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Abstract

Given a graph G, an r-hued coloring of G is a proper vertex coloring such that for every vertex v, the number of colors
appearing in its neighborhood is at least min{dg(v), r}, where dg(v) denotes the degree of v in G. The r-hued chromatic
number x,(G) is the smallest number of colors needed for an r-hued coloring of G. In this paper, we study the r-hued
coloring of complements of cycles. For any positive integer r, we completely determine the r-hued chromatic number of C,, by
constructing explicit coloring schemes and analyzing the sizes of independent sets of color classes.
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1. Introduction

All graphs considered in this paper are simple and finite. Undefined notation and terminology can be found in [1]. Let
N be the set of natural numbers and 2" its power set. For k € N, let [k] = {1,2,...,k}. For a graph G, let E(G), V(G) and
A(G) denote its edge set, vertex set and maximum degree, respectively. The order n = |V (G)| of G is the number of its
vertices, while the size m = |E(G)| of G is the number of its edges. For any v € V(G), the neighborhood of v in G is Ng(v),
where N¢(v) = {u € V(G) : u is adjacent to v in G}, and the degree of v is dg(v), where dg(v) = |Ng(v)|. For a mapping
¢: V(G) — [k], let ¢(Ng(v)) be the set of colors of the neighbors of v in G. The diameter of G is the maximum distance
between any two vertices in G, denoted by diam(G).

Graph coloring is one of the most classic and highly valuable core branches in graph theory, and it is also an important
area of research in discrete mathematics, operations research, and theoretical computer science. Its origin as a research
problem can be traced back to the Four Color Conjecture in the 19th century [10]. In recent decades, with the extensive
application of graph theory in computer networks, frequency assignment and scheduling problems, many variants of
classical coloring have been proposed and attracted much attention. The r-hued coloring is one such coloring model with
important theoretical value and practical background. The concept of r-hued coloring was first introduced in [11]. The

special case » = 2 was studied in [6] and is also known as dynamic coloring. The first paper on r-hued coloring for general »
is [5].

Definition 1.1. Let k,r be positive integers. A (k,r)-coloring of a graph G (also known as an r-hued coloring of a graph G)
is a mapping c: V(G) — [k] satisfying:

(C1) For any adjacent vertices u,v € V(G), c¢(u) # ¢(v).
(C2) For every v € V(G), |c(Ng(v))| > min{dg(v),r}.

If a mapping ¢ : V(G) — [k] satisfies only (C1), it is called a proper k-coloring of G.

The chromatic number x(G) of G is the smallest & for which G admits a proper k-coloring. The r-hued chromatic number
Xr(G) is the smallest k for which G admits a (k, r)-coloring.

By Definition 1.1, x(G) = x1(G), so x.(G) can be regarded as a generalization of classical graph coloring. The following
series of inequalities on the r-hued chromatic number were first established in [5]:

Let r > 1 be an integer. Then

X(G) = x1(G) < x2(G) <+ < xr—1(G) < xr(G) < -+ < xa@)(G) = xa@)+1(G) =+ .
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Li et al. [7] proved that, given a graph G and positive integers k and r, deciding whether G admits a (k, r)-coloring is
NP-complete. Since every finite graph with n vertices always admits an (n, r)-coloring, the upper bound % on the number
of colors is an essential part of the input. In view of this computational complexity, research has focused on estimating
upper and lower bounds of the chromatic number, or on determining exact values for graph classes with specific structural
properties. Moreover, concerning r-hued coloring, the following lower bound and upper bound for every graph G were given
in [5].

Theorem 1.1. Let r > 1 be an integer. Then min{r, A(G)} + 1 < x,.(G) < |V(G)|.
In [5], the following two theorems were given for x,.(G) achieving the upper and lower bounds, respectively.

Theorem 1.2 (see [5]). Let G be a connected graph and |V (G)| = n. For any r > 2, x,(G) = |V(G)| if and only if any two
nonadjacent vertices of G are adjacent to a vertex of degree at most r.

Theorem 1.3 (see [5]). If G is a tree, then x,(G) = min{r, A(G)} + 1.

Brooks’ Theorem [2] is a fundamental result in the classical vertex coloring theory of graphs. For any connected graph
G, its chromatic number x(G) does not exceed the maximum degree A(G) plus one, and equality holds if and only if G is a
complete graph or an odd cycle. This result has been extended to the r-hued chromatic number and related parameters.
In [6], Lai, Montgomery and Poon proved that if A(G) < 3 and G # Cjs, then x2(G) < 4. Otherwise, when A(G) > 4,
x2(G) < A(G) 4 1. Furthermore, Lin [8] and Wang [9] established that x,.(G) < rA(G) + 1, with equality if and only if
r = A(G) and G is a Moore graph. In [4], Karpov proved that if A(G) > 8, then x»(G) < A(G) for connected graphs without
vertices of degree 2.

For the cycle graph C,, of order n, its chromatic number is given by the following theorem.

Theorem 1.4. Let n > 3 be an integer. Then

The r-hued chromatic number of cycles is known as follows.

Theorem 1.5 (see [5]). Let n > 3 be an integer and C,, the cycle of order n. For r > 2,

5, n=>9;
Xr(Cn) =143, n=0 (mod 3);
4, otherwise.

A comprehensive overview of existing results on r-hued colorings can be found in the recent survey presented by Chen,
Fan, Lai and Xu [3].

Definition 1.2. The complement of a graph G, denoted by G, is the simple graph with vertex set V (G), and two vertices are
adjacent in G if and only if they are not adjacent in G.

In 1956, Nordhaus and Gaddum [12] studied the chromatic number of a graph G and its complement G together.
Motivated by the r-hued coloring of cycles and properties of complements, we obtain the following main results.

Theorem 1.6. Let n > 3 be an integer and C,, the complement of the cycle C,,. Then

_ 1, n=3;
X(Cn) = n

5] nza

Theorem 1.7. Let n > 3 be an integer and C,, the complement of the cycle C,,. For r > 2,

1, n=3;
2, n = 4;
n, 5<n<r+3;
Xr(Cn) = r+3, r+4<n< 47‘—}—8-‘;
r4+ 2, ’74r+8—‘§n§2r+1;

[2—‘, n > 2r + 2.
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2. The r-Hued Chromatic Number of the Complement of Cycles

According to the definition of complement and the structure of C,,, we have the following simple observations.
Lemma 2.1. For positive integers n and r, C,, satisfies the following properties.
(i) If n > 3, then C,, is (n — 3)-regular.

(ii) If n > 4, then in any proper coloring of C,, at most two vertices can share the same color. In other words, each color
appears at most twice.
(iii) If n > 4, then x,(C,) > [g .
(iv) If n > 5, then diam(C,,) < 2.
Proof. We prove each part separately.

(1) The cycle C,, is 2-regular, so d¢, (v) = 2 for any v € V(C,,). By Definition 1.2, for any v € V(C,,),

dg-(v)=n—-1-dc,(v)=n—3.

(ii) Suppose, to the contrary, that three distinct vertices x, y, 2 share the same color. Since the coloring is proper, z,y, z
are pairwise nonadjacent in C,,. Nonadjacency in C,, is equivalent to adjacency in C,,. Thus z,y, z form a triangle in
C,,, which is impossible because C,, contains no triangles for n > 4. Hence each color can appear at most twice.

(iii) From part (ii), each color class contains at most two vertices. With n vertices in total, any proper coloring requires at
least [gw colors, then x..(C,,) > x(C,) > [gw Hence, for any integer r > 1, x,.(C,,) > {gw

(iv) Take any two distinct vertices u,v € V(C,,). If they are adjacent in C,,, their distance is 1. If they are nonadjacent
in C,, then they are adjacent in C,, by Definition 1.2. In C,,, let ' be the neighbor of v different from v, and v’ the
neighbor of v different from u. Since n > 5, the set V/(C),,) \ {u, v,v’,v'} is nonempty. Choose any w in this set, then w
is adjacent to neither u nor v in C,,, so in C,, it is adjacent to both. Thus uwwv is a path of length 2, showing that the
distance between u and v is 2. Thus, diam(C,,) < 2.

]

Proof of Theorem 1.6. When n = 3, 3 consists of three isolated vertlces S0 x(ﬁ) . Now we discuss the case n > 4.
By Lemma 2.1(iii), for » > 1, x,.(C,,) > (ﬂ Also, x(C,) = x1(C,). Hence x(C {%W

Let V(C,) = {v1,vs,...,v,} be arranged in clockwise order. If n is even, deﬁne

n n
c(vr) =c(ve) =1, c(vs) =c(vg) =2, ..., c(vp—1) = c(vy) = 5= {5—‘ .
By the definition of ¢, (C1) holds. If n is odd, define
n—1 n—1 n+1 n
e(v1) = e(vz) = 1, elvg) = e(va) =2, -, elvn-z) = elvn-1) = "o, e(vn) = o= +1= o= = [T].
—_— n —_— n

By the definition of ¢, (C1) holds. Thus, x(C),) < [EW . In conclusion, x(C),) = [EW : O
Proof of Theorem 1.7. Let V(C,,) = {v1,vs,...,v,} be arranged in clockwise order.

Case 1: n = 3.

The graph C; consists of three isolated vertices, so x,.(C3) = 1.

Case 2: n = 4.

For C,, we denote V(Cy) = {v1,v2,v3,v4} and E(Cy) = {viv3,v2v4}. Define a coloring c of Cy as c(v1) = c(v2) = 1,
c(v3) = ¢(v4) = 2. Conditions (C1) and (C2) hold under coloring c, so x,.(Cy) < 2. By Theorem 1.1, x,.(C;) > min{r, 1} +1 = 2.
So Xr (?4) =2.

Case3:5<n<r+3.

By Lemma 2.1 (iv), diam(C,,) < 2, and so any two nonadjacent vertices have a common neighbor. By Lemma 2.1 (i), for
any vertex v of C,,, dg—(v) =n — 3 < r. It follows that any two nonadjacent vertices have a common neighbor of degree at
most r. By Theorem 1.2, x.,.(C,,) = |V(C,,)| = n.
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Case4:r+4<n<2r+1.

Let c be a coloring of C,,. By Lemma 2.1 (ii), at most two vertices can share the same color. A color class of size two
consists of two consecutive vertices in C,,; we call such a pair a vertex block. A color class of size one is called a singleton
color class. Before proving Case 4, we first prove the following claim.

Claim. If r +4 <n <2r + 1, then x,.(C,,) > r + 2.
When n > r + 4, by Theorem 1.1 and Lemma 2.1 (i), we have

xXr(Cp) > min{r, A(C,)} + 1 = min{r,n — 3} + 1 =r + 1.

Suppose that an (r + 1, r)-coloring exists. Since every color class has size at most two and n < 2r + 1 < 2(r + 1), there
must be a singleton color class; let v; be its vertex. Consider v;_;. The color of v; is absent from N (vl 1). The color of v;_;
is also absent from this neighborhood: if that color is repeated, its second occurrence can only be at v;_o, because v; is a
singleton. Hence at least two of the r + 1 colors are absent from Nez—(v;—1), 80 [¢(Ng—(vi-1))| < r — 1, contradicting (C2).
Thus no (r + 1, r)-coloring exists.

Therefore, the claim is proved.

Case 4.1: 7 + 4 < n < [1218].
Leta=n—r—3>1. Since n < [#218], we have

4 8
n—4a=4r—-3n+12>4r —3 - [ 7‘;— —‘4-12.

Let k be a positive integer. If » = 3k, then

FTJFBW _ F%j%ﬂ _ [12k+8+1] _4r+8 1

3 3 3 3 T3

If r = 3k + 1, then

Ar+87 [12k+12] 12k+12  4r+8
3 o 3 o 3 3
If r = 3k + 2, then

{4r+8} B {12k+16] B [12k+16+2w 747’+8+2

3 3 3 3 3

2 Th
3 5 T3nus

Hence, {41‘—!—8—‘ < 4r +8 2

n—4a>47’—3«{474;_8—‘+1224r—3-(47ﬂ;—8+§>+12—2.

We provide explicit colorings for each parity of n.

Case 4.1.1: n is even.

Here, we denote S1 = {v1,v2}, T1 = {vs,va}, ..., So¢ = {Vag-3,V10—2}, To = {Vaa—1,%40}, Tat1 = {Vaat1,Vaa42}, .-,

T, = {vp—1,v,}. Since 2a + 2b = n, a = n — r — 3, we have b = Z£0="_ Define
c(S;) = {i}, 1<i<a
c(Tj)={a+2j—-1, a+25}, 1<j<b.

Here S; is a vertex block, T} is a set of singleton color classes. And |c(V(C,,))| =a+2b=n—r —3+2. 240=0 — 4 3,
By the definition of ¢, two adjacent vertices in C,, have different colors, so (C1) holds. For any vertex v € V(C ), ifves;
(1 <i < a), then among the two vertices not adjacent to v in C,,, one lies in the same vertex block as v and the other is a
singleton color class, so |¢(Nz—(v))| =7+ 3 —2=r+1>r, and (C2) holds. If v € T (1 < j < b), then the two vertices not
adjacent to v in C,, are elther both singleton color classes or one from a vertex block and one singleton color class. Hence
|c(Ng—(v))| = r+3 — 3 =r, and (C2) holds. Thus, cis an (r + 3, r)-coloring and xr(Cn) <7+ 3.

Case 4.1.2: n is odd.

Here, we denote S; = {v1,va}, T1 = {vs,v4}, ..., So = {V4a—3,04a—2}, To = {Vaa—1,V4a}, Tat1 = {Vaa+1,Vaat2}s
Ty—1 = {vn—2,vn-1}, Tp = {v,}. Since 2a + 2b — 1 =n, a = n — r — 3, we have b = 2“£7="_ Define

c(S;) = {i}, 1<i<gq
oTj))={a+2j—1,a+25}, 1<j<b-1;
c(Tj) = {a+2b—1}, j=0.
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Here S; is a vertex block, 7} is a set of singleton color classes. Also, |c(V(Cy,))| =a+2b—1=n—r—3+2-2E=0 ] =43,
By the definition of ¢, two adjacent vertices in C,, have different colors, so (C1) holds. For any vertex v € V( n), ifv e s;
(1 < i < a), then among the two vertices not adjacent to v in C,,, one lies in the same vertex block as v and the other is a
singleton color class, so |[¢(Nz—(v))| =7+ 3 —2=r+1>r, and (C2) holds. If v € T (1 < j < b), then the two vertices not
adjacent to v in C,, are elther both singleton color classes or one from a vertex block and one singleton color class. Hence
|c(Ng—(v))| > 7+ 3 — 3 =r, and (C2) holds. Thus, cis an (r + 3, r)-coloring and xr(Cp) <7 +3.

Consequently, we have x,(C,,) <r+3whenr+4 < n < [4F2]. By Claim, x,(C,) > r+2. If x,(C,,) = r +2, then there is

n (r 4 2,7)-coloring ¢y of C,,. By Lemma 2.1(ii), each color appears at most twice. Let 2 be the number of vertex blocks and

let y be the number of vertices in singleton color classes. Then n = 2z + y and « + y = r + 2, which yield z =n — r — 2 and
y = 2r + 4 — n. If no three consecutive vertices are all in singleton color classes, then the y vertices in singleton color classes
must be separated by the = vertex blocks. Since each vertex block consists of two consecutive vertices, it can separate at most
two singleton vertices, one on each side. Hence y < 2z. Substituting the expressions for x and y gives 2r+4—n < 2(n—r —2),
son > 48 (which implies n > [#%F8]), contradicting the hypothesis n < [#52]. Therefore, there exist three consecutive
vertices, say v;_1,v;, vi11, each being in a singleton color class. Hence |co(Ng (vi))| = (r +2) — 3 =7 — 1 <r, contradicting
(C2). Thus, x,(C,) > r + 3. Consequently, when r + 4 < n < [43£2] we obtaln xr(Cp) =7+ 3.

To facilitate the understanding of the proof process, we give Figure 2.1, where numbers denote the color assigned to
each vertex.

Case 4.2: [48] <np <2r+1.

Case 4.2.1: n is even.
Here [48] <n < 2r. Let b = =44, Then b > 2:=2"+4 — 2 and

4r + 8 4r + 8

—4r —8=0.

—4b:3n—4r—823-{ -‘—47“—823-

As n is even. Denote
Sy = {vi,v2}, Th = {vs,va}, So = {vs,v6}, To = {v7,vs8},
St = {vap—3,Vap—2}, Tp = {vap—1, 01}, So+1 = {Vap+1, Vavy2},
Str2 = {Vab+3,Vaptaty -y Sa = {Vn—1,0n}
If n —4b =0, then T, = {v,_1,v,}. Since 2a + 2b = nand b = 2=+ ¢ = p —r — 2. Define
c(Si) = {i}, 1<
c(Tj)={a+2j—1, a+2j}, 1<j<hb.

IN
IN

a;

Here S, is a vertex block, T is a set of singleton color classes. Also, |c(V(C,))| =a+2b=n—r—2+2 2=+ = p 4 2,
By the definition of ¢, two adjacent vertices in C,, have different colors, so (C1) holds. For any vertex v € V(C,,), if v € S;

(1 < i < a), the two vertices not adjacent to v in C,, are either both from vertex blocks or one from a block and one singleton
color class. Thus, |¢(Ng—(v))| > 7 +2 —2 =r, and (C2) holds. If v € T; (1 < j < b), then the two vertices not adjacent to v in
C,, are one from a vertex block and one singleton color class, so |c(Ng—(v))| =7 + 2 — 2 = r, and (C2) holds. Hence c is an
(r + 2, 7)-coloring, and x,(C,,) <7 + 2.

Case 4.2.2: n is odd.
Let b = 2-=245 Then b > w =2andn —4b+ 1 =3n —4r — 9. Let k be any positive integer.

If r = 3k, then
4r + 8 12k + 8 8
> = =4k —| =4k + 3.
w [ B e 5] e

Thus,n—4b+1=3n—4r —9 > 3(4k +3) — 12k — 9 = 0.
If r =3k + 1, then

4r + 8 12k + 12
n > =
3 3

Since n is an odd integer, we have n > 4k + 5. Thenn —4b+1=3n—-4r—-9>3(4k+5)—-12k—4—-9=2> 0.

If r = 3k + 2, then
n> [47";-8—‘ _ ’712]6;— 16—‘ YT "136—‘ Ak 46

Since n is an odd integer, we have n > 4k + 7. Thenn —4b+1=3n—4r —9>3(4k+7) — 12k —8—-9=4 > 0.

-‘ =4k + 4.
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Thus, when [#28] < n < 2r + 1, we have n — 4b+ 1 > 0. Denote
S1 = {v1,v2}, Th = {vs,va}, So = {vs,v6}, To = {v7,vs},
Sy = {vap—3,va—2}, Ty = {vap—1}, Sp+1 = {vap, Vavy1}s

Spt2 = {vab+2,vavb+3}, -+ Sa = {Un—1,0n}.
Ifn—4b+1 =0, then T, = {v,}. Since 2a + 2b — 1 = n and b = 2=145 4 = n — r — 2. Recall that n is odd. Define

c(S;) = {i}, 1<i<gq
c(Tj) ={a+2j—1,a+2j}, 1<j<b—1;
c(Tj) = {a+2j—1}, j=hb.

Here S; is a vertex block and T} is a set of singleton color classes. Also, [c(V(C},))| = a+2b—1=n—r—2+42.2=045 1 =y 42,
By the definition of ¢, two adjacent vertices in C,, have different colors, so (C1) holds. For any vertex v € V(C ), ifv e S;
(1 < i < a), the two vertices not adjacent to v in C,, are either both from vertex blocks or one from a vertex block and one
singleton color class. Therefore |c(Ng—(v))| > 7 +2 -2 =r, and (C2) holds. If v € T; (1 < j < b — 1), then the two vertices
not adjacent to v in C,, are one from a vertex block and one singleton color class, so [¢(Ng—(v))| =7 +2 —2 = r, and (C2)
holds. If v € T}, then [¢(Ng—(v))| =7 +2—1=17r+1>r, and (C2) holds. Thus, cis an (r + 2 r) coloring, and x,.(C,,) < r + 2.

Consequently, we have Xr(Cp) < v+ 2for [48] <n < 2r + 1. By Claim, x,.(C,,) > r + 2. So we obtain x,(C,,) = r + 2.

To facilitate the understanding of the proof process, we give Figure 2.2, where numbers denote the color assigned to
each vertex.

Case 5: n > 2r + 2.

Case 5.1: n is even.

Let a = 2. Thena > 222 = r + 1. Denote S; = {v1,v2}, Sz = {v3,va}, ... = {v,_1,v,}. Define ¢(S;) = {i} for
1<i<a,s0le(V(Ch))| =a=2=[2]. By the definition of ¢, two adjacent vertlces in C,, have different colors so (C1)
holds. For any vertex v € V(C,), v € S;(1 <i < a) and |[¢(Ng—(v))] =a—1>7r+1—1=r. So(C2) holds. Hence cis a
([2],r)-coloring, and x,(C,) < [%].

Case 5.2: 1 is odd.

Now n > 2r + 3. Let a = ;. Then a > 243=1 = y 4 1. Denote S; = {vi,v2}, T1 = {vs}, So = {vs,v5},

S = {vn_1,v,}. Define
c(S;) = {i}, 1<i<a;

e(T1) = c(vg) = {a + 1}.

Then [¢(V(Cp))| = a+ 1= 25 +1 =21 = [2]. By the definition of ¢, two adjacent vertices in C,, have different colors, so
(C1) holds. For any vertex v e V(C,), 1f v € 5; (1 <i < a), the two vertices not adjacent to v are either both from vertex blocks
or one singleton color class and one from a vertex block, therefore |c(Ng—(v))| > ol 9= n=8 > 214823 — 4 50 (C2) holds. If
v = vg € T1, then the two vertices not adjacent to v are both from vertex blocks, and we obtain |c(Ng—(v))| = 252 —1 > r+1 > r.

Thus (C2) holds. Consequently, cis a ([%],r)-coloring. So x,(C;) < [%].

For n > 2r + 2, we obtain x,(C,,) < [%], and by Lemma 2.1(iii), x,(Cy.) > [2]. Thus, x,(C,) = [%]. O
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