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Abstract

The Hamming distance between two strings of the same length is the count of positions at which their corresponding symbols
are different. For a graph G of order n, the Hamming matrix is H(G) = [hij]nxn, Where h;; equals the Hamming distance
between s(v;) and s(v;), and h;; = 0; here, s(v;) represents the string corresponding to the i-th row of the incidence matrix of
G. The Hamming energy was recently introduced in analogy with adjacency energy. In this paper, it is shown that, except for
edgeless graphs and K->, the Hamming matrix has exactly one positive eigenvalue; as a result, a general expression for the
Hamming energy is derived. This result shows that the study of the Hamming energy reduces to the analysis of the largest
eigenvalue of the Hamming matrix. These results extend several earlier findings on the Hamming matrix in the literature.
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1. Introduction

Let G be a simple undirected graph with n vertices and m edges. Let its vertex set be V(G) = {v1, v, ...,v,} and its edge
set be E(G) = {e1,e2,...,en}. Two vertices v; and v; are said to be adjacent if there exists an edge connecting them, in
which case we write v; ~ v;; otherwise, they are non-adjacent, denoted by v; ~ v;. The degree of vertex v, € V(G) is the
number of edges incident with it, denoted by deg(v;). A graph in which all vertices have the same degree (say r) is called a
regular graph (r-regular). Graph energy (adjacency energy) was first introduced in 1978 [7]. It is defined as

£(G) = _Zm

where A1, \a, ..., A, denote the eigenvalues of the adjacency matrix associated with the graph G [5]. Nikiforov [10] extended
this concept to arbitrary matrices (not necessarily square) and defined their energy as the sum of their singular values.
Although graph energy originated in molecular chemistry, it has applications in a variety of fields, for instance, see the
survey paper [8]. The incidence matrix of the graph G with n vertices and m edges is a matrix B(G) = [b;;]nxm, With b;; =1
if and only if vertex v; is incident with edge ¢;, and 0 otherwise.

The study of Hamming distances between the strings corresponding to the rows of the incidence matrix was initiated by
Ramane et al. [11]. Using these Hamming distances, recently, Vuciéevié et al. [15] introduced the Hamming matrix of a
graph and studied its energy. They obtained the Hamming energy for certain classes of graphs, provided some bounds on it,
tested its predictive potential and showed that it is useful. RedzZepovi¢ et al. [13] tested the sensitivity of the Hamming
energy on some chemical graphs and showed that it is exceptionally sensitive compared with graph energy as well as other
eigenvalue-based graph invariants. Recent work on the Hamming matrix can be found in [3,4,12-15]. The Hamming
distance serves as a fundamental metric in computer science, particularly in the design and analysis of error-detecting and
error-correcting codes.

In the present work, we determine the signs of the Hamming eigenvalues and derive a general expression for the
Hamming energy in terms of the Hamming spectral radius.
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Figure 2.1: The complete graph K, with labeled vertices and edges.

2. Preliminaries

Let (Zs, ®2) be the additive group, where Z; = {0, 1} and ®, denotes addition modulo 2. Let the row of the incidence matrix
of a graph of order n and size m corresponding to a vertex v; be denoted by s(v;). Then, s(v;) = (bs1, bia, - . ., bim ) is a vector in
the set Z3* = Zo X Zy x - -+ X Zy (m times) represented by s(v;) = bj1b;2 - - - bi,. The Hamming distance between two strings
of equal length is defined as the number of positions at which the corresponding entries differ. Therefore,

Hy(s(vi), 5(v;)) = > (bik B2 bjk).
k=1
For example, if s(u) = 10110 and s(v) = 11010, then Hy(s(u), s(v)) = 2.
The Hamming index of a graph G, denoted by Hp(G), is defined as the total sum of the Hamming distances over all
pairs of strings derived from the incidence matrix B(G) of G [11]. Alternatively,

Hp(G) = Z Hg(s(vi),s(vj))-

{viv; }EV(@)

The Hamming matrix of a graph G is a square matrix H(G) = [h;;| of order n where h;; = H(s(v;),s(v;)). The
eigenvalues of H(G) are called Hamming eigenvalues and are denoted by 7 > p2 > -+ > p,, and the largest Hamming
eigenvalue p, is called the Hamming spectral radius. The sum of the absolute values of the eigenvalues of H(G) is called
the Hamming energy of G and is denoted by H F(G) [15]. Thus, if u1, po, . . ., p, are the Hamming eigenvalues of G, then

HE(G) = |,

Example 2.1. For the graph shown in Figure 2.1, the incidence matrix is

1 0 01 0 1
1 1.0 0 1 0
BED=10 1 1 0 0 1
00 1 1 10
and the corresponding Hamming matrix is
0 4 4 4
4 0 4 4
HED =14 4 0 4
4 4 4 0
Therefore, the Homming index is Hg(K4) =4+ 4+ 4+ 4+ 4+ 4 = 24. The eigenvalues of the Hamming matrix are j1; = 12,

o = —4, us = —4 and py = —4. Hence, the Hamming energy is
4
HE(Ky) =Y || =24,
i=1

Theorem 2.1. [11] Let v; and v; be distinct vertices of G. Then

degq (vi) + degq(vs) — 2, if v; ~v;
degq(v;) + degg(vj), if v; = ;.

Hq(s(vi), s(vy)) = {

Theorem 2.2. [15] For a graph G of order n with Hamming matrix H(G) = [hi;]nxn, the Hamming index is

1
Hp(G) =5 > hij.
0,
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Theorem 2.3. [9] (Gershgorin’s Theorem) Let P = [p;;] be an n x n matrix. If X is an eigenvalue of P, then there exists an
index k € N ={1,2,...,n} such that

A=kl < Ipsl.
JEN
ik
Let W ={y = (y1,y2,---,yn) € R": > | y; = 0}. A real square symmetric matrix M of order n is called conditionally
negative definite if y” My < 0 for every y € W.

Proposition 2.1. [2] Let M be a non-negative, non-zero symmetric matrix of order n that is conditionally negative definite.
Then M has exactly one positive eigenvalue.

A general formula for Hg(G) appears in Theorem 3.1 of [1] and was also presented more recently in Theorem 3.1 of [4].
Theorem 2.4. [1,4] For a graph G with n vertices and m edges, the Hamming index is
Hp(G) =2m(n —2).
Let 11 denote the Hamming spectral radius.

Proposition 2.2. [14] For a connected graph with n > 3 vertices,
n—1<p <2(n—1)(n-2).

Equality in the above right-hand inequality occurs if and only if G = K, where K,, is a complete graph on n vertices.

3. Hamming Eigenvalues and Hamming Energy

In this section, we analyze the signs of the Hamming eigenvalues; as a consequence, we establish the general expression for
the Hamming energy. Let K,, be the complete graph on n vertices and K,, be the complement of K.

Theorem 3.1. Consider a graph G consisting of n vertices and m edges. If G ¢ {K,, K,,}, then the Hamming matrix of G
has exactly one positive eigenvalue.

Proof. If G € {K», K,,}, then the Hamming matrix H(G) is the zero matrix. For all other cases, H(G) is a non-negative and
non-zero symmetric matrix. We proceed with the following proof for H(G).

For the vertices v; and v;, let s(v;) = bi1bi2 - - - bim, and s(v;) = bj1bj2 - - - bjm. Then the Hamming distance between s(v;)
and s(v,) is given by

m
Hd( Z ik @2 Jk

k=1
Therefore, the Hamming matrix can be expressed as H(G) = Y., , H(G)", in which the matrix H(G)* = (hy;]) is defined
by h[k] =bir, ®2bji. Fori=1,2,...,nand k =1,2,...,m, let us define the following partition

Pk:{i:bikZO} anko:{i:bikzl}.
With this partition, the (i, j)-th entry in the matrix H(G)/* can be expressed as

)

Bl _ 0, ifbothi,j € P, orbothi,j € Q
1, otherwise.

Lety = (y1,y2,--.,Yn) € R". Then

k
y"H(G)Fy = Z yiyihl.
7,7=1
G)[k]y = Z YiYj + Z Yiy; =2 (Z yz> Z Yj
i€Py, 1E€EQk 1€ Py JEQK
JEQK JEP

Ifs, = Ziepk y; and Sy = Zjer yj, then
yTH(G)[k]y = 23152.
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Now, suppose that > | y; = 0, then S; + S5 = 0, which implies S; = —S>. With this, we have
y H(G) Wy = 2(—5,)(S2) = —255 < 0.

Therefore,
yTH(G)¥ly <0 whenever Zyi =0.
i=1
Hence,
yTH(G)y = ZyTH(G)[k]y <0 whenever Zyi =0.
k=1 =1

This shows that H(G) is a conditionally negative definite matrix. Therefore, by applying Proposition 2.1, we conclude that
H(G) has exactly one positive eigenvalue. O

Corollary 3.1. For any graph G, the Hamming energy of G is HE(G) = 2u,.

Proof. If G € {K,, K, }, then the Hamming energy is zero. In all other cases, the result follows directly from Theorem 3.1
by using the fact that the Hamming matrix has zero trace. O

The following corollary provides a characterization of graphs with equal Hamming energy.

Corollary 3.2. Let Gy and G be the graphs of the same order. Then HE(G,) = HE(G») if and only if they have the same
Hamming spectral radius.

Remark 3.1. Although the proof of Theorem 8 of [15] applies the Cauchy—Schwarz inequality incorrectly, the stated lower
bound MB%(G) < uy remains valid. Indeed, since H(G) is symmetric, the Rayleigh quotient gives

1TH(G)1 > hi;  2HE(G)
171 o n o n

1 >
where 1 denotes the all-one vector.

Theorem 3.2. Let G be a graph with n > 4 vertices and m edges, and let A denote its maximum degree. Then

dm(n —2)

" <1 <2m+ (n—4)A.

Equality in either inequality holds if and only if G is regular.

Proof. Let G be a graph with n vertices and m edges. Denote its vertex set by {vi,vs,...,v,}, and let deg(v;) = k; for
i=1,2,...,n. Let us assume that v; is adjacent to vo, vs, ..., vr,+1 and non-adjacent to vk, 12, vk, +3,. .., v,. Then the matrix
H(G) has the following entries in the row corresponding to v;:

Oa k1+k2_27 k1+k3_25 RN k1+kk1+1_27 k1+kk1+27 kl+kk)1+37 teey k1+kn

If the sum of the entries in the i*" row of H(G) is denoted by r;(H(G)), then

k1+1 n
nH(G) = > (k+ki—2+ > (ki+kj)
i=2 j=k1+2
k141

= Y ki+) k- > 2
j=2 j=2 j=2

= (n—Dki+@2m—k)—2k as » kj=2m
j=1
= 2m+ (n—4)k.

Similarly, for each i = 1,2, ..., n, one can show r;,(H(G)) = 2m + (n — 4)k;. Now, by applying Gershgorin’s theorem (Theorem
2.3), each eigenvalue u of H(G) satisfies |u| < max; r;(H(G)) for i = 1,2,...,n. Therefore,

1 < mfxxri(H(G)) =2m+ (n —4)A.
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The lower bound can be obtained by substituting the value of Hg(G) from Theorem 2.4 into

2Hp(G) <

> M
n

as mentioned in Remark 3.1.

If G is an r-regular graph, then A = r and m = nr/2. Substituting these values into the lower and upper bounds yields
2r(n — 2) in both cases, which is precisely the Hamming spectral radius of G, as stated in [4].

Conversely, we prove that equality in either bound implies that G is regular. If m = 0, then G is regular. Hence, assume
that m > 0.
Suppose first that equality holds in the lower bound. Then

4m(n—2) 1TH(G)1
n 171

p =
By the equality condition in the Rayleigh quotient theorem, H(G)1 = p;1. Consequently, for every i,

dm(n —2)

om + (n— ks = T2 Ghich gives (n — )k — 24
n

n

Since n > 4, we obtain k; = 2m/n for every i. Thus, G is regular.
Now, suppose that equality holds in the upper bound. Then

w1 =2m+ (n —4)A.

Since n > 4 and m > 0, the matrix H(G) is non-zero, non-negative and irreducible [4]. By the Perron—Frobenius theorem,
there exists a positive vector © = (z1,...,z,) € R" such that H(G)x = p;2. Since H(G) is symmetric,

n

Yz =1TH(G)x =Y ri(H(G))z;.
i=1

i=1
Substituting u; = 2m + (n — 4)A and r;(H(G)) = 2m + (n — 4)k; yields
(n—4)) (A —ki)a; =0.
i=1
Since n > 4 and z; > 0, we have A — k; = 0 for every i. Hence, it follows that k; = A for every i. Therefore, G is regular. [

The following result follows directly from the preceding theorem.

Corollary 3.3. Let G be a graph with n > 4 vertices and m edges, and let A denote its maximum degree. Then

8mn=2) _ yp(G) < 202m + (n— HA).
n

Equality in either inequality holds if and only if G is regular.

Theorem 3.3. Let G be a graph with n = 4 vertices and m edges. Then p; = 2m and HE(G) = 4m.

Proof. As done in the proof of Theorem 3.2, the sum of the entries in the i row of H(G) is
ri(H(GQ)) =2m+ (n — 4)k;,
where k; = degq(v;). Therefore, for n = 4, the sum of elements of each row in H(G) is 2m. Hence
H(G)1 = 2m1,

where 1 denotes the all-one vector. This shows that 2m is an eigenvalue of the Hamming matrix H(G). If G = K4, then all
eigenvalues of H(G) are zero and m = 0. Hence y; = 0 and HE(G) = 0. If G # K, then 2m > 0. Therefore, by Theorem 3.1,
the only positive eigenvalue H(G) is 2m. Hence, 1 = 2m and HE(G) = 2u1 = 4m. O

In [4] it is shown that for an r-regular graph with n vertices, HE(G) = 4r(n — 2). Therefore, all r-regular graphs on n
vertices have the same Hamming energy. Furthermore, if G is an r-regular graph with n vertices, then its complement
graph G is a regular graph of degree n — r — 1. Therefore, HE(G) = 4(n — r — 1)(n — 2). From this, we observe that for any

r-regular graph G with n > 3 vertices, HE(G) = HE(G) if and only if r = (n — 1)/2.
Let det(H(G)) denote the determinant of the matrix H(G).
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Corollary 3.4. Let G be a graph with n vertices and m edges. If G ¢ {K,,K,}, then det(H(G)) > 0 if n is odd, and
det(H(G)) < 0if nis even.

Proof. By Theorem 3.1, ;3 > 0 and p; < 0;7=2,3,...,n. Consequently,
det(H(G)) = [ [ i = pa [ [ i
i=1 i=2

= (0" [T )

Since g1 []) 5(—pi) > 0, the result follows according to whether n — 1 is even or odd. O
If H(G) is non-singular, then the inequalities in Corollary 3.4 are strict.
Corollary 3.5. Let G be a graph with n > 2 vertices and let yuy > g > -+ - > u, be the Hamming eigenvalues of G. Then
2(n — 1) 2| < HE(G) < 2(n — 1) .

Proof. If G € {K», K,,}, then all eigenvalues of H(G) are zero. Hence, the result is obvious. Now, suppose that G ¢ {K,, K, }.
Then, by Theorem 3.1, 1 > 0 and u; < 0fori =2,3,...,n. Therefore, uy > pu3z > -+ > p, implies that |uz| < |us] < -+ < |unl.
Since the Hamming matrix has trace zero, we have

1=2 1=2
and
n n
pr=—Y i =Y |pil < (n—1)|unl.
=2 =2
Hence,

2(n = 1)|pe] < 2p1 < 2(n — 1)|pal.
Consequently, by Corollary 3.1, we get
2(n = 1)|p2| < HE(G) < 2(n — 1)[pan]-
O

The following theorem provides bounds for the Hamming energy of a connected graph in terms of the adjacency energy
of K,,.

Theorem 3.4. For a connected graph G with n > 3 vertices,
E(K,) <HE(G) <2(n—-2)¢&(K,).
Equality in the above right-hand inequality occurs if and only if G = K,,.
Proof. The result is obtained directly from Proposition 2.2 and Corollary 3.1 by using the fact that £(K,,) =2(n—1). O

4. Conclusion

Vucdicevié et al. [15] investigated the predictive potential of the Hamming energy with respect to physicochemical properties
of octanes. They showed that the Hamming energy of a graph exhibits a stronger correlation with entropy and heat
of vaporization than the classical adjacency energy. In the present work, it is shown (see Theorem 3.1) that the graph
G ¢ {K,, K, } has exactly one positive Hamming eigenvalue and by Corollary 3.1, the Hamming energy is exactly twice
the Hamming spectral radius. Therefore, the study of the Hamming energy can be reduced to the study of the Hamming
spectral radius.
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