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Abstract

In the present paper, by virtue of the Faa di Bruno formula and some identities of the Bell polynomials of the second kind,
the authors derive two explicit formulas for degenerate Peters numbers and polynomials.
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1. Introduction

The Boole polynomials Bl,, (z; ) are defined in [8, p. 127, Section 4.5] by

(1+1)*
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For 2 = 0, we call B, (0; «) = Bl,(«) the Boole numbers. As a generalization of the Boole polynomials Bl, (x; ), the Peters
polynomials (or say, higher-order Boole polynomials) s, (x; «, 1) are given in [1] and [8, p. 128, Section 4.6] by
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These two polynomials are the members of the family of the Sheffer polynomials which play important roles in umbral
calculus. It is easy to see that s,(z;«,1) = Bl,(x;«). In the last decade, these polynomials and related ones have been
extensively considered in many works. In [4], the Witt-type formulas and several new identities for the Boole polynomials
Bl (z; o) were investigated. In [5], via so-called nonlinear differential equations satisfied by the generating function of
the Boole numbers Bl, («), some significant formulas involving the Boole numbers Bl,,(«) and their higher-order type were
presented. Hereafter, by applying related generating functions and infinite series, Simsek and his coauthor So established
in [9-12] a plenty of new identities, inequalities, recursive relations, and observations for polynomials of the Peters type
and for some combinatorial numbers and polynomials. For more information, we refer the reader to the papers [4,5] and
a number of related references cited therein.
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lim s, (z; o, p; A) = sn(x; a, ).
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Therefore, we call the sequence s, (z; o, u; \) degenerate Peters polynomials, call the sequence s, (0; a, pu; A) = s, (e, p; A)
degenerate Peters numbers which are generated by
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and call s, (z; @, 1;\) = Bl,(z; o, \) degenerate Boole polynomials.

In this paper, via the Faa di Bruno formula (1) and with the help of several identities of the second kind Bell polynomials
stated in the next section, we present an explicit formula for degenerate Peters numbers s, («, u; ) and degenerate Peters
polynomials s, (z; a, u; \), respectively.

2. Identities of the Bell polynomials of the second kind

In this section, in order to present our main results, we recall several identities of the Bell polynomials of the second kind.
The Bell polynomials of the second kind B,, 1 (z1, %2, ..., Zn—k+1) Were defined in [2, p. 134] by

77,' n—k+1 T 0,
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For n € N, the Faa di Bruno formula is described in [2, p. 139] in terms of the Bell polynomials of the second kind

Bn}k(xl,xg, . ,a:n,kﬂ) by
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In [2, p. 135], there is an identity
Bn)k(abml, ab’zs, . . ., ab"_k+1xn_k+1) = ap"? B k(x1, 22, ... Tnekt1), (2)

where n > k > 0 and a, b, \, @ are any complex numbers. In [2, p. 135], there is the relation
Bnk(1,1,...,1) = S(n, k), 3)

where the Stirling numbers of the second kind S(n, k) can be generated by
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In [2, p. 136, Eq. [3nl]], it was given that the Bell polynomials of the second kind B,, ;, satisfy
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In [6, Remark 1], there exists the formula
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The explicit formula (5) is equivalent to
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which was presented in [7, Theorems 2.1 and 4.1], where the falling factorial (z),, is defined for « € C by
n-l zx—=1)---(z—n+1), n>1;
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When n € N, the explicit formulas (5) and (6) were rearranged in [3, Remark 7.5] as
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where the generalized binomial coefficient () is defined by
I'(z+1)
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v 0, 2€C\{=1,-2,...}, w,z—we{-1,-2,...}.
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3. An explicit formula of degenerate Peters numbers

In this section, we state and prove an explicit formula of degenerate Peters numbers s, («, 1; A).

Theorem 3.1. For n € N, degenerate Peters numbers s, («, ji; \) can be explicitly computed by

() ()

Proof. For n € N, applying f(u) = W and u = hy(t) = % — 0 ast — 0 to the Faa di Bruno formula (1) and

. (8)
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where we used the identities (2), (3), and (7). Consequently, for n € N, we obtain
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The proof of the explicit formula (8) in Theorem 3.1 is thus complete. O
Remark 3.1. It is clear that so(c, pu; \) = 5. From the explicit formula (8), we can derive the first few values of s, (., j1; A)

for 1 < n <6 as follows:

ap
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a
s3(a, uy A) = —2uﬁ3 [az(u =3+ 6N+ — A — 1) +4(\% — 3\ + 2)],
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ss(a, s \) = — 23‘55 [t p(p?® — 10p® + 151 4 10) — 200 (A — 1) (1 — 6% + 3p + 2) + 200 (5A% — 12X+ 7)(p — 3)p

— 400 (3X% — 142% + 21X — 10) ( — 1) + 16(A* — 10A® + 3507 — 50\ + 24)],



Y. W. Li, M. C. Dagh, and F. Qi / Discrete Math. Lett. 8 (2022) 1-5 4

ap
so(a, iy A) = W(a

P(u® — 15ut 4 4503 + 15u% — 30p — 16) — 30a* (A — V)p(p® — 10p® + 151 + 10)
+ 200 (1307 — 30X\ + 17)(p® — 6% + 3+ 2) — 12002 (62 — 2502 + 34\ — 15)(p — 3)
+ 160(31A% — 225)3 4 59502 — 675\ + 274) (11 — 1) — 32(A° — 15X% + 8513 — 225)2 4 274\ — 120)).

4. An explicit formula of degenerate Peters polynomials

Now, we establish an explicit formula of degenerate Peters polynomials s, (x; «, p; \) for n € N.

Theorem 4.1. For n € N, degenerate Peters polynomials s,(x; a, u; ) can be computed by

sz, ) = (n—1 ';[Ak e Z ( )(né_—11>
x [zk: DS ()( )i(a—fL)jS(i,r)S(j,s)].

1 r+s=0i+j=k
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Proof. It is clear that
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where A = —%, B=a+A,and u = hy(t) = % — 0 ast — 0. Then, by virtue of the Faa di Bruno formula (1) and the
identity (2), we have
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where we used the identities (3) and (4). The explicit formula (9) is thus proved. The proof of Theorem 4.1 is complete. [

Remark 4.1. If we set x = 0 in (9), we obtain (8).
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