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Abstract
Let D = (V, A) be a digraph without isolated vertices. A vertex-degree based invariant I(D) related to a real func-

tion ¢ of D is defined as I(D) = %ZMG N o(dt,dy), where df (respectively, d;) denotes the out-degree (respectively,

in-degree) of a vertex u. In this paper, we give the extremal values and extremal digraphs of (D) over all digraphs with
n non-isolated vertices. By applying the obtained results, we determine the extremal values of some well-known vertex-
degree based topological indices of digraphs, such as the Randi¢ index, the Zagreb indices, the sum-connectivity index, the
geometric-arithmetic index, the atom-bond connectivity index and the harmonic index, and characterize the corresponding
extremal digraphs.
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1. Introduction

A digraph D = (V, A) is an ordered pair (V, A) consisting of a non-empty finite set V' of vertices and a finite set A of ordered
pairs of distinct vertices called arcs (in particular, D has no loops). If a € A is an arc from vertex u to vertex v, then we
indicate this by writing a = uv. The vertex u is the tail of a and the vertex v is its head. The out-degree (respectively,
in-degree) of a vertex u, denoted by d; (respectively, d,,) is the number of arcs with tail u (respectively, with head u). A
vertex u for which d;f = d;; = 0 is called an isolated vertex. We denote by D,, the set of all digraphs with n non-isolated
vertices.

Recently, J. Monsalve and J. Rada [7] extended the concept of vertex-degree based topological indices of graphs to
digraphs. They obtained the extremal values of the Randié index of digraphs over D,,, and found the extremal values of
the Randié index over the set of all oriented trees with n vertices. Also, they found the extremal values of the Randi¢ index
over the set of all orientations of the path, the cycle with n vertices and the hypercube H, of dimension d, respectively.

All the digraphs considered in this paper are strict, i.e., no loops and no two arcs with the same ends have the same
orientation.

A vertex-degree-based (VDB, for short) VDB invariant (or VDB topological index) I(D) related to a real function ¢ of a
digraph D with n non-isolated vertices is defined as

1
1<i,j<n—1
where ¢;; = ¢(i,7) and a;; is the number of arcs in D of the form uv such that d =i and d; = j, i.e., (4, j)-arcs in D.
Recall that if G is a graph, we can identify G with the symmetric digraph fel by replacing every edge of G with a pair of
symmetric arcs. Under this correspondence,

1<i<j<n—1
for any VDB topological index ¢ with ¢;; = ¢;; (symmetric) and m;; the number of edges in G joining vertices of degree i
and j. In other words, The VDB topological index of digraphs is a generalization of the concept of VDB topological index
of graphs.
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In fact, a VDB topological index I(D) of a digraph is an invariant based on the weights of all arcs depending on the out
degrees of their tails and the in-degrees of their heads, i.e.,

[(G)= ) wldf,dy)

uveA

where ¢(z,y) is a real function of z and y with ¢(z,y) > 0 and p(z,y) = ¢(y, ).

@1). If p(z,y) = (2y)*, where o # 0 is a real number, then /(D) is the general Randi¢ index of a digraph D. Furthermore,

1

—3, a = 1and

I(D) is the Randié¢ index, the second Zagreb index and the second modified Zagreb index for o =
a = —1, respectively. For these indices of graphs, see [1,6,8,9].

(ii). If o(z,y) = (v + y)*, then I(D) is the general sum-connectivity index of a digraph D. Further, I(G) is the sum-
connectivity index and the first Zagreb index for a = —% and o = 1, respectively. See [5,8,11,12] for graphs.

(iii). If p(x,y) = %ﬁy)’ then I(D) is the first geometric-arithmetic index GA of a digraph D. See [10] for the first

geometric-arithmetic index of a graph.

@v). If p(x,y) =/ ”iyy*Q, then I(G) is the atom-bond connectivity (ABC) index of a digraph D. See [3] for the atom-bond
connectivity index of a graph.

w). If p(z,y) = w%ry, then I(D) is the harmonic index of a digraph D. See [4] for the harmonic index of a graph.

In this paper, we give the extremal values and extremal graphs of the VDB topological indices over all digraphs with
n non-isolated vertices by a unified linear-programming modeling, and provide a unified approach to determining some
extremal values and characterizing extremal digraphs of Randié¢ index, Zagreb indices, sum-connectivity index, GA index,
ABC index and harmonic index by using the linear programming methods.

2. General results on VDB invariants

Let D be a digraph on n > 2 vertices without isolated vertices and a,; be the number of arcs of D from vertices of out-degree
i to vertices of in-degree j. If ¢ is symmetric, i.e. ;; = ¢;; for all 1 <i < j <n — 1, then we can simplify the expression in
(1) in the following

1
I(D) =5 > iy 2
1<i<j<n—1
where p;; = a;; +aj, fori # jand1 <i,j<n—1,and p;; =a; foralli=1,2,--- ,n—1

Note that p;; = p;; forall 1 <i,j <n—1, and
n—1

Y pij+pi=in, 1<i<n-1. 3)
j=1

where n; is the number of vertices of D with out-degree 7 or in-degree i. Also,
ny+ng 4+ +n,-1 =2n—ng. 4
The digraphs with n non-isolated vertices which satisfy the following conditions are of great interest to us
().

pi; = 0 forall (4,j) e {(4,j)]|1<i<j<n—-1}—-{(1,n—1)}, &)
o = 0.

i.e., a digraph with only (1,n —1)- or (n —1, 1)-arcs and the out-degree or in-degree of each vertex greater than 0. The

digraph obtained from the star on n vertices by replacing each of its edges with a pair of symmetric arcs satisfies (5).

The converse of this example does not hold since D; = (V, A) is also a digraph satisfied (5), where V = {vy,va, -+ , v, }

and A = {1)1’[12, Va1, ’Uﬂ)l,’l)g’Ui|3 < 7 § n}
(ii).

{pij = 0 forall (i,j) € {(i,j) | 1 <i<j<n-—1}, ©

no = n.
i.e., the digraphs with only (i,¢)-arcs (1 < i < n — 1) and the out-degree or in-degree of each vertex equal to 0. ?2

satisfies (6), and D, = (V, A) is also a digraph satisfied (6), where V' = {v1,v9,v3,v4} and A = {v1v3, 0104, V2U3, V2U4 }.
All digraphs in which each component is ?2 or D, satisfy (6).
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(iii).

(7

pi; = 0 forall(i,5)e{(i,j)]|1<i<j<n-—1},
o = 0.

i.e., the digraphs with only (i,4)-arcs (1 < i < n — 1) and the out-degree or in-degree of each vertex greater than 0.

The directed cycle 8n on n vertices satisfies (7). All digraphs with n non-isolated vertices in which each component is

regular satisfy (7). The converse of this example does not hold since D3 = (V, A) is also a digraph satisfied (7), where

V = {v1,v2,v3,v4} and A = {v103, 0104, V2V3, VaVs, U3V, V42 }.
We try to find min(/(G)) and max(I(G)) under the constraints (3) and (4). The following results give the solutions of this

problem for some VDB topological indices I(D), i.e., determine the extremal values and the correspond extremal digraphs
of I(D) over all digraphs on n vertices without isolated vertices.

Theorem 2.1. Let D be a digraph on n vertices without isolated vertices. Let

—-1/1 1
Lij=" (.+.>go1,n1 and Sy ={(i,j)|1<i<j<n—1}—{(Ln—1)}

n T ]

Then

@@). If ¢;; > L;j for all (i,5) € Si, then I(D) > ”7’1901,7l_1 with equality if and only if no = n and p;; = 0 for all (i,5) € S1,
i.e., D is the digraph K1 ,_1 or K,_1 1, a star on n vertices with its center of out-degree n — 1 or 0.

(ii). If vi; < L;j for all (i,7) € S1, then I(D) < (n— 1)p1,,—1 with equality if and only if no = 0 and p;; = 0 for all (i,j) € S4,
i.e., D satisfies the conditions (5).

Proof. From (3), we have

n—1
1 )
ni:g Zp7j+pw ) 122737"'771_2’ (8)
Jj=1
n—2
Ny — Pip—1 = ZPU + p11, 9)
j=1
n—1
(n—1Dnp—1 —pPin-1 = ij,nq + Pn—1,n-1 (10)
j=2
By (4) and (8),
n—2 1 n—1
n1—|—nn_1:2n—n0—z;€ z;pij—l—p” . (11)
1= J=

Multiplying (9) by (n — 1) and adding (10), we obtain
n—2 n—1

(n—1)(n1+np_1) —np1p—1 = (n—1) Zplj +(n—1)pn + ij,n—l +Pn-1,n-1,
j=1 j=2

and by combining this equation with (11), we get

J

n—2 n—1
nPin—1= (M—1)(n1+n,_1)—(n—1) (Z P1j +p11> — < Pjn—1 +pn—1,n—1>
j =2

Jj=1

n—2 1 n—1 n—2 n—1
= (n=1)|2n—ng— ) 5 Pij +0ii || —(n—1) p1j +pun | — Pjn—-1+Pn-1,n-1 | -
=2 \J=1 j=1 j=2
Hence,
— o(n—1)—n=t e S IR B =
Pin—1= n ) (0} P > H > Dij + Dis n > P1j +Pua n > Pjn—-1— 3 Pn—1,n—1
i=2 " \j=1 j=1 =
= 9 —1) = n—1 _ n—1 = 1 = . ]l __n
= (n ) 1o n Z 7 Z Pij + Pii n—_1Pln—1
=1 =1
TR TP B & I (= S
= (n ) w0 n E i Z Pij + Dii + P1n—1
=1 j=1
= 2(” - 1) - n;1n0 - ngl Z (% + %)pz] +p1,n—1
[1<i<j<n—1

= 2(n—1) = 2tng — =LY (F + H)pyg
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where Y indicates summation over all (i, j) € S;. Substituting it into (2), we obtain
2I(D) = ¢1n-1P1n—1+ Z, SDijpij
= @1n-1[2(n—1) - 2=ny — 21 > 3+ )pij] + 3 iipij (12)
= [2(n—1)- "T’lno]%,n_l + Z [pij — ;1 (7 + De1n-1]pij.

() If pij > Lij = "2 (5 + 5)¢1,n—1 for all (i, j) € Sy, then (12) shows that (D) > 3[2(n — 1) — “~Enolp1,,—1. Moreover,

I(D)zn_l

P1n-1

since ng < n, with equality if and only if no = n and p;; = 0 for all (¢, j) € S4, i.e., D is the digraph ?1,7171 or ?nfl,l-

(i) If ¢;; < Ly for all (i,5) € Sy, then (12) shows that I(D) < 1[2(n — 1) — 2ng]py ,,—1. Moreover, I(D) < (n—1)¢1,n,-1

since ng > 0, with equality if and only if no = 0 and p;; = 0 for all (¢, j) € Si, i.e., D is a digraph satisfied (5). O
Theorem 2.2. Let M;; = "3 (5 + ;)¢n-1n-1and S = {(i,5) [1<i<j<n—1} —{(n—1,n — 1)}. Then

). If vi; > M;j for all (i,5) € Ss, then I(D) > i (n — 1)¢n—1n—1 with equality if and only if no = n and p;; = 0 for all
(i,7) € So, i.e., D =

(ii). If p;; < M;; for all (i,j) € So, then I1(D) < in(n — 1)pn_1n._1 with equality if and only if ng = 0 and p;; = 0 for all
Pij J 2 ; J
(i,7) € So, i.e., D is the digraph obtained from K, by replacing each edge with a pair of symmetric arcs.

Proof. From (3) and (4), we obtain

Np—1 = (2n - nO) - i 1 (Z Dij +pzl>

n—2
= (2n —ng) — > G+ %)pi]‘ + =5 Y pin-1+ EPa—1,n-1-
1<i<j<n—1 =
By (3), it holds that
n—2
> Pt 211 = (0= ng
j=1

and

2pn—1,n—1 = (TL )nn 11— Z Pn—1,5

n—2 n—2
= (n-1|@2n-no)— > (G+ %)pij +:5 > Pjn—1+ P11 — > Pn-1
1<i<j<n—1 7j=1 j=1

= (@n—no)(n—1)— (n=1)X"(5 + )pis

where >°" indicates summation over all (i, j) € So. By substituting it into (2), we obtain

21(D) = Qn_1,n—1Pn—1,n—1+ . @ijDij
= Pn-1n-1[3(2n —no)(n — 1) = §(n = 1) X" (F + Dpis] + X" wisnis (13)
= 5(277’ - no)(n - 1)@77.—1,71—1 + Z [Qolj - nT_l(% + %)@n—l,n—l]pigﬁ

() If ¢;; > M;; for all (i,j) € Sz, then (13) shows that I(D) > 1(2n — ng)(n — 1)¢n—1,n—1. Moreover, I(D) > in(n —
1)¢n—1,n—1 since ng < n, with equality if and only if no = n and p;; = 0 for all (i, j) € S, i.e., D is a digraph with only
(n — 1,n — 1)-arcs and the out-degree or in-degree of each vertex equal to 0. So, D = K.

(i) If ;; < M;; for all (i, ) € Sz, then (13) shows that /(D) < 1(2n — ng)(n — 1)¢n—1,n—1. Moreover, I(D) < Zn(n —
1)¢n—1,n—1 since ny > 0, with equality if and only if ny = 0 and p;; = 0 for all (i, j) € S, i.e., D is the digraph obtained from
the complete graph K, by replacing each edge with a pair of symmetric arcs. O

Theorem 2.3. Let S3 = {(i,j) |1 <i# j <n—1}. Then

@@). If pij > M;j for all (i,j) € Ss, and iv;; = (n—1)pp_1n-1 for 1 <i<n-—2, then I(D) > i (n —1)p_1,n-1 with equality
if and only if no = nand p;; = 0 for all (i,j) € Ss, i.e., D is a digraph satisfied (6).
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(ii). If ¢;; < M, for all (i,j) € Ss, and iv;; = (n—1)pp_1,pn—1 for 1 <i<n-—2, then I(D) < % (N —1)pn—1.n—1 With equality
if and only if no = 0 and p;; = 0 for all (i,j) € Ss, i.e., D is a digraph satisfied (7).

Proof. From (13), we have

n—2
2I(G) = %(Zn —ng)(n—1)op_1pn-1+ y z:< [pij — %_1(% + %)@nfl,nfl]pij + 231 (i — %@nq,n—l]pm (14)
1<i<j<n—1 i=

@) If ;5 > M;; for all (4, j) € S3, and ip;; = (n — 1)@y—1,.,—1 for 1 <i <n — 2, then (14) shows that

I(D) > =(2n —no)(n — L)pn—1,n-1-

.JM»—‘

Moreover, I(D) > 1n(n — 1)¢,—1,n—1 since ng < n, with equality if and only if ng = n and p;; = 0 for all (i, j) € S5, i.e., D is
the digraph satisfied (6).
(ii) If ,;; < M;; for all (4, j) € S3, and ip;; = (n — 1)pp—1,n—1 for 1 <i < n — 2, then (14) shows that

I(D) < =(2n—mno)(n — D)pn—1,n-1-

»-lk\'—‘

Moreover, I(D) < %n(n — 1)¢n—1,n—1 since ng > 0, with equality if and only if ng = 0 and p;; = 0 for all (4, j) € S3, i.e., D is
a digraph satisfied (7). O

Theorems 2.1-2.3 show that the results on digraphs are different from the results on graphs in [2].

3. Applications

In this section, we give some results on Randié index, Zagreb indices, sum-connectivity index, GA index and ABC index
of digraphs by using Theorems 2.1-2.3.

3.1. The general Randi¢ index of digraphs

Let ¢;; = (i)*. Then I(D) = Ro(D) = % > i<i<j<n_1Pij(ij)* is the general Randi¢ index of a digraph D with n non-isolated

vertices. In particular, R, (D) is the Randi¢ index, the second Zagreb index and the modified Zagreb index of a digraph for

1

a = —3,a=1and a = —1, respectively.

(i)Let—7<a<+oo Then 2 +1 > 0.
Note that ij < (Z;j) and i,j <n — 1, we have

. 2a42
a ity ! a
(s (1) = 44 )

1 et 1 .
< Smaps 2= DI+ 5) = 5= 1)* (i 4 ),
and ¢;; < 25 1( + )(pn 1,n—1 With equality if and only if (a) i = j = n — 1 for —5 < a < +o0, or (b) i = j fora = —35 By
Theorems 2.2(ii) and 2.3(ii), we have
1 1
Ro(D) < gn(n — Dgn_rn-1 = gn(n—1)**!

with equality if and only if (a) D is the digraph obtained from K, by replacing each edge with a pair of symmetric arcs for
—% < a < +o0o, or (b) D is a digraph satisfied (7). So, (a) the digraph with the maximal general Randié¢ index (including the
second Zagreb index) for —3 < a < +oc is the digraph obtained from K, by replacing each edge with a pair of symmetric
arcs; (b) the digraphs with the maximal Randi¢ index are those satisfied (7), see Theorem 3.7 in [7].

Corollary 3.1. If D € D,, then (a) R,(D) < %n(n —1)22*! for —% < a < +oo with equality if and only if D is the digraph
obtained from K, by replacing each edge with a pair of symmetric arcs; (b) (Theorem 3.7 in [7]) Rfé (D) < 5 with equality
if and only if D satisfies (7).

(ii) Let —co < a < —1.
Because ij < (“}2)? and o < —1, we have

. N 2a0+2
« Z—’_j 1 (e}
(i5) > ( D) ) 22a+2(2+])2 +1(2+J>
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> o 2n = P4 ) = S (n = 1) i 4 ),

and ¢;; > 23 1( + )<pn 1,n—1 With equality if and only if i = j = n — 1. By Theorem 2.2(i), we have

RQ(D) Z )2a+1

1
n(n—1)yp_1n-1= Zn(n -1

qx\»—'

with equality if and only if D = ?2. So, the digraph with the minimal general Randi¢ index (including the modified Zagreb
index) for —co < e < —11is

Corollary 3.2. If D € D, then R (D) < in(n —1)>**! for —oo < o < —1 with equality if and only if D = ?2.

(iii) Let —= < a < 0.
In the followmg, we show that ¢;; > 22(5 + H)pin forall (i,7) € {(,5) [1 <9 <j <n—1} = {(1,n—1)}. Let

n

glz,y) = (my)a+1,where1 <z <y<n-—1. Notethat az +y+ay > (2a + 1)z > 0, & = v lartytay) _ ( gpq

T4y > Ox (z+y)?
gg = W = 0 if and only if @ = —1 and 2 = y. So, the minimal point of g(z,y) in the region {(z,y) | 1 <z <

y < n — 1} is on the boundary of this region, and the minimal value of g(z,y) in the region {(z,y) | 1 <z <y <n—1}is
a+1

min{g(1,1),g(1,n — 1)} = min{3, M} If « € (—1,0), then % < 1 for sufficiently large n; and if « = —1, then

(G 1 for n > 3. Hence, g(i,5) > g(1,n — 1), and

n

» (n—12 1 1. . n—1,1 1
> (=t ), le g > - n
with equality if and only if (¢, j) = (1,n — 1). By Theorem 2.1(i), we have
n—1 1
Ra(D) 2 9 Pln—1 = 5(” - 1)Oé+1

with equality if and only if D is the digraph ?1 n—1 OT ?n 1,1 for sufficiently large n. So, the digraph with the mlmmal
Randié index is ?1 n—10r ?n 1,1 over D,, for n > 3; and the digraph with the minimal general Randié index for « € (—3 0)
is also I_gl n—1 OT ?n 1,1 over D,, for sufficiently large n.

Corollary 3.3. (a) (Theorem 3.11in [7]) If D € D,,, n > 3, then R_% (D) > %\/n — 1 with equality if and only if D = RZLn_l
or D= ?n—l,lf

(b) Let —% <a<0. If D € D,, then R,(D) > %(n — )" for sufficiently large n, with equality if and only if D = Ran_l or
D= Rzn—l,l-

3.2. The general sum-connectivity index of digraphs

Let ¢;; = (i +j)*. Then I(D) = xo(D) = % > i<i<j<n—1Pij(i+ j)* is the general sum-connectivity index of a digraph D,
and x,(D) is the sum-connectivity index and the first Zagreb index of D for o = f% and o = 1, respectively.

(1) Let -1 < a < +00.
Because 1 <i<j<n—landa-+1>0,

and p;; = (i+4)* < "7*1(1,+%)[2(n71)]a =nldyl )gpn 1.n—1 With equalityifand onlyif(a)i = j =n—1for -1 < a < o0,

7

or (b) i = j for « = —1. By Theorems 2.2(ii) and 2. 3(11) we have
Xa(D) < %n(n —Dpp_1m1 =2""Tn(n—1)H

with equality if and only if (a) D is the digraph obtained from the complete graph K, by replacing each edge with a pair of
symmetric arcs, or (b) D satisfies (7). Especially, this shows that the graph with the maximal sum-connectivity index, or
the maximal first Zagreb index is K,, among all graphs of order n.

Corollary 3.4. If D € D,, then (a) xo(D) < 2 'n(n—1)*! for —3 < o < +00 with equality if and only if D is the digraph
obtained from K, by replacing each edge with a pair of symmetric arcs; (b) x_1(D) < 7 with equality if and only if D satisfies
(7).
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(i) Let -1 < a < 0.
We consider the function g(z,y) = (zy)(z + y)* !, where 1 < z <y < n — 1. It is easy to know that the minimal value of
g(z,y) = (zy)(x +y)*~ ! in the region {(z,y) | 1 <z <y < n — 1} is min{g(1,1),9(1,n — 1)} = min{2%~ L (n — 1)n>~1}. If

a € (—3,0), then (n — 1)n>~! < 227! for sufficiently large n; and if o € [~1, —1], then (n — 1)n®~1 < 2%~! for n > 6. Hence,
9(77.]) Z g(lan - 1)’ and
1 1 n—1,1 1
i+ )% > (n— Do NS+ 2), e, @iy > i

(0 +)% 2 (n—=1)n*" (- + 5 des wiy = (5 +j)s01, 1

with equality if and only if (i, j) = (1,n — 1). By Theorem 2.1(i), we have
1 1
Xa(D) = 5(” —Dp1n—1 = 5(” - n®

with equality if and only if D is ?1@—1 or ?n—l,l for a € [-1,0) and sufficiently large n, or for « e%—l, —%] and n > 6.
So that the graph with the minimal general sum-connectivity index for o € [-1, —%} is ?Ln_l or K,_1, over D,; and
the digraph with the minimal general sum-connectivity index for a € [-1,0) is also K1 ,_1 or K,,_1,1 over D,, when n is

sufficiently large.

Corollary 3.5. Let D € D,,. If o € [-1, —%and n > 6, or a € [—1,0) and n is sufficiently large, then xo(D) > 1(n — 1)n®

with equality if and only if D is 7(}1@—1 or K,_1;.

3.3. The geometric-arithmetic index of digraphs

Let ¢;; = Then (D) = GA(D) = § > cicjcn 1 pm% is the first geometric-arithmetic index GA of a digraph D.
<i<y< I

1(z+ )
(i) Note that ¢,_1,,—1 = 1 and (ij)? < (52)3 = H(i 4 )% < 221(i + 5)?, i.e. %ﬁj) <nld 4 %), we have ¢;; <

nl(ly %)@nq,nq with equality if and only if i = j = n — 1. By Theorem 2.2(ii),

1 1
GA(D) < in(n —Dp—1n-1= §n(n —1)

with equality if and only if D is the digraph obtained from K, by replacing each edge with a pair of symmetric arcs.

3
(ii) It is easy to know that the minimal value of g(z,y) = ((ﬁz/; in the region {(z,y) | 1<z <y<n-—-1}isg(l,n—1) =

3 L3 3
2% 9(6.4) 2 9(1n — 1), e (5 > (5%, Hence,

n2 (i+7)2 — n2
Vg n—11 1 vn—-1 n—11 1
> -+ - 1e., ij = -+ - -
%(ZJFJ) =, i ]) %n Pij " <Z J)‘plm 1

with equality if and only if (¢, j) = (1,n — 1). By Theorem 2.1(i), we have

(n—l)%

GA(D) = -

(n—1)p1p-1=

DN | =

with equality if and only if D is ?1,n_1 or T(}"—Ll'
So, we obtain the digraphs with the maximal and the minimal geometric-arithmetic index GA over D,,.

Corollary 3.6. If D € D,, then GA(D) < in(n — 1) with equality if and only if D is the digraph obtained from K, by

2
(n=1)2 1)

replacing each edge with a pair of symmetric arcs; GA(D) > with equality if and only if D is ?1 n—10r ?n 1,1-

3.4. The atom-bond connectivity index of digraphs

Let ¢i; = , then I(D) = ABC(D) = %Zlgigjgn—lpiﬂ/% is the ABC index of a digraph D. Since 1 <i < j <
n—1,
o N N
z+l‘]‘—2<2(ni2)<2(n—2) i+ <n—2 Z—‘I—‘j ’
ig o dj T (ig)? 2 -2 ij
and , /% < \/"T*Q(iiijj), ie., i < "5% (5 + 7)¢n—1,n—1 With equality if and only if i = j = n — 1. By Theorem 2.2(ii), we
have

1 1
ABC(D) < in(n —Dp—1p-1= §n\/2n —4
with equality if and only if D is the digraph obtained from K, by replacing each edge with a pair of symmetric arcs.
This shows that the digraphs with the maximal ABC index over D,, is the digraph obtained from K,, by replacing each
edge with a pair of symmetric arcs.

Corollary 3.7. If D € D,, then ABC(D) < %n\/Qn — 4 with equality if and only if D is the digraph obtained from K, by
replacing each edge with a pair of symmetric arcs.



H. Deng, Z. Tang, J. Yang, J. Yang, and M. You / Discrete Math. Lett. 9 (2022) 2-9 9

3.5. The harmonic index of digraphs

Let ¢ij = 735. Then I(D) = h(D) = 5 X <i<j<n_1 Pij 75 is the harmonic index of a digraph D.

i+j
(i) Note that
2 1+7 n—1/1 1
T < = — — —1n—
Pij it 20 B) (Z+j)(Pn 1,n—1

with equality if and only if i = j, and ip;; =1 = (n — 1)@n—1,n—1, from Theorem 2.3(ii), we have

hD) <

|3

n(n - 1)(pn71,n71 -

N =

with equality if and only if D is a digraph satisfied (7).
(ii) Also, the minimal value of g(z,y) = (ﬁi))Q in the region {(z,y) | 1 <2 <y <n-—1}isg(1,n — 1) = 5!, we have
g(i,j) = ﬁ > 25l = g(1,n — 1) and

2 n—1/1 1\ 2 n—1/1 1
WYij = = - -+ )—= -+ =) P1n-1
1+ n 7 7/ n n ? i

with equality if and only if (i, j) = (1,n — 1). By Theorem 2.1(i), we have

Y

n—1

h(D) = 5(n = )g1n1 =

N =

n

with equality if and only if D is ?1,,,_1 or T()n—l,l-
So, we obtain the digraphs with the minimal and maximal harmonic index over D,,.

Corollary 3.8. If D € D,, then h(D) < 2 with equality if and only if D is a digraph satisfied (7); h(D) > “=1 with equality
if and only if D is ?1,71*1 or ?n,m.
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