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Abstract

We study a new kind of symmetric polynomials P,(z1,...,2m») of degree n in m real variables, which have arisen in the
theory of numerlcal semigroups. We establish their basic properties and find their representation through the power sums
Er = Zg 1 =;. We observe a visual similarity between normalized polynomials P,.(x1,...,Zm)/Xm, Where x,m = H] 1 Tj5
and a polynomlal part of a partition function W (s, {d1,...,dn}), which gives the number of partitions of s > 0 into m
positive integers d;, and we put forward a conjecture about their relationship.
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1. Symmetric polynomials P, (x"™) and their factorization

In 2017, while studying the polynomial identities of arbitrary degree for syzygies degrees of the numerical semigroups
(d1,...,dm), we introduced a new kind of symmetric polynomials P, (z1,...,z,) of degree n in m real variables z; (see [1],
Section 5.1):

n

Po(x™)=>"al = > (wj+z)"+ Y (witaetz) — D)"Y |, 1)
j=1 1<j<r 1<j<r<i j=1
where X = {z1,...,z,} and P,(x™) is invariant under the action of the symmetric group S,, on a set of variables
{z1,...,2,} by their permutations. Such polynomials arise in the rational representation of the Hilbert series for the
complete intersection semigroup ring associated with a symmetric semigroup (dy,...,d,,). According to [1], the polynomi-
als in (1) satisfy
Py(x™) =0, 1<n<m-1 and  P,x™) =(-1)""m! ]2 2)

In this paper, we study a factorization of P, (x™) for n > m and by making use of this property, we find a representation
of P, (x™) through the power sums Ej = 7" ¥, i.e., P, (x™) = Py(Ey, ..., En).

Lemma 1.1. The polynomial P,(x™) vanishes if at least one of the variables x; vanishes.

Proof. Since P, (x™) is invariant under all permutations of variables {z1,...,z,,}, we have to prove
P,(0,za,...,z,) =0.

Denote P, (0, xs,...,2,,) = P,(0,x™"1) and substitute z; = 0 into (1),

m m m

Pn(O,Xm_l):Zx;-’— Zx?—i— Z (xj + )" |+ Z (z; +x)"+ Z (z; +zp + ;)"

j=2 j=2 2<r <y 2<r<j 2<i<r<j

m m
_ Z (z; + 2 + )" + Z (e +zj+x+a)" | +...
2<i<r<y 2<a<r<jg<t

e (S5 (S zxj e (S

j=2 \r=2 j=2
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Recasting the terms in the last sum in m pairs, we obtain

m m m

m m
P, (0,x™ 1) = Zx?—Zm? - Z (xj+z,)" — Z (xj+z,)" |+ Z (zj+az,+z;)"

=2 =2 2<r<j 2<r<j 2<i<r<j
- Z (j+xr+z)" | — ..+ (=17 ij - ij =0,

2<i<r<y j=2 j=2
and Lemma 1.1 is proven. O
Corollary 1.1. The polynomial P, (x™) is divisible by the product x,, = []'- i1 Tje
Proof. Since P, (x™) is invariant under all permutations of variables {x1,...,z,,}, by Lemma 1.1 it holds that

P,(0,zo,...,2m) = Pu(x1,0,...,2m)=...= Py(x1,22,...,0) =0.

Thus, the equation P,(x1,...,z,) = 0 has at least m independent roots 1 =29 = ... =z, =0. Then, by the polynomial
factor theorem, P, (x™) is divisible by the product y.,,. O

In full agreement with (2), by Corollary 1.1, it follows that P, (x™)=0 if n<m and P,,(x™)/xm does not depend on z;.
Lemma 1.2. The polynomial P, (x™) is divisible by the sum E, = Zj 125 if n—m=1 (mod 2).

Proof. Rewrite P, (x™) as follows

P = o Y <z>+ 3 (Z )
>

Ljy,
Jj=1 1<j2<j1 \k=1 1<j3<g2<J1
m 2 n
m n m n
S (B =Y DS (B - ey - (-7 B,
1<72<01 k=1 j=1

P, (x™) ix i (Z%k>n Zm: (Zx]k>n_...

Jj=1 1<j2<1 1<j3<g2<J1
NETEDS (zm) S (z) S
1<j3<j2<j1 \k= 1<j2<71 Jj=1
Recast the terms in the last sum as follows,
m m+n m (_1)H m m
Py(x™) = [14(=1)"""] Ry,(x™) + 5 [+ (=17 Ron(x™), (3)

Ri,(x™) = Z.Z‘;l— Z (ijk> +...—(=D* Z (ZCCM> ,
k=1

Jj=1 1<j2<i 1<) <. <g2<ji \k=1

m pn+1 n m—1
Ry (x™) > (Z xjk) . k= {QJ : 4)

1<j,41<...<j2<J1

where |a| denotes the integer part of a.
According to (3), if m +n =1 (mod 2) and m = 1 (mod 2), then P,(x™) = 0. Consider another case when m +n =1
(mod 2) and m =0 (mod 2). Put m = 2¢ and n = 2] + 1 in (3) and (4), and obtain

2q q 20+1
P (x7) = (=1)77} Z (Z xn) : 6))

1<5,<...<j2<1

In (5), a summation in the external sum > 27 >ja>..>j,=1 Tuns over all (2¢)!/ (¢")? permutations of 2g variables z; in terms
20+1
>k )

he1 T . That is why every such term has in (5) its counterpart,

)

(Z‘j1+l‘j2+...+$]‘q)2l+1 — ($i1+1‘,‘2+...—|—1‘ )2l+1

tq
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{$j17-..,$jq}m{inl,...’xiq} :@7
#{le,...,qu} :#{Z‘il,...7$iq} =4q,

q q
ijk + ink = FE. (6)
k=1 k=1

Recomposing the external sum in (5) as a sum over pairs, described in (6),

q 20+1 q 20+1
k=1 k=1

and making use of the last equality in (6), where E; = 0, we arrive at Py (x%7) = 0.
Thus, the polynomial P, (x™) is divisible by E; if n + m = 1 (mod 2). That finishes the proof of Lemma 1.2 since the
two equalities, n +m =1 (mod 2) and n —m =1 (mod 2), are equivalent.

O
Lemma 1.3. If z; > 0 for all i, then P, (X), n > m, satisfies the following inequalities,
P,(x™) >0, m=1 (mod 2); P,(x") <0, m=0 (mod?2). (7
Proof. We prove (7) by induction. First, start with three simple inequalities,
P, <X2) =z + 25 — (1 +22)" <0, n>2 x,T2 >0, 8)
— /n
Pn X3 _ n— k k: + ( > LL +z k
) =5 (1) () WERCES
n—1 n
= <k>$n "Py. (x?) >0, n>3, z1,r2,x3>0,
k=1

n

o (e "j<:>w—”z“<>w+z<>

k=1 k k=1
n—1 n -
Bl s Eeesne
n—1
_ n n—k
= i z, Pk <0, n>4, x1,xe,x3,x4 > 0.
k=1

Next, establish an identity for P, (x™) relating the last one with symmetric polynomials P, (x™~') of a smaller tuple

x" L ={xy,.. ., 21},
n—1 m—1 n—1 m—1 n—1 me1\"
P, (x™)=— (Z) mfn’k x?—k <Z)xﬁlk Z (acj—i—xr)k— LooE Z (Z) mfn’k x;
k=1 j=1 k=1 1<j<r k=1 j=1
or
n—1
P, (x™) = — (Z) "k p, (x™N), n>m, x1,...,2m >0, 9)
k=1

which follows by careful recasting the terms in (1) and further simplification.

According to (9),if P, (x™~') > Oirrespectively to k, then P;, (x™) < 0, and vice versa, if P, (x™~!) < 0, then P, (x™) > 0.
On the other hand, the first terms (8) of the alternating sequence P, (x™) with growing m satisfy (7). Then, by induction,
inequalities (7) hold for every m. O

2. Representation of the polynomial P, (x™)

In this section, we emphasize a hidden relationship between the polynomial P, (x™) and the polynomial part W;(s,d™)
of a restricted partition function. To provide P, (x™) with properties (2) and satisfy Corollary 1.1, we choose the following
representation for the polynomial,

Pn<xm) = (_1)m+1n!

W XmTn—m (Xm) s (10)
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where T, (x™) is a polynomial of degree r in m variables z;. Combining (10) and Lemma 1.3, we obtain
T, (x™) > 0, x; >0 forall q. (11)

A straightforward calculation (with help of Mathematica software) of the first eight polynomials T,.(x™) results in the
following expressions,

To(x™) = 1, (12)
m 1
Tl (X ) = 5 .E‘l7
m 13E} + E
TQ(X ) = g - 4 27
1E}+E
Tg(Xm) _ 1172 Ey,
" 115F} +30E?E, + 5F2 — 2F
T4(X ) = g ! ! 42 2 4a
13E} + 10E?E, +5E2 — 2E
TS(Xm) _ 63 1+ 0 1 126+5 2 4E1’
m 163E¢ + 315FE{Ey + 315EF3 — 126 E3Ey + 35E35 — 42E,E4 + 16E;
BE" = 7 576 ’
m 19E$ 4+ 63E{Ey + 105E?E2 — 42E?E, + 35F3 — 42F,F, + 16E;

Formulas (12) for 7,.(x™) are valid irrespective to the ratio r/m, or, in other words, to the fact how many power sums
E}, are algebraically independent. In fact, if » > m then expressions may be compactified by supplementary relations
Ey=Eu(By,...,Ep), k> m.

Unlike to elementary symmetric polynomials

m
11 <t2<...<tp

mials 7;.(x™), 0 < r < 7, are algebraically dependent. Indeed, by (12) we get

Xy T4y . . . x;, and power sums E,.(X™), the symmetric polyno-

(X7"

Tyxm) L Th(x™)
e~ T 2 4
T (Xm) B T4 (xm) T2 (Xm)

Ty = "o Ve T

To(xm) L Tox™) L Ti(x™) . To(x™)

TE(xm) 7Tfﬁ(xm)_70T14(xm)+336 (m)—m.

It is unlikely to arrive at a general formula for T, (x™) with arbitrary r by observation of the fractions in (12). However,
one can recognize a visual similarity between (12) and the other known expressions of special polynomials arisen in the
theory of partition [5].

Recall formulas for a polynomial part Wi (s,d™) of a restricted partition function W (s,d™), where d™ = {d1,...,dn},
which gives the number of partitions of s > 0 into m positive integers (dy,...,d,,) and vanishes, if such partition does not
exist. Following formulas (3.16), (7.1) in [1], we obtain

m—1 m

Wl(s, dm):m Z (mr— 1) fT(dm)Sm—l—r7 f dm (0’1 —+ ZB d; > s (14)

r=0

where 7, = [[;_, d; and o1 = }_7", d;. In (14) the formula for f.(d™) presumes a symbolic exponentiation [4]: after
binomial expansion the powers (B d;)" are converted into the powers of d; multiplied by Bernoulli’s numbers 5,, i.e., d} B,.
A straightforward calculation of first eight polynomials f,.(d™)= f,(o1,...,0,) in terms of power sums o, = j' 1 df were
performed in [1], formulas (7.2),

fo(d™) = 1, (15)
1
fd™) = 301
2 _
f2d™) = 1&'17‘7{
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m lo2 -0
f@") = H5 o,
m 11507 — 300202 + 503 + 204
f4(d ) - g 48 )
m 130} — 100202 + 503 + 204
Ham = ¢ 2 o,
fo@m) = 1 6309 — 3150105 + 3150202 + 1260304 — 3505 — 420904 — 1606
¢ 7 576 ’
m 190% — 630102 + 1050305 + 420304 — 3505 — 420904 — 1606
CORE- = o

An absence of power sums o, with odd indices k are strongly related to the presence of Bernoulli’s numbers 5, in formula
(14). A simple comparison of formulas (12) and (15) manifests a visual similarity between polynomials 7,.(x™) and f,.(d™),
which we resume in the next conjecture.

Conjecture 2.1. Let T,.(x™) and f,(x™) be symmetric polynomials, defined in (10) and (14), respectively. Then, the following
relation holds

TT(El,EQ,...,ET):fT(El,—EQ,...,—ET), 7"22, (16)

where signs of arguments E; are changed only at Es, ..., E,.

3. Parity properties of W;(s,d”) and generalization of identities for 7, (x™)

The polynomials 7,.(x™) and f,.(d™) possess one more kind of similarity besides of formulas in (12) and (15). It is easy to
verify that identities (13) hold for functions f,.(d™) by replacing T,.(x™) — f.(d™). Keeping in mind such similarity, let
us find a general form of identities for f,.(d™). Making use of a recursive relation in [5], formula (12), for their generating
function Wy (s, d™),

Wi(s,d™) = Wi(s — dp,d™) + Wy (s,dwl) . A ={dh,. .. dp ) 17)
prove the parity properties
_2 2m __ _ _2 2m _2 2m—+1 _ _ _2 2m—+1
Wl(s 5 d ) Wl( s=5d )’ Wl(s 54 ) Wl( s=5d )’ (18)

following a similar proof for the whole partition function W (s,d™) in [3], Lemma 4.1. Indeed, the recursive relation (17)
may be rewritten for V; (s,d™) = W, (s — 01/2,d™), where 0,/2 = f1(d™),

1 (S,dm) =W (3 — dm’dm) +V (S _ 62717d7rz—1> )

Making use of a new variable ¢ = s — d,, /2, the last relation reads

dm m dm m
Vl (q+27d ) Vl (q 77(1 )7

dm m dm m
(o tear) v (o ).

Hence, if V;(¢,d™) is an even function of ¢, then V; (q, dmfl) is an odd one, and vice versa. But, according to (14), for

Vi (q7 dmfl)

i(aa)

m = 1 we have (q7 dl) =W (q —dy/2, dl) = 1/d;, where d' = {d1}, or in other words, the function V; (q, dl) is even in
q. Therefore we obtain

Vi (s,dzm) -V (_87d2m) 7 Vi (87d2m+1) -1 (_S’d2m+1) ’

that finally leads to (18).
Identities (18) impose a set of relations on f,.(d™). To find them, we have to cancel in a series expansion (14) for
Wy (s— fi(d*™), de) all terms with even degrees of s

T

g2m—1-r Z(l)k(QT—k1> <2m - 11; r+ k> 1 (de) o (dzm) 7 (19)

k=0
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and for W, (s—fl(d%”’l), d2m+1) all terms with odd degrees of s

g2m—r i(_l)k (fink) <2m _]: + k:) I (d2m+1> fok (d2m+1> . 20)

k=0

Making use of identity for binomial coefficients

A—1 \(A-B+C A-1\(B-1
= >
W2l )=Go) (), ammme

and substituting » = 2n — 1 into (19) and (20), and equating them to zero, we obtain, respectively,
2m — 1\ = o —
2(m—n) - _ 2m 2m —
() () (@) e (@) <o 21

2n—1
s (27% 1) > (=D* <2n )fl <d2m+1> fon-1- (d2m+1) =0 @2)
k=0

By comparison (21) and (22) and keeping in mind f; (d™) # 0, we arrive at universal relation irrespectively to the parity
of m,

fon1 (d™) — _1)\k+1 (2n . 1) M
O ,;( ) ko) R @y 29)

Note, that for n = 1 equality (23) holds identically. Applying a recursive procedure to formula (23), the last expression may
be represented as follows,

f2n71 (dm) _ i <2n_ 1) f2(n kl) (dm) B (24)

frehamy = 2k = 1) k) (@my
n 2n —1\ (2(n — k) — 1 f2(n*k‘1fk2) (dm)
ki ka=1 1 27 f1 d™)
i: <2n — 1) <2(n — k) — 1) <2(n —ky — ko) — 1) fotntikaks) (A7)
P 2kq 2ko 2ks — 1 f12("—k1—/€2—k3) (dm)

where the number of summation is equal n. Finally, formula (24) may be presented in a simpler way

f2n 1 = r f2(n r) ( m)
on—1 s gmy 1 Z +1Cn T 2(n 7) d ) Cn,T S Z>7 (25)
i — (@)

where coefficients C,, , with r = 1,2, 3,4 are calculated below

Cn,l = <2n - 1)7 (26)

On,2 =
2n —5 - 2n — 1\ (2n —3 B 2n—1\ (2n —5 + 2n —1
1 2 3 4 1 5 )7
2n —5\ [2n —T7 _ 2n—1\ (2n —3\ (2n —T7 _
2 1 2 4 1
2n—17 _ 2n —1\ /2n -3\ (2n — 5 n
1 2 2 3
2n —1\ (2n —3 + 2n—1\ (2n—5 + 2n —1\ (2n —7 _ 2n —1
2 5 4 3 6 1 7T )
and the higher C,, , have to be determined recursively by (24). The total number of terms (products of binomial coefficients)
contributing to formula (26) for C,, . is given by 27~

It is easy to verify that formulas (25) do nicely provide the integer coefficients in (13) for n = 2, 3, 4 successively. That
observation leads us to the conjecture.
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Conjecture 3.1. Let T,.(x™) be symmetric polynomials, defined in (10), then T,.(X™) satisfy the identities,

TQn_l (Xm) B nz_ (71)k+1 <27"Lk 1> TZn—l—k (Xm)

T2 T (xm) 2 T2n1F (gmy’
Ton-1 (@7) zn: yHC Tonn(d"™) zn:(q)rﬂc =
nrtan) = B R |

If Conjecture 3.1 is true, then we can continue the list (13) of identities for polynomials 7,.(x™), e.g.,

To(x™) g(x™) Ts(x™) Ty(x™) To(x™)
=9 —168 -‘r2016 —9792 47936, 27
T (x™) TP (xm) TP(x™) TH(x™) TE(x™)
Ty (x™) Tio(x™) Tg(x™) To(x™) Ty(x™) To(x™)
= 11 —330 +7392 —89760 +436480 —353792,
T (xm) T (xm) TP (xm) TP (x™) TH(x™) TE(x™)

even in the absence of explicit formulas for 7,.(x™), r = 8,9, 10, 11, in (12).
By observation of formulas (13) and (27), a sequence C,, ,,, 1 < < n, is unimodal and log-concave for 2 < n < 6. We left
open a question whether these properties are preserved for any n.

4. Concluding remarks

The present paper is devoted to the study of polynomials P, (x™) possessing nice algebraic properties and a hidden re-
lationship with restricted partition functions. We put forward two conjectures about such relationship and left open a
problem to continue it in different aspects.

There is another reason to study polynomials P, (x™) and their associates, symmetric polynomials T;,_,,(x™), that put
them in some wider context. Recent studies [2] of algebraic relations between higher genera’ of numerical semigroups
with arbitrary embedding dimension, multiplicity and inner symmetries (non-Gorenstein’s, Gorenstein’s and complete
intersection) has shown an important role of polynomials 7,.(x™), which are involved in these relations (see formulas (22)
and (27) in [2]). This makes them interesting objects in commutative algebra.
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