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Abstract

We introduce a degree—based variable topological index inspired on the power (or generalized) mean. We name this new index
as the mean Sombor index: mSOa(G) = 3, ,c p(a) [(di +d7) /2]/*. Here, uv denotes the edge of the graph G connecting
the vertices u and v, d, is the degree of the vertex u, and a € R\{0}. We also consider the limit cases mSO.—0(G) and
mSOa—+00(G). Indeed, for given values of «, the mean Sombor index is related to well-known topological indices such as
the inverse sum indeg index, the reciprocal Randi¢ index, the first Zagreb index, the Stolarsky—Puebla index and several
Sombor indices. Moreover, through a quantitative structure property relationship (QSPR) analysis we show that mSO.(G)
correlates well with several physicochemical properties of octane isomers. Some mathematical properties of the mean
Sombor index as well as bounds and new relationships with known topological indices are also discussed.

Keywords: degree-based topological index; power mean; Sombor indices; QSPR analysis.

2020 Mathematics Subject Classification: 05C09, 05C92, 26E60.

1. Preliminaries

For two positive real numbers x,y, the power mean or generalized mean PM,(x,y) with exponent o € R\{0} is given as

« (oY 1/
+
rTy ) , (1)

PMo(z,y) = ( 5

see e.g. [2,17]. PM,(x,y) is also known as Holder mean. For given values of o, PM,, (z,y) reproduces well-known mean

values. As examples, in Table 1 we show some expressions for PM,, (z,y) for selected values of a with their corresponding
names, when available.

Table 1: Expressions for the generalized mean PM,(x,y) for selected values of «.

a PM,(z,y) name (when available)
—00 PM,_oo(x,y) = min(z,y) minimum value
2
-1 PM_4(z,y) = il harmonic mean
z+y
0 PMyso(z,y) =y geometric mean
2
T+ /Y
/2 PMyjs(z,y) = ( 5 f)
Tty . .
1 PMi(z,y) = — arithmetic mean
2 2y 1/2
2 PMy(x,y) = (W) root mean square
34 .3\ /3
3 PM;s(x,y) = <x—;—y> cubic mean
00 PMyyoo(x,y) = max(x,y) maximum value
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There is a well known inequality for the power mean, namely [3,9,13]: For any a; < as,
PMal(I,y) SPMO/2(’Iay)7 (2)

where the equality is attained for z = y.

2. The mean Sombor index

A large number of graph invariants of the form
TIG) = Y Fldudy) ®)
weE(G)

are currently been studied in mathematical chemistry; where uv denotes the edge of the graph G connecting the vertices
u and v, d,, is the degree of the vertex u, and F(z,y) is an appropriate chosen function, see e.g. [4,15,16].

Inspired by the power mean and given a simple graph G = (V(G), E(G)), here we choose the function F(x,y) in Equa-
tion (3) as the power mean PM,(x,y) and define the degree—based variable topological index

o o 1/a
mS0a(G) = 3 (d“;d”) : )

weE(G)

where a € R\{0}. We name mSO,(G) as the mean Sombor index.

Table 2: Expressions for the mean Sombor index mSO,, (G) for selected values of a.

a mSOL(G) index equivalence
—00 mSO0ass-oo(G)= > min(dy,dy)  SPassoo(G)
w€EE(G)
2d,d,
-1 mSO_,(G) = 2IS1(G)
dy + d,
weE(G)
0 mSOs-0(G)= > dud, R~ YG)
wweE(G) )
du+ dl) —
wweE(G)
dy + d, _
1 mso@ = Y Ll 210, (G)
uwveE(G) ;
2 2\ 1/2
2 mSO,G) = 3 (du;dv) 2-1/250(G)
wweE(G)
3 3\ 1/3
3 mSOs3(G)= > (du;rdv) 271BK AL 4(G)
weEE(Q)

50 MSOasoe(G) = > max(dy,d,) SPy—soo(G)
uveE(G)

Note that for given values of «, the mean Sombor index is related to known topological indices: mSO_;(G) = 2IS1(G),
where ISI(G) is the inverse sum indeg index [18, 19], mSO,_o(G) = R™1(G), where R~1(G) is the reciprocal Randi¢
index [6], and mSO;(G) = M;(G)/2, where M;(G) is the first Zagreb index [7]. Also, it is relevant to stress that the
mean Sombor index is related to several Sombor indices: mSO,(G) = 27'/250(G), where SO(G) is the Sombor in-
dex [5], mSO.(G) = 271/%S0,(G), where SO, (G) is the a-Sombor index [14], and mSO,(G) = 27 "/*K A} , ,(G), where
KA. 4(G) = Ywenc) (g + d*)? is the first (o, 8) — KA index [8]. In addition, the limit cases m.SOq_, 1o (G) correspond
with the limit cases SP,_ 1+ (G) of the recently introduced Stolarsky—Puebla index [10].

In Table 2 we report some expressions for mSO,(G) for selected values of « that we identify with known topological
indices.

3. QSPR study of mSO,(G) on octane isomers

As a first application of mean Sombor indices, here we perform a quantitative structure property relationship (QSPR)
study of mSO,(G) to model some physicochemical properties of octane isomers. Here we choose to study the following
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properties: acentric factor (AcentFac), boiling point (BP), heat capacity at constant pressure (HCCP), critical temperature
(CT), relative density (DENS), standard enthalpy of formation (DHFORM), standard enthalpy of vaporization (DHVAP),
enthalpy of formation (HFORM), heat of vaporization (HV) at 25°C, enthalpy of vaporization (HVAP), and entropy (S). The
experimental values of the physicochemical properties of the octane isomers were kindly provided by Dr. S. Mondal, see
Table 2 in Ref. [12].
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Figure 1: Mean Sombor index mSO,(G) vs. the physicochemical properties of octane isomers, for the values of « that
maximize the correlations: (a) a« = 0, (b) a = —8.19, (¢) « = —0.87, (d) a = —2.05, () a = —0.53, (D) @ = —1.28, (g) a — o0,
(h) a = —4.23, (i) a = —0o0, (j) @ — o0, and (k) a = 0.58. Red dashed lines are the linear QSPR models of Equation (5), with
the regression and statistical parameters resumed in Table 3.

In Figure 1 we plot mSO,(G) vs. the physicochemical properties of octane isomers for the values of o that maximize
the absolute value of Pearson’s correlation coefficient r; see Table 3. Moreover, in Figure 1 we tested the following linear
regression model

P = c1lmSO4(G)] + ca, (5)

where P represents a given physicochemical property. In Table 3 we resume the regression and statistical parameters of
the linear QSPR models (see the red dashed lines in Figure 1) given by Equation (5).

From Table 3 we can conclude that mSO, (G) provides good predictions of AcentFac, BP, HCCP, DHVAP, HFORM, HYV,
HVAP, and S for which the correlation coefficients (absolute values) are closer or higher than 0.9. Note that for all these
physicochemical properties of octane isomers the statistical significance of the linear model of Equation (5) is far below 5%.
Also notice that the mean Sombor index that better correlates (linearly) with the AcentFac is mSO,_,(G), which indeed
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Table 3: For the physicochemical properties P reported in Figure 1: values of a that maximize the absolute value of
Pearson’s correlation coefficient r. ¢y, ¢1, SE, F, and SF are the intercept, slope, standard error, F-test, and statistical
significance, respectively, of the linear QSPR models of Equation (5).

property P @ r c2 c1 SE F SF
AcentFac 0 —0.990 0.988 —0.046 0.005 749.116 7.25E-15

BP -8.19 0.886 14.115 8.946 2.929  58.126 1.00E-06
HCCP -0.87 0.928 —21.216 3.604 0.504 98.128 3.13E-08
CT -2.05 0.717 30.048 20.859 6.788  16.934 8.10E-04

DENS -0.53 0.702 0.134 0.042 0.022 15.518 1.17E-03
DHFORM -—1.28 0.781 —26.253 2.331 0.546 24.924 1.33E-04
DHVAP oo —0.962 11.375 —0.117 0.108 196.401 2.11E-10
HFORM —4.23 0.912 —=77.705 2.220 0.530  78.903 1.39E-07
HvV —00 0.895 15.880 2.036 1.286 4.622 4.72E-02
HVAP oo —0.921 80.550 —0.592 0.813  89.724 5.81E-08

S 0.58 —0.956 160.060 —3.655 1.372  98.128 3.13E-08

coincides with the reciprocal Randié¢ index. Moreover, we found that |r| is maximized when o — oo, for DHVAP and HVAP,
and when o — —oo for HV. This means that the limiting cases mSO,_, 1+ (G) are also relevant from an application point
of view.

4. Inequalities involving mSO,(G)

Equation (2) can be straightforwardly used to state a monotonicity property for the mSO, (G) index, as well as inequalities
for related indices. That is, if a1 < > we have,

mS0q, (G) < mSO,,(G), (6)

which implies, for the the first (a,b) — K A index, that

zfl/alKA;hl/m(G) < 2*1/a2KA}1271/a2 (@), ar < as, (7
and moreover
2ISI(G) < RTH(G) < 272K Aj 5 ,(G) <27 'My(G) < 27'/2S0(G). (8)

Note that this last inequality involves the inverse sum indeg index, the reciprocal Randi¢ index, the (a,b) — K A index, the
first Zagreb index, and the Sombor index. It is fair to acknowledge that the very last inequality in (8) was already included
in the Theorem 3.1 of [11].

In what follows we will state bounds for the mean Sombor index as well as new relationships with known topological
indices.

We will use the following particular case of Jensen’s inequality.

Lemma 4.1. If g is a convex function on R and x1,...,x,, € R, then

g(BEEIY < L) bt glan)).

If g is strictly convex, then the equality is attained in the inequality if and only if x1 = - - = x,,.

Theorem 4.1. Let G be a graph with m edges and o € R; if o > 1 then

1-1/« o
S (@)

mSOa(G) < W ( 1

if « <1and a # 0 then
mi=te 1/a
mSO0.(G) > oija (M1'+1(G)> )

and the equality in each bound is attained for a connected graph G if and only if G is regular or biregular.
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Proof. Assume first that o > 1 then, for > 0, 2!/ is a concave function and by Lemma 4.1 we have

1/«
1 g +do\"Y* [ 1
mZ( 3 ) <|gp 2 @+d)
uwveE(G) wweE(Q)
1/«
1 1 1/«
_ a+1 . +1
= gee | 2 4 = S (METH@) T

ueV(G)

Assume now that o < 1 and a # 0, then z'/“ is a convex function and by Jensen’s inequality we obtain

1/ 1/
1 de +de\ 1
. u v > - d¢ d®
LY () e (g X @ray
weE(G) weEE(G)
1/
1 1 1/«
_ a+1 . “+1
= e | 2 = S e (MHE) T
ueV(G)

If G is regular or biregular, with maximum and minimum degrees A and J, respectively,

mSO,(G) =

21/

m 2

ml 1/
) = e (m(A* 4691/ =

If any of these equalities hold, for every uv,v'v' € E(G), by Lemma 4.1, we have d% + d = d2, + d%. In particular if we
take u = u’ we have d,, = d,/, so all the neighbors of a vertex u € V(G) have the same degree. Thus, since G is a connected
graph, G is regular or biregular. O

In order to prove the next result we need an additional technical result. In [1, Theorem 3] appears a converse of Holder
inequality, which in the discrete case can be stated as follows [1, Corollary 2].

Lemma4.2. If 1 <p,g<oowithl/p+1/qg=1, z;,y; > 0and ay? < 2% < by? for 1 < j < k and some positive constants a, b,
VRR-] J J J

then: )
()" Z%) < Kyfa.0) 3wy,
j=1

j=1
where 1 1/(2a) 1 /b\1/(2p)
q D
()T 2(2) T, fr<p<e,
p\b q\a
Kp(a,b) =

;(2)1/(24)+;<Z)1/(2p), ifp>2.

If 2; > 0 for some 1 < j < k, then the equality in the bound is attained if and only if a = b and 2% = ay] for every
1<j<k

Theorem 4.2. Let G be a graph with m edges, maximum degree A and minimum degree 6, let 0 < « < 1, then

1-1/a

m - 1/«
mSO0,(G) < oija K, (M1 +1(G))
where ) )
a(%) +(1—a)(%) 2, if0<a<i,

the equality holds if and only if G is a regular graph.

Proof. For each uwv € E(G) we have

If we take z; = df, y; = d% and p = 1/a by Lemma 4.2 we have

oy goy e\ . do+de 1
m' = (mS0.(G)" = | Y (d"+ ”) d>o1rs <KS Y ut ”ziKng‘“(G),

2 2
weE(G) weE(G) weEE(G)
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where L i
a(8) ? +(1-a)(5) *, ifo<a<i,
K¢ = G .
a(8) T +(1-a)(5) 7, ifi<a<l,
and the equality holds if and only if § = A, i.e., G is regular. O

The following inequalities are known for x,y > 0:
T4yt < (x4 y)* <297 (2 + y?) if a > 1,
207 2" 4+ y*) < (x + )" < 2% +y° if0<a<l, 9
(x+y)* <29 Ha* +y*) ifa<0,
and the equality in the second, third or fifth bound is attained for each « if and only if z = y.
Proposition 4.1. Let G be a graph and o € R\{0}, then
271/480(G) < mSOL(G) < 27Y250(G)  if 0<a<2,
2712580(G) < mSOL(G) < 27Y*SO(G)  if a > 2,
mS0.(G) < 271250(G if <0,
and the equality in the second, third or fifth bound is attained for each « if and only if each connected component of G is a
regular graph.
Proof. If we divide each one of the inequalities in (9) by 2* we obtain

x+y>a<xa+ya

5 5 if a > 1,

27 (2 +y?) < (

ma+ya
2

< <l;y> <272 +y7)  fO0<a<l,

<9~"+y>“< Y e <0

2 2

If we take x = d%, y = d% and a = 2/«; then the previous inequalities give

o a\ 2/« 2 2
as +d,,) < d;, + d;

22/°‘(d3+d3)<< 5 <= if0<a<?2,

d2 + d? o (e
2 - 2

2/a
) <27 (d2 +d2)  ifa>2,

if a <0,

dg +de\* _ d2+d2
2 - 2

and the equality in the second, third or fifth bounds are attained for each « if and only if d,, = d,,. From this we obtain

“1Ja (2, 2\1/2 dy +dy e —1/2 (2 | 2\1/2 .
271 (d +d) T < o <27V (di + dy) if0<a<2,

« a\ 1/a
2712 (a2 + d2)'* < (du ;rd“> <2 Ve (2 1 2)? ifa>2,

do do 1/
(“2) <222+ ifa<o,

and the equality in the second, third or fifth bounds are attained for each « if and only if d, = d,. The desired result is
obtained by adding up for each uwv € E(G). O

The following result appears in [13].

Lemma 4.3. If a; >0for1 <i<kandr cR, then
k k r
Zaf > kT (Zai> , ifr<0orr>1,
i=1 i=1
k k r
> ap <k (Za) . if0<r<1.
i=1 i=1



J. A. M.-Bermiudez, R. A.-Sanchez, E. D. Molina, and J. M. Rodriguez / Discrete Math. Lett. 9 (2022) 18-25 24

Proposition 4.2. If G is a graph with m edges, then
KAap(G) =m!'P(MPHH(@)? if B<0orp>1,
KAy 3(G) <m'P(MrTH @) ifo<p<l.
Proof. If we take a; = d% + d¢ and r = 3, by Lemma 4.3 we have

B
> (dg+d:;)ﬂzm1—ﬁ( > (d3+dg)) , ifg<0orpg>1,

weEE(G) weEE(QG)

B
> <d3+d$>ﬁ§mlﬁ( 3 (d::+dg)) . ifo<g<l

uwveE(G) uwweE(G)

Given a graph G, let us define the mean Sombor matrix mSM, (G) with entries

a ga\ 1/a
(%) , ifuv € E(G),
Gy = (10)

0, otherwise .
One can easily check the following result about the trace of the matrix mSM,(G)?:

oY a\ 2/a
tr (mSMa(G)?) = 3 (d";d”) . (11)

weE(G)

o ga\ 1/a
Denote by o2 the variance of the sequence of the terms { (%) } appearing in the definition of mSO,(G).

Proposition 4.3. Let G be a graph, then

mS04(G) = \/’; tr (MSMq(G)2) — m20? .

Proof. By the definition of o2, we have

2
9 1 d(x+d(x 1/a 2 1 d® + d¢ 1/a
cen X)) -EE (5 )
weE(G) weEE(G)

then using the expression (11) we have

and the result follows from this equality. O

Theorem 4.3. Let G be any graph, then mSO2(G) < M;(G) — MQI/Q(G) , where M21/2 is the variable second Zagreb index
Mg at o = 1/2, and the equality is attained if and only if each connected component of G is a regular graph.

Proof. Let be §, A the minimum and maximum degree of G, respectively. Let’s analyze the behavior of the function

x2+y2

f(xay):(x+y7\/@)277a
for 6§ <x <y < A. We have

Lo =2taty—vam) (1- 3L )~ —a—aym+ay - 12

R N R Nt N OV M
Va va o o

so f is a decreasing function for each y. Thus, we have f(x,y) > f(y,y) =0, so

2 +
THY =Ty =/ 2y,

and the equality is attained if and only if z = y. Therefore for any uwv € E(G),

A2+ d?
dy + dy — V/dyud, +

and the equality is attained if and only if d,, = d,. The desired result is obtained by adding up for each uv € E(G). O
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5. Discussion and conclusions

We have introduced a degree—based variable topological index inspired on the power mean (also known as generalized
mean and Holder mean). We named this new index as the mean Sombor index mSO,(G), see Equation (4). For given
values of o, the mean Sombor index is related to well-known topological indices, in particular with several Sombor indices.

In addition, through a QSPR study, we showed that mean Sombor indices are suitable to model acentric factor, boiling
point, heat capacity at constant pressure, standard enthalpy of vaporization, enthalpy of formation, heat of vaporization
at 25°C, enthalpy of vaporization, and entropy of octane isomers; see Section 3.

We have also discussed some mathematical properties of mean Sombor indices as well as stated bounds and new re-
lationships with known topological indices; see Section 4, where the mean Sombor matrix was also introduced in Equa-
tion (10).

Finally, we would like to remark that, in addition to all the known indices that the mean Sombor index reproduces, we
discover the indices

MSO_oo(G) =mSO0ars—oo(G) = > min(dy,d,)

weE(G)

and

MS0x(G) =mSO0ns00(G) = > max(dy,dy);

weE(G)

which, from the QSPR study of Section 3, were shown to be good predictors of the standard enthalpy of vaporization, the
enthalpy of vaporization, and the heat of vaporization at 25°C of octane isomers. It is fair to mention that several known
topological indices include the min/max functions; among them we can mention the min-max (and max-min) rodeg index,
the min-max (and max-min) sdi index, and the min-max (and max-min) deg index, introduced in Ref. [19]. However, to
the best of our knowledge, the indices mSO_,(G) have not been theoretically studied before (for an exception, where the
equivalent Stolarsky—Puebla indices have been computationally applied to random networks, see [10]). Thus, we believe
that a theoretical study of these two new indices is highly pertinent.
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