
n graphs. Denote by G,, a graph obtained by identifying the same fixed vertex of F' with the subdivision vertex v. of an
edge e in T. The second family £ = {G,, |e € E(T)} contains n — 1 graphs. It is proved that W (V) = W(€) if and only if
W(F) =2W(T).
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1. Introduction

In this paper we are concerned with undirected connected graphs G with vertex set V(G) and edge set E(G). The order
ng of a graph G is the number of its vertices. By distance d¢(u,v) between vertices v and v of G we mean the number of
edges in a shortest path connecting them. Denote by dg(v) the sum of distances from a vertex v to all vertices of G. The
Wiener index is a topological index based on distances between vertices of a graph G:

WG = > duv)=5 > dg).

{u,v}EV(G) vEV(G)

It was introduced to quantify the structural information of tree-like molecular graphs [25] and have found numerous
applications in organic chemistry and other fields. In particular, the Wiener index was used for the design of quantitative
structure-property relations for chemical compounds [1,2,17,20,21]. The success in the application of this index has been
the reason for the intensive study of its mathematical properties. The comprehensive bibliography regarding this index
can be found in books [3, 14, 22-24] and reviews [2,9,11-13,15,16, 18].

In this paper, we study the Wiener index for two families of graphs. These families arise as a result of structural
transformations of a graph. The Wiener index of a family G of connected graphs G = {G1,Ga, ..., G} is defined as the sum
of the Wiener indices of its members,

W(G) = W(Gy) + W(Gs) + - -+ + W(Gg)-

The subdivision of an edge ¢ in a tree T is the replacement of e with a new path of order 3. The resulting tree T, contains
one more edge than 7". The central vertex v. of the path is called the subdivision vertex. Denote by P, C,,, Sy, and Sq ..
the path, the cycle, the star of order n and the generalized star with branches of length a,b,c and ordern =a+ b+ c+ 1.

Two families of graphs can be constructed by identifying a fixed vertex of an arbitrary graph I’ with vertices or subdi-
vision vertices in an arbitrary tree 7. Let G, be a graph obtained by identifying a fixed vertex u of F' with a vertex v of T'.
The first family V = {G, |v € V(T)} contains n graphs of order ny + nr — 1 (see the left part of Figure 1). Denote by G,,
a graph obtained by identifying the same fixed vertex u of F' with the subdivision vertex v, of an edge ¢ in T. The second
family £ = {G,, |e € E(T)} contains n — 1 graphs with ny + np vertices (see the right part of Figure 1). We are interesting
in finding conditions for the coincidence the Wiener indices of families V and £.
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Figure 1: Families V and £ of graphs obtained by joining a tree 7" and a graph F.

2. Main result

We need two useful results concerning Wiener index of the family of trees obtained from a tree by subdivisions of its edges.
Subdivisions of edges of a tree T form a family containing trees T,,e € E(T). The following result was proved in [7]:

Lemma 2.1. For the family T.,,T.,,...,T.,_, of all edge subdivisions of a tree T of order n,
W(Te,) + W(Te,) + -+ + W(Te, _,) = (n+ 2)W(T).
It is known that the sum of the distances of all subdivision vertices v. of edges e € E(T) is twice the Wiener index [7].

Lemma 2.2. For the subdivision vertices ve,, Ve, , - - -, Ve,_, Of edges in a tree T of order n,

dr,, (Ve,) +dr,, (ve,) + -+ + dr,

en—1

(Ve,_,) = 2W(T).

Let families V = {G,|v € V(T)} and € = {G,,_|e € E(T)} are obtained from an arbitrary tree T' and a graph F' as
described above (see Figure 1).

Theorem 2.1. The Wiener indices of the families V and £ coincide, W (V) = W (E), if and only if W (F) = 2W(T).

Proof. Let graph G, be obtained by identifying a vertex v € V(T') and a vertex u € V(F). Then W(G,) can be presented as
follows [19]
W(G,) =W(T)+W(F)+ (nr — D)dp(u) + (np — 1)dr(v).

Summing this equation for all vertices v € V(T'), we have
W)= Y W(Gy) =neW(T)+neW(F) + np(ng — Vdp(u) + (np—1) Y dr(v)

veV(T) veV(T)
=nrW(T)+nrW(F) +nr(np — 1)dp(u) + 2(np — 1YW (T)
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= (ny +2np — 2)W(T) + nyW(F) + ny(nr — 1)dp(u).
Let graph G, be obtained by identifying the subdivision vertex v. of T, and a vertex u € V(F'). Then
W(Ge) = W(Te) + W(F) + (ng, — 1)dp(u) + (np — 1)dr, (ve)
= W(Te) + W(F) + anF(u) + (7’LF — l)dTE (’Ue).
Summing this equation for all edges v € E(T), we get
W(E) = Y W(G)= > W(T.)+ (np — OW(F) +nr(ng — )dp(u) + (np —1) Y dr, (ve).
e€E(T) e€E(T) c€E(T)
Applying Lemmas 2.1 and 2.2, we can write
W(E) = (ny +2)W(T) + (np — )W (F) + nr(ny — 1)dr(u) + 2(np — 1)W(T)
= (ny 4+ 2np)W(T) + (np — YW(F) + np(nr — 1)dp(u).
Therefore, W (V) — W(E) = W(F) —2W(T). O
As an illustration, consider two families of unicyclic graphs obtained from a tree 7" and a graph F for which W (F) =

2W(T) = 64 (see Figures 2 and 3). Wiener indices are indicated near graph diagrams. By Theorem 2.1, these families must

have the same Wiener index. Indeed, W (V) = 290+262+290+262+276+304 = 1684 and W (&) = 337+337+4325+332+353 =
1684.
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290 262 290

/‘&jZ /‘\3276 304

Figure 2: Family V of unicyclic graphs with W (V) = 1684.

If T and F are both trees and W(F) = 2W(T), then their minimal order are 4 and 5, respectively. Namely, W(T) =
W(P,) = 10 and W(F) = W(Ps) = 20 or W(T) = W(Ss) = 10 and W(F) = W(S11,2) = 20. If such trees have the
same order, then the smallest trees are the star S1; and the generalized star S; 4 5 for which W(T") = W (S11) = 100 and
W(F) =W(S1,4,5) = 200.

The above considerations may be useful for estimating how the Wiener index changes on average under attaching a
graph F to a tree T. The resulting expressions do not depend on local distance characteristics of tree vertices:

War(V) = W) = (1 + 2nF = 2) W(T)+ W(F)+ (nr — 1)dp(u),

nrtr nrt

Wavr(g) _ W(g) <1+ 2np +1

ny —1 np —1 ) W(T) + W(F) + nrdp(u).

For the smallest graph F' = P,

nr

Waee (V) = (1 " 2) W(T) +nr
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Figure 3: Family £ of unicyclic graphs with W (&) = 1684.

and

Wani(€) = <1+ >W(T)+nT+1.

nr—1
Values W, (V) or W,,,(€) may be integer. Coefficients at W (T') are equal to 2 if np = ny/2+ 1 or np = np/2 — 1 for even
ny. Since W(P,) = n(n—1)(n+1)/6, both quantities W, (V) and W,,, () are integers if " = P,,,_1, m > 1. Average values
of the Wiener index may be realized by graphs. Let families V and £ be constructed using T = P;, ' = P and T = P,
F = (g, respectively. Then W,,, (V) = 79 and Wy, (£) = 339 are realized by graphs of V and £.

3. Conclusion

In the presented paper, we have studied properties of the Wiener index for two families of graphs. Properties of this kind
can be regarded as collective properties of the Wiener index, i.e. the main results don’t reflect the property of the index
of any particular graph, but a collective property of families of such graphs. This approach may be useful in studying of
topological indices of mixtures of molecular graphs or in characterizing sets of graphs obtained after destruction of complex
formations. Some results in this direction have been reported for trees and hexagonal chains in [4-8,10].
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