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Abstract

The hitting-time index is a recently introduced topological molecular descriptor based on graph distance. Its lower and
upper bounds for trees, in terms of other graph invariants, are derived. In particular, the hitting-time index is related to the
eccentric connectivity index, total eccentricity, eccentric distance sum, and degree distance index. Additionally, a closed
formula for the hitting-time index of double brooms is obtained.
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1. Introduction

The hitting-time index is a recently introduced topological descriptor related to the well-known Kirchhoff index and related
indices. Distinct features of this index have initiated a more detailed investigation. One of the common questions that
appear in this kind of investigation is whether there exists a relation between the hitting-time index and the other already
introduced topological invariants. Some relations have already been established in [6, 11]. Here, the hitting index is
compared with several well-known distance-based topological invariants, and achievable bounds are derived.

The results in this article are valid for a simple connected graph G with vertex set V (G) and edge set E(G). The degree
of a vertex v in a graph G, denoted by deg(v), is the number of neighbors of v in G. The minimum and maximum degree of
the vertices of G are denoted by δ and ∆, respectively. For any two vertices u, v ∈ V (G), the distance d(u, v) is defined as the
length of a shortest path between u and v in G. For integers s, t, we define the set [s, t] = {x ∈ Z | s ⩽ x ⩽ t}.

The simple random walk in G is defined as the Markov chain {Xn |n ⩾ 0} whose state space is V and whose transition
probabilities are defined as uniform, from a vertex v to any of its neighboring vertices. The hitting time Tu of the vertex u

is defined as the smallest number of jumps needed by the random walk to reach the vertex u: Tu = inf {n ⩾ 0 : Xn = u} .
Its expected value when the process starts in state v is denoted by EvTu. Remark that EuTu = 0, and this should not be
confused with the mean return time to vertex u, EuT

+
u = 2|E|

deg(u) , which involves T+
u = inf {n ⩾ 1 : Xn = u}. More information

on hitting times of Markov chains can be found in [4]. A recent probabilistic/electrical index, the random walk index, was
proposed in [2].

For a vertex pair v and u, a battery is placed between v and u so that 1A of current enters v and exits u. This generates
a voltage Uvu

w at each vertex w ∈ V (G) and a potential difference across any edge xy ∈ E(G) given by Uvu
x − Uvu

y = ∆Uvu
xy .

The voltage at u is Uvu
u = 0V. Let Rvu be the effective resistance between the vertices v and u when the graph is considered

as an electrical network, where all edges have unit resistance, that is, the resistance of any edge xy is Rxy = 1Ω. For
x, y ∈ V (G), we have ∆Uvu

xy = IxyRxy, where Ixy is the current from x to y.
The hitting time of random walks on simple graphs in [13] was expressed as

∑
w∈V (G) deg(w) · Uvu

w = Ev Tu , and can be
rewritten as

∑
xy∈E(G)(U

vu
x + Uvu

y ) = Ev Tu. The hitting-time index HT (G) of a graph G was defined as [11],

HT (G) =
∑

{v,u}⊆V (G)

D(v, u)

where D(u, v) = max{Ev Tu, Eu Tv}.
Suppose that xy is a cut edge of G and Gx = (Vx, Ex) is the connected subgraph of G− xy that contains x.
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Theorem 1.1. [13] Let T be a tree. For any v, w ∈ V (T ), let P be the unique path between v and w, then

EvTw = d(v, w) + 2
∑

x̸=w∈V (P )

|Ex|. (1)

In the proof of Theorem 1.1, the following results were used.

Theorem 1.2. [13]

(i) If vw is a cut edge of G, then EvTw = 2|Ev|+ 1;

(ii) If P = u1u2 . . . um is a path, then Eu1
Tum

=
∑m−1

i=1 Eui
Tui+1

.

A double broom D(d, a, b) (see [3]) is a tree with a+ b+ d− 1 vertices, consisting of a path Pd−1 with d− 1 vertices and
a+ b pendent vertices, where a and b pendent vertices are adjacent to the respective end vertices of the path Pd−1. The
double broom graph D(d, a, b) has diameter d.

Let B(a, b) (briefly B) be a bistar graph (see [6]) with vertex set {vi | 1 ⩽ i ⩽ a+ b} where va and va+1 are the central
vertices with deg(va) = a and deg(va+1) = b. Obviously, double broom D(3, a− 1, b− 1) is the bistar graph B(a, b). Mengya
He et al. obtained the following:

Theorem 1.3. [6] Let b ⩾ a ⩾ 1 be two integers. Then HT (B(a, b)) = a3 + b3 − 2a2 − 4b2 + 5ab2 + 3a2b− 3ab− 5a− b+ 6.

A broom graph Bn,d (see [12]) with n vertices is made up of a path Pd with d vertices and (n − d) pendant vertices
attached to one of the ends of the path Pd. Note that the double broom D(d, 1, n − d) is the broom graph Bn,d. Palacios
established the following:

Theorem 1.4. [12] For n ≥ 6, we have HT (Bn,3) = n3 − 7n+ 2.

Theorem 1.5. [12] For n ≥ 8, we have HT (Bn,4) = n3 + 4n2 − 33n+ 34.

Palacios [11] exhibited the relations between the hitting-time index and previous probabilistic/electric indices such
as the RW index and the Kirchhoff index. Additionally, he provided methods for computing this index for certain graph
families.

The Wiener index [15] is the sum of the distances over all unordered pairs of vertices in a graph. More formally, for
any vertices u, v, the Wiener index was defined as W (G) =

∑
{u,v}⊆V (G) d(u, v). Here, the sharp bounds for the hitting-time

index in terms of the eccentric connectivity index, the total eccentricity, and the eccentric distance sum are presented.
The eccentricity ec(u) of a vertex u is the maximum distance from u to any other vertex in graph G. The radius rad(G)

and diameter diam(G) of G are the minimum and maximum eccentricity among all vertices in G, respectively; that is,
rad(G) = minu∈V (G) ec(u) , diam(G) = maxu∈V (G) ec(u). A vertex c of G is called central if ec(c) = rad(G). The center C is the
set of all central vertices in G, that is, C = {c ∈ V (G) | ec(c) = rad(G)}. If S ⊆ V , then the distance d(u, S) from a vertex
u to S is the minimum distance from u to some vertex in S, that is, d(u, S) = min{d(v, u) | v ∈ S}. The sum of all vertex
eccentricities in a graph G is the total eccentricity [3]: ξ(G) =

∑
u∈V (G) ec(u). The eccentric connectivity index (see [1,8,9])

of a connected graph G, denoted by ξc(G), is defined as ξc(G) =
∑

u∈V (G) ec(u) · deg(u). The eccentric distance sum [7,10]
is defined as ξd(G) =

∑
u∈V (G) ec(u) ·D(u), where D(u) is the sum of distances between u and all other vertices in G. The

eccentric distance sum has been used as a predictor of biological and physical properties [5]. It can be written as

ξd(G) =
∑

v∈V (G)

ec(v) ·D(v) =
∑

{u,v}⊆V (G)

(ec(v) + ec(u)) · d(u, v).

The center of a graph is a vertex or set of vertices with minimal eccentricity. The following known results will be
essential in proving our results.

Theorem 1.6. [14] Let T be a tree, and C(T ) be its center. For any v ∈ V (T ),∑
u∈V (T )

d(u,C(T )) ⩽
∑

u∈V (T )

d(u, v).

Theorem 1.7. [3] Let T be a tree. The eccentricity of any vertex u ∈ V (T ) is ec(u) = rad(T ) + d(u,C(T )).

Theorem 1.8. [6] Let T be a tree with vertex set {ui | 1 ⩽ i ⩽ n}. Then

HT (T ) = W (T ) + 2
∑
i<j

max

 ∑
ux ̸=uj∈V (P )

|Eux
|,

∑
uy ̸=ui∈V (P )

|Euy
|

 ,

where P is the unique path between ui and uj .
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It is evident that |Euy | = n− |Euy−1 | − 2 for all uy ̸= ui ∈ V (P ) . Hence,∑
uy ̸=ui∈V (P )

|Euy
| =

∑
ux ̸=uj∈V (P )

(n− |Eux
| − 2), (2)

Combining Theorem 1.8 and Equation (2), the following corollary is obtained.

Corollary 1.1. Let T be a tree with n vertices. For any ui, uj ∈ V (T ), if P is the unique path between ui and uj , then

HT (T ) = W (T ) + 2
∑
i<j

max

 ∑
ux ̸=uj∈V (P )

|Eux
|,

∑
ux ̸=uj∈V (P )

(n− |Eux
| − 2)

.

For convenience, we define

X =
∑
i<j

max

 ∑
ux ̸=uj∈V (P )

|Eux
|,

∑
ux ̸=uj∈V (P )

(n− |Eux
| − 2)

. (3)

Then HT (T ) = W (T ) + 2X .

2. Hitting-Time Index vs. Eccentricity-Based Indices

The lower and upper bounds of the hitting index of trees in terms of the total eccentricity index are given in Theorem 2.1.

Theorem 2.1. Let T be a tree with n ⩾ 2 vertices. Then

n ξ(T )− n2 rad(T )

2
+ 2X < HT (T ) <

nξ(T )

2
+ 2X.

Proof. First, we show the lower bound. For any v ∈ V (T ), one gets

ξ(T ) =
∑

u∈V (T )

ec(u) =
∑

u∈V (T )

[rad(T ) + d(u,C(T ))] < n rad(T ) +
∑

u∈V (T )

d(u, v).

Furthermore, we have
∑

v∈V (T ) ξ(T ) = n ξ(T ) < n2 rad(T ) + 2W (T ). According to Theorem 1.8, we get

HT (T ) >
nξ(T )− n2 rad(T )

2
+ 2X.

To show the upper bound, we take any w ∈ V (T ) and ξ(T ) =
∑

u∈V (T ) ec(u) >
∑

u∈V (T ) d(u,w). Furthermore, we obtain that∑
w∈V (T )

ξ(T ) = n ξ(T ) >
∑

w∈V (T )

∑
u∈V (T )

d(u,w) = 2W (T ) = 2 (HT (T )− 2X).

Hence, HT (T ) < n ξ(T )
2 + 2X.

Theorem 2.2 shows the lower and upper bounds for the hitting-time index in terms of the eccentric connectivity index.

Theorem 2.2. Let T be a tree with n ⩾ 2 vertices, the maximum degree ∆ and the minimum degree δ. Then

n ξc(T )− 2n(n− 1) rad(T )

2∆
+ 2X < HT (T ) <

nξc(T )

2 δ
+ 2X.

Proof. Using Theorems 1.6 and 1.7 we obtain the lower bound:

ξc(T ) =
∑

u∈V (T )

ec(u) deg(u) =
∑

u∈V (T )

[rad(T ) + d(u,C(T ))] deg(u) < 2(n− 1) rad(T ) + ∆
∑

u∈V (T )

d(u,C(T ))

< 2(n− 1) rad(T ) + ∆
∑

u∈V (T )

d(u, v).

Then,
∑

v∈V (T ) ξ
c(T ) = n ξc(T ) < 2n(n− 1) rad(T )+∆

∑
v∈V (T )

∑
u∈V (T ) d(u, v) = 2n(n− 1) rad(T )+ 2∆W (T ). By applying

Corollary 1.1, we obtain n ξc(T ) < 2n(n− 1) rad(T ) + 2∆ (HT (T )− 2X). Finally, we get the lower bound

HT (T ) >
nξc(T )− 2n(n− 1) rad(T )

2∆
+ 2X.
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The upper bound is derived from an obvious inequality. For any w ∈ V (T ), the following is valid:

ξc(T ) =
∑

u∈V (T )

ec(u) deg(u) >
∑

u∈V (T )

d(u,w) deg(u).

Then,
∑

w∈V (T ) ξ
c(T ) = n ξc(T ) >

∑
w∈V (T )

∑
u∈V (T ) d(u,w) deg(u) ⩾ 2 δW (T ). Using Corollary 1.1, the upper bound is

obtained HT (T ) < n ξc(T )
2 δ + 2X.

This section concludes by establishing a relationship between the hitting-time index and the eccentric distance sum.
The lower and upper bounds are presented in Theorem 2.3.

Theorem 2.3. Let T be a tree with n ⩾ 2 vertices. Then

n ξd(T )

2n rad(T ) + 2(n− 1) diam(T )
+ 2X < HT (T ) ⩽

ξd(T )

2 rad(T )
+ 2X.

Proof. From the definition of the eccentric distance sum, it follows

ξd(T ) =
∑

u∈V (T )

ec(u)D(u) =
∑

{u,v}⊆V (T )

(ec(u) + ec(v)) d(u, v) =
∑

{u,v}⊆V (T )

(2 rad(T ) + d(u,C(T )) + d(v, C(T ))) d(u, v)

< 2 rad(T )
∑

{u,v}⊆V (T )

d(u, v) + diam(T )
∑

{u,v}⊆V (T )

[d(u,C(T )) + d(v, C(T ))]

= 2 rad(T )W (T ) + (n− 1) diam(T )
∑

u∈V (T )

d(u,C(T )).

By Theorem 1.6, for any w ∈ V (T ) the following is valid: ξd(T ) < 2 rad(T )W (T ) + (n− 1) diam(T )
∑

u∈V (T ) d(u,w). Then,∑
w∈V (T )

ξd(T ) = n ξd(T ) < 2n rad(T )W (T ) + 2(n− 1) diam(T )W (T ).

The lower bound is obtained using Corollary 1.1,

HT (T ) >
nξd(T )

2n rad(T ) + 2(n− 1) diam(T )
+ 2X.

The proof for the upper bound starts from the inequality

ξd(T ) ⩾ rad(T )
∑

u∈V (T )

D(u) = 2 rad(T )W (T ) = 2 rad(T )(HT (T )− 2X) ,

which can be rearranged to HT (T ) ⩽ ξd(T )
2 rad(T ) + 2X. This bound is attained for the P2 graph.

3. Hitting-Time Index of Double Brooms

A formula for the calculation of the hitting-time index of double broom D(d, a, b) is presented here. Firstly, it may be
assumed without loss of generality that b ⩾ a . Then, the hitting-time index of a double broom is given in Theorem 3.1.

Theorem 3.1. Let b ⩾ a ⩾ 1, d ⩾ 3. If (a+ b+ d)2− 4 (ba+ bd− 2b+2) ⩽ 0 (or (a+ b+ d)2− 4 (ba+ bd− 2b+2) > 0 , i2 ⩽ a+1

or i1 ⩾ a+ d− 1) then,

HT (D(d, a, b)) = a3 + 3a2b+ 3a2d− 5a2 + 2ab2d− ab2 + 2abd2 − 3abd− 2ab+ 4a+ b3 + 3b2d2 − 4b2d− b2 +
2ad3

3
− 3ad2

2

− 13ad

6
+

7bd3

3
− 11bd2

2
+

25bd

6
+

a+d−2∑
i=a+1

h∑
j=i+1

(i2 − j2 − Ci+ Cj) +

a+d−2∑
i=a+1

a+d−1∑
j=l

(j2 − i2 − 2j + 2i).

On the other hand, if (a+ b+ d)2 − 4 (ba+ bd− 2b+ 2) > 0, i2 > a+ 1 and i1 < a+ d− 1 then

HT (D(d, a, b)) = a3 + 3a2b+ 3a2d− 5a2 + 2ab2d− ab2 + 2abd2 − 3abd− 2ab+ 4a+ b3 + b2d− 3b2 − bd+ 2b+
2ad3

3
− 3ad2

2

− 13ad

6
+ b

l2∑
i=l1

[(a+ d− i)(a+ d+ i− 2) + 2b− 2] + b
∑
i∈H

[(a+ d− i)(a+ 2b+ d− i− 2)− 2b+ 2]

+

a+d−2∑
i=a+1

h∑
j=i+1

(i2 − j2 − Ci+ Cj) +

a+d−2∑
i=a+1

a+d−1∑
j=l

(j2 − i2 − 2j + 2i),

11
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where h = min{a + d − 1, a + b + d − i}, l = max{a + b + d − i + 1, i + 1}, C = 2a + 2b + 2d − 2 and l1 = max{a + 1, i1},
l2 = min{a+ d− 1, i2} with H = [a+ 1, a+ d− 1] \ [l1, l2],

i1 =
⌈(
a+ b+ d−

√
(a+ b+ d)2 − 4(ba+ bd− 2b+ 2)

)
/2

⌉
, and i2 =

⌊(
a+ b+ d+

√
(a+ b+ d)2 − 4(ba+ bd− 2b+ 2)

)
/2
⌋
.

Proof. Let T = D(d, a, b) be a double broom with vertex set {ui | 1 ⩽ i ⩽ a + b + d − 1} where deg(ua+1) = a + 1

and deg(ua+d−1) = b + 1. Since D(d, a, b) is a tree, using Theorem 1.1, the EuiTuj can be computed for any vertex pair
ui, uj ∈ V (D(d, a, b)) .

Let Pi,j = uiua+1uj be a unique path between two leaves ui and uj where 1 ⩽ i < j ⩽ a. Then,

EuiTuj = d(ui, uj) + 2
∑

ux ̸=uj∈V (Pi,j)

|Eux | = 2 + 2(a+ b+ d− 3) = 2a+ 2b+ 2d− 4 = EujTui , due to symmetry.

Then D(ui, uj) = 2a+ 2b+ 2d− 4 . The same holds for the leaves ui and uj where a+ d ⩽ i < j ⩽ a+ b+ d− 1 .
Let Pi,j = uiua+1 · · ·uj−1uj be the unique path between leaf ui and vertex uj , where 1 ⩽ i ⩽ a and a+ 1 ⩽ j ⩽ a+ d− 1 .

Then, by Eq. (1), we have

Eui
Tuj

= d(ui, uj) + 2
∑

ux ̸=uj∈V (Pi,j)

|Eux
| = (j − a) + 2

j−a−1∑
l=1

(a+ l − 1) = (j − a)(a+ j − 1)− a− j + 2, (4)

Euj
Tui

= d(uj , ui) + 2
∑

ux ̸=ui∈V (Pi,j)

|Eux
| = (j − a) + 2

j−a−1∑
l=1

[(a+ d+ b− 2)− (a+ l)] + 2(a+ b+ d− 3)

= (j − a)(a+ 2b+ 2d− j − 2) + 2a− 2.

(5)

From Eqs. (4) and (5), it follows Euj
Tui

−Eui
Tuj

= (j − a)(2b+ 2d− 2j) + 4a− 4. Since a+ 1 ⩽ j ⩽ a+ d− 1 and b ⩾ a, then
j ⩽ b+ d− 1. Hence, EujTui ⩾ EuiTuj , and D(ui, uj) = (j − a)(a+ 2b+ 2d− j − 2) + 2a− 2 .

Let Pi,j = uiui+1 · · ·ua+d−1uj be the unique path between vertex ui and leaf uj , where a + 1 ⩽ i ⩽ a + d − 1 and
a+ d ⩽ j ⩽ a+ d+ b− 1 . Then, by Eq. (1),

Eui
Tuj

= d(ui, uj) + 2
∑

ux ̸=uj∈V (Pi,j)

|Eux
| = (a+ d− i) + 2

a+d−i−1∑
l=1

(i+ l − 2) + 2(a+ b+ d− 3)

= (a+ d− i)(a+ d+ i− 2) + 2b− 2 ,

(6)

EujTui = d(uj , ui) + 2
∑

ux ̸=ui∈V (Pi,j)

|Eux | = (a+ d− i) + 2

a+d−i−2∑
l=0

(b+ l) = (a+ d− i)(a+ 2b+ d− i− 2)− 2b+ 2. (7)

From Eqs. (6) and (7), it follows Euj
Tui

−Eui
Tuj

= 2
[
i2 − (a+ d+ b) i+ ba+ bd− 2b+ 2

]
. If (a+b+d)2−4(ba+bd−2b+2) ⩽ 0,

then Eui
Tuj

⩽ Euj
Tui

and hence D(ui, uj) = (a+ d− i)(a+ 2b+ d− i− 2)− 2b+ 2.
If (a+ b+ d)2 − 4(ba+ bd− 2b+ 2) > 0, we let l1 = max{a+ 1, i1} and l2 = min{a+ d− 1, i2}, where

i1 =
⌈(
a+ b+ d−

√
(a+ b+ d)2 − 4(ba+ bd− 2b+ 2)

)
/2
⌉
, and i2 =

⌊(
a+ b+ d+

√
(a+ b+ d)2 − 4(ba+ bd− 2b+ 2)

)
/2

⌋
.

If l1 ⩽ i ⩽ l2, then EuiTuj ⩾ EujTui , and so, D(ui, uj) = (a+ d− i)(a+ d+ i− 2) + 2b− 2. If i ∈ H = [a+ 1, a+ d− 1] \ [l1, l2],
then Eui

Tuj
⩽ Euj

Tui
, and hence, D(ui, uj) = (a+ d− i)(a+ 2b+ d− i− 2)− 2b+ 2 .

Let Pi,j = uiua+1ua+2 · · ·ua+d−1uj be the unique path between a leaf ui and leaf uj , where a+ d ⩽ j ⩽ a+ b+ d− 1 and
1 ⩽ i ⩽ a. Then, by Eq. (1), we have

Eui
Tuj

= d(ui, uj) + 2
∑

ux ̸=uj∈V (Pi,j)

|Eux
| = d+ 2

d−3∑
l=0

(a+ l) + 2(a+ b+ d− 3) = (d− 3)(2a+ d+ 1) + 4a+ 2b+ 3.

It is easy to see that EuiTuj − EujTui = (d − 2)(2a − 2b). Since b ⩾ a and d ⩾ 3, we have EujTui ⩾ EuiTuj , and hence
D(ui, uj) = (d− 3)(2b+ d+ 1) + 4b+ 2a+ 3. Let Pi,j = uiui+1ui+2 · · ·uj−1uj be the unique path between two vertices ui and
uj where a+ 1 ⩽ i < j ⩽ a+ d− 1 . Then, by Eq. (1), we have

Eui
Tuj

= d(ui, uj) + 2
∑

ux ̸=uj∈V (Pi,j)

|Eux | = (j − i) + 2

j−i∑
l=1

(i+ l − 2) = (j − i)(i+ j − 2)

and

Euj
Tui

= d(uj , ui) + 2
∑

ux ̸=ui∈V (Pi,j)

|Eux | = (j − i) + 2

j−i∑
l=1

[(a+ b+ d− 2)− (j − l)] = (j − i)(2a+ 2b+ 2d− i− j − 2).

12
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Therefore, we have EujTui − EuiTuj = (j − i)(2a+ 2b+ 2d− 2i− 2j).

Recall that j > i . If a + b + d ⩾ i + j , then Euj
Tui

⩾ Eui
Tuj

. Hence, D(ui, uj) = (j − i)(2a + 2b + 2d − i − j − 2) . If
a+ b+ d < i+ j , then Euj

Tui
< Eui

Tuj
, and D(ui, uj) = (j − i)(i+ j − 2) . Since |V (T )| = n = a+ b+ d− 1 , we have

HT (T ) =
∑
i<j

D(ui, uj) =
∑

1⩽i<j⩽a

D(ui, uj) +
∑

a+d⩽i<j⩽n

D(ui, uj) +
∑

1⩽i⩽a
a+1⩽j⩽a+d−1

D(ui, uj)

+
∑

a+1⩽i⩽a+d−1
a+d⩽j⩽n

D(ui, uj) +
∑

1⩽i⩽a
a+d⩽j⩽n

D(ui, uj) +
∑

a+1⩽i<j⩽a+d−1

D(ui, uj).

If (a+ b+ d)2 − 4(ba+ bd− 2b+ 2) ⩽ 0, then

HT (T ) =

(
a

2

)
(2a+ 2b+ 2d− 4) +

(
b

2

)
(2a+ 2b+ 2d− 4) +

(
a

1

) a+d−1∑
j=a+1

[(j − a)(a+ 2b+ 2d− j − 2) + 2a− 2]

+

(
b

1

) a+d−1∑
i=a+1

[(a+ d− i)(a+ 2b+ d− i− 2)− 2b+ 2] +

(
a

1

)(
b

1

)
[(d− 3)(2b+ d+ 1) + 4b+ 2a+ 3]

+
∑

a+1⩽i<j⩽a+d−1
i+j⩽a+b+d

(j − i)(2a+ 2b+ 2d− i− j − 2) +
∑

a+1⩽i<j⩽a+d−1
i+j>a+b+d

(j − i)(i+ j − 2).

On the other hand, if (a+ b+ d)2 − 4(ba+ bd− 2b+ 2) > 0 and either i2 ⩽ a+ 1 or i1 ⩾ a+ d− 1, then we

HT (T ) =

(
a

2

)
(2a+ 2b+ 2d− 4) +

(
b

2

)
(2a+ 2b+ 2d− 4) +

(
a

1

) a+d−1∑
j=a+1

[(j − a)(a+ 2b+ 2d− j − 2) + 2a− 2]

+

(
b

1

) a+d−1∑
i=a+1

[(a+ d− i)(a+ 2b+ d− i− 2)− 2b+ 2] +

(
a

1

)(
b

1

)
[(d− 3)(2b+ d+ 1) + 4b+ 2a+ 3]

+
∑

a+1⩽i<j⩽a+d−1
i+j⩽a+b+d

(j − i)(2a+ 2b+ 2d− i− j − 2) +
∑

a+1⩽i<j⩽a+d−1
i+j>a+b+d

(j − i)(i+ j − 2).

In all other cases

HT (T ) =

(
a

2

)
(2a+ 2b+ 2d− 4) +

(
b

2

)
(2a+ 2b+ 2d− 4) +

(
a

1

) a+d−1∑
j=a+1

[(j − a)(a+ 2b+ 2d− j − 2) + 2a− 2]

+

(
b

1

) l2∑
i=l1

[(a+ d− i)(a+ d+ i− 2) + 2b− 2] +

(
b

1

) ∑
i∈H

[(a+ d− i)(a+ 2b+ d− i− 2)− 2b+ 2]

+

(
a

1

)(
b

1

)
[(d− 3)(2b+ d+ 1) + 4b+ 2a+ 3] +

∑
a+1⩽i<j⩽a+d−1

i+j⩽a+b+d

(j − i)(2a+ 2b+ 2d− i− j − 2)

+
∑

a+1⩽i<j⩽a+d−1
i+j>a+b+d

(j − i)(i+ j − 2).

To simplify the above expressions, let k = j − a. Then,
a+d−1∑
j=a+1

[(j − a)(a+ 2b+ 2d− j − 2) + 2a− 2] =

d−1∑
k=1

[−k2 + (2b+ 2d− 2) k + 2a− 2]

= −d (d− 1)(2d− 1)

6
+ d (d− 1)(b+ d− 1) + (2a− 2)(d− 1).

Then, let k = i− a,
a+d−1∑
i=a+1

[(a+ d− i)(a+ 2b+ d− i− 2)− 2b+ 2] =

d−1∑
k=1

[k2 − (2b+ 2d− 2) k + d2 + 2bd− 2d− 2b+ 2]

= (d− 1)

[
d (2d− 1)

6
− d (b+ d− 1) + d2 + 2bd− 2d− 2b+ 2

]
.

Let h = min{a+ d− 1, a+ b+ d− i} and C = 2a+ 2b+ 2d− 2. Then,

∑
a+1⩽i<j⩽a+d−1

i+j⩽a+b+d

(j − i)(2a+ 2b+ 2d− i− j − 2) =

a+d−2∑
i=a+1

h∑
j=i+1

(i2 − j2 − Ci+ Cj).

13
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Let l = max{a+ b+ d− i+ 1, i+ 1}. Then

∑
a+1⩽i<j⩽a+d−1

i+j>a+b+d

(j − i)(i+ j − 2) =

a+d−2∑
i=a+1

a+d−1∑
j=l

(j2 − i2 − 2j + 2i).

Thence, if (a+ b+ d)2 − 4(ba+ bd− 2b+ 2) ⩽ 0,

HT (T ) = a3 + 3a2b+ 3a2d− 5a2 + 2ab2d− ab2 + 2abd2 − 3abd− 2ab+ 4a+ b3 + 3b2d2 − 4b2d− b2 +
2ad3

3
− 3ad2

2

− 13ad

6
+

7bd3

3
− 11bd2

2
+

25bd

6
+

a+d−2∑
i=a+1

h∑
j=i+1

(i2 − j2 − Ci+ Cj) +

a+d−2∑
i=a+1

a+d−1∑
j=l

(j2 − i2 − 2j + 2i).

If (a+ b+ d)2 − 4(ba+ bd− 2b+ 2) > 0 and either i2 ⩽ a+ 1 or i1 ⩾ a+ d− 1, then

HT (T ) = a3 + 3a2b+ 3a2d− 5a2 + 2ab2d− ab2 + 2abd2 − 3abd− 2ab+ 4a+ b3 + 3b2d2 − 4b2d− b2 +
2ad3

3
− 3ad2

2

− 13ad

6
+

7bd3

3
− 11bd2

2
+

25bd

6
+

a+d−2∑
i=a+1

h∑
j=i+1

(i2 − j2 − Ci+ Cj) +

a+d−2∑
i=a+1

a+d−1∑
j=l

(j2 − i2 − 2j + 2i).

Otherwise, the hitting-time index is equal to

HT (T ) = a3 + 3a2b+ 3a2d− 5a2 + 2ab2d− ab2 + 2abd2 − 3abd− 2ab+ 4a+ b3 + b2d− 3b2 − bd+ 2b+
2ad3

3
− 3ad2

2
− 13ad

6

+ b

l2∑
i=l1

[(a+ d− i)(a+ d+ i− 2) + 2b− 2] + b
∑
i∈H

[(a+ d− i)(a+ 2b+ d− i− 2)− 2b+ 2]

+

a+d−2∑
i=a+1

h∑
j=i+1

(i2 − j2 − Ci+ Cj) +

a+d−2∑
i=a+1

a+d−1∑
j=l

(j2 − i2 − 2j + 2i).

By setting d = 3 in the formula given in Theorem 3.1, one obtains the result published in [6], which is also outlined in
this article as Theorem 1.3.

Remark 3.1. For d = 3 , we have (a + b + d)2 − 4(ba + bd − 2b + 2) = (a − b)2 + 6a + 2b + 1 = (b − a)2 + 6a + 2b + 1 > 0.
Since i1 ⩽ ⌈(a+ b+ 3− (b− a))/2⌉ < a + 2 and i2 ⩾ ⌊(a+ b+ 3)/2⌋ > a + 1, we have l1 = max{a + 1, i1} = a + 1 and
l2 = min{a+ 2, i2} = a+ 2 . Hence, H = ∅ and b

∑l2
i=l1

[(a+ d− i)(a+ d+ i− 2) + 2b− 2] = b (6a+ 4b+ 3).

For i = a + 1 , we have h = min{a + 2, b + 2} = a + 2 , l = max{b + 3, a + 2} = b + 3 and C = 2a + 2b + 2d − 2 . Since
a+ 1 ⩽ i < j ⩽ a+ 2 , the case when i = a+ 2 is impossible. Thus,

a+d−2∑
i=a+1

h∑
j=i+1

(i2 − j2 − Ci+ Cj) +

a+d−2∑
i=a+1

a+d−2∑
j=l

(j2 − i2 − 2j + 2i) =

a+d−2∑
i=a+1

h∑
j=i+1

(i2 − j2 − Ci+ Cj) = 2b+ 1.

Therefore, HT (D(3, a− 1, b− 1)) = a3 + 3a2b− 2a2 + 5ab2 − 3ab− 5a+ b3 − 4b2 − b+ 6 = HT (B(a, b)).

On the other hand, by setting d = 3 , a = 1 and b = n − 3 in the formula from Theorem 3.1, one obtains the result
published in [12], which is also outlined in this article as Theorem 1.4.

Remark 3.2. For d = 3 , a = 1 , b = n− 3 and n ≥ 6 , we have (a+ b+ d)2 − 4(ba+ bd− 2b+ 2) = n2 − 6n+ 17 > 0 . Since
[a+ 1, a+ d− 1] = [2, 3] and

i1 =

⌈
n+ 1−

√
n2 − 6n+ 17

2

⌉
⩽ 2 and i2 =

⌊
n+ 1 +

√
n2 − 6n+ 17

2

⌋
⩾ 4 ,

we have l1 = max{2, i1} = 2, l2 = min{3, i2} = 3. Hence H = ∅ and

b

3∑
i=2

[(a+ d− i)(a+ d+ i− 2) + 2b− 2] = (n− 3) (4n− 3).

Also h = min{3, n+ 1− i}, l = max{n+ 2− i, i+ 1} and C = 2a+ 2b+ 2d− 2 = 2n . Thus,
a+d−2∑
i=a+1

h∑
j=i+1

(i2 − j2 − Ci+ Cj) +

a+d−2∑
i=a+1

a+d−2∑
j=l

(j2 − i2 − 2j + 2i) =

2∑
i=2

h∑
j=i+1

(i2 − j2 − 2ni+ 2nj) = 2n− 5.

Therefore, HT (D(3, 1, n− 3)) = n3 − 7n+ 2 = HT (Bn,3).

14
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Setting d = 4 , a = 1 and b = n− 4 in the formula from Theorem 3.1, one obtains the result published in [12], which is
also outlined in this article as Theorem 1.5.

Remark 3.3. For d = 4 , a = 1 , b = n− 4 and n ≥ 8 , we have (a+ b+ d)2 − 4(ba+ bd− 2b+ 2) = n2 − 10n+ 41 > 0 . Note
that [a+ 1, a+ d− 1] = [2, 4].

For n > 8, we have

2 < i1 =

⌈
n+ 1−

√
n2 − 10n+ 41

2

⌉
⩽ 3 and i2 =

⌊
n+ 1 +

√
n2 − 10n+ 41

2

⌋
⩾ 5 ,

we have l1 = max{2, i1} = 3, l2 = min{4, i2} = 4. Hence H = {2} and

b

4∑
i=3

[(a+ d− i)(a+ d+ i− 2) + 2b− 2] + b
∑
i∈H

[(a+ d− i)(a+ 2b+ d− i− 2)− 2b+ 2] = (n− 4) (8n− 12).

Also, h = min{4 , n+ 1− i}, l = max{n+ 2− i, i+ 1} and C = 2a+ 2b+ 2d− 2 = 2n . Thus,
3∑

i=2

h∑
j=i+1

(i2 − j2 − Ci+ Cj) +

3∑
i=2

4∑
j=l

(j2 − i2 − 2j + 2i) =

3∑
i=2

h∑
j=i+1

(i2 − j2 − 2ni+ 2nj) = 8n− 24.

Therefore, HT (D(4, 1, n− 4)) = n3 + 4n2 − 33n+ 34 = HT (Bn,4). For n = 8, we have

i1 =

⌈
n+ 1−

√
n2 − 10n+ 41

2

⌉
= 2 and i2 =

⌊
n+ 1 +

√
n2 − 10n+ 41

2

⌋
⩾ 5 ,

and hence, l1 = max{2, i1} = 2, l2 = min{4, i2} = 4. Thus, H = ∅ and

b

4∑
i=2

[(a+ d− i)(a+ d+ i− 2) + 2b− 2] = (n− 4) (6n+ 4) = 208.

Also, h = min{4 , 9− i}, l = max{10− i, i+ 1} and C = 2a+ 2b+ 2d− 2 = 2n = 16 . Thus,
3∑

i=2

h∑
j=i+1

(i2 − j2 − 16i+ 16j) +

3∑
i=2

4∑
j=l

(j2 − i2 − 2j + 2i) =

3∑
i=2

h∑
j=i+1

(i2 − j2 − 2ni+ 2nj) = 8n− 24 = 40.

It is easy to compute that HT (D(4, 1, 4)) = HT (B8,4) = 538. Note that HT (D(4, 1, 4)) = 83 + 4 × 82 − 33 × 8 + 34 = 538.
Therefore, for n ⩾ 8, we have HT (D(4, 1, n− 4)) = HT (Bn,4) .

For d ⩾ 3 , a ⩾ 2 and b ⩾ 2 , we give the following example.

Remark 3.4. For d = 4 , a = 2 , b = 2 , we computed HT (D(4, 2, 2)) by using the definition of the hitting-time index and
formulas of Theorem 3.1 respectively, and the result is 354 in both cases.
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