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Abstract

In this paper, a variety of new combinatorial identities are established, including an alternating version of a well-known
combinatorial identity due to Sun [Sci. China Math. 54 (2011) 2509-2536]. The obtained results extend existing formulas
and provide deeper insight into the interplay between binomial coefficients, harmonic numbers, and alternating sums.
Among the numerous derived identities, the following relations are presented, for instance:
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which reveal a refined relationship involving harmonic numbers and central binomial coefficients. These identities illustrate
the richness of the combinatorial structures under consideration and demonstrate how alternating techniques can be
effectively used to derive nontrivial and elegant closed-form expressions.
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1. Introduction

For k,n € N the binomial coefficients are defined by

n!
<n> _ Jwemmn n2 ks
k 0, n < k.

The binomial coefficients are fundamental mathematical objects, and play a significant role in a wide range of areas,
including combinatorial analysis, graph theory, statistics and probability, and number theory. Finite sums involving
reciprocals of the binomial coefficients have attracted considerable attention due to their rich combinatorial structure and
their connections with harmonic numbers, generating functions, and finite hypergeometric sums. They have been studied
extensively in the mathematical literature. Numerous identities involving them can be found in the works of Batir [5, 9],
Batir and Choi [6, 7], Batir and Chen [8], Mansour [12], Pla [13], and Rockett [14]. By employing a known identity together
with mathematical induction, Sun [19] derived the following elegant formula:
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Here and throughout, let N denote the set of positive integers. In [17], Sofo and Batir presented an alternative
representation of (1) involving the harmonic numbers as follows: For n € N
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The symbol H, denotes the classical harmonic numbers, defined by

n
Hi=> %
k=1

(n € N),

w\'—

*E-mail address: nbatir@hotmail.com

& Shahin


www.dmlett.com
www.creativecommons.org/licenses/by/4.0/
mailto:nbatir@hotmail.com

N. Batir / Discrete Math. Lett. 18 (2026) 69-76 70

with the convention H, := 0. Batir and Choi [6] made a systematic study on identities of type (1) and presented several
related results. As examples, they, together with many others, proved the following identities:
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In [7] the authors established a general formula which can be specialized to (1), (2) and (3), one of which is chosen to be
recalled here as follows [7, Corollary 6]:
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In this paper, we derive elegant closed-form expressions involving the central binomial coefficients for the alternating
versions of the sums given in (1), (2) and (3), together with several related sums. In fact, we establish more general identities
from which all of these formulas and their alternating analogues follow as special cases. More precisely, for p = 0,1, 2 and
q = 0,1, we obtain explicit evaluations of the following sums in terms of the central binomial coefficients: For any n € N
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Our proofs rely mainly on the results established in [6]. Throughout the paper, we adopt the convention that an empty sum
is equal to zero. For further examples of interesting finite binomial sums, we refer the reader to [3,6-8] and the references
therein.

2. Preliminary Lemmas

For our purpose we recall some special numbers. The generalized harmonic number of order « is defined as

H® ;:Zkia (v € C,neN).

By convention, H (@), =0, and when o = 1, Hy, ) — = H,, denotes the n th harmonic number. The binomial coefficients satisfy

n+1 n n
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The central binomial coefficients are defined by (2”) for n € N. The following lemmas will be needed in the proofs of our
main results. The first two lemmas are recalled from [6]; see Theorems 1 and 2 therein.

the following simple relatlons.

and

Lemma 2.1. Let m,n € Nand t € C. Then
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Lemma 2.2. Let m,n € Nand t € C. Then
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Lemma 2.3. Let n be a non-negative integer and x any nonzero complex number. Then

n
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Proof. We define
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Replacing n in (9) by & and summing both sides of the resultant identity from k£ = 1 to k = n, we complete the proof. O

Differentiating both sides of (8) with respect to x, and simplifying, we get the following lemma:

Lemma 2.4. Let n € Nand x € C (with z # 0,—1). Then

1/ 2n _ r—1/2n\ < )Z’f
Z_jk(nM) —xk)szrl( )Zk : (10)
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Remark 2.1. Letting v = —1 and = = 1 in (8), we get, respectively
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Equation (11) has been proved in a very recent paper [11, p. 9]. Thus, (8) gives a generalization of (11). Differentiating both

and

n

=1

sides of (10) with respect to x and then evaluating the resulting expression at x = 1 and x = —1, we obtain the following two
formulas: For n € N

i 2n 1/2n) <~ 22k
> () =30 o) .
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and
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By [18, Theorem 4.1] we have
1L 92k 20\
> e g2n ( n) —2. (13)
k=1 "\

Using this formula, we get
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We emphasize that (10) is first extended continuously (or analytically) to x = —1, and only then is the resulting extension
differentiated and evaluated at x = —1. Equivalently, the desired value may be obtained by taking the corresponding limit as
x — —1. Since
2n 2n n n
2n 2n 2n 2n
— _ — 22n _
()= 2 ()= ()20 -2 ()
k=1 =n+1 k=0 k=0 k=0

we get

Applying (13), it follows that

k=0

This formula can be regarded as a complement of the following summation formula [5, Theorem 1]:

n 2n+1
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Meanwhile, we also find it worthwhile to present the following counterpart of (11), which was proved in [11, p. 9]:

"1/ 2n on\ H,
;k<n+k>:<n>2' 14

The following identity, an alternative form of (14), is an immediate consequence of Theorem 2.2 in [10] upon setting o = n.

() - () o

k=1

3. Main Results

We now proceed to present the main results of this work, which consist of several new and nontrivial identities involving
harmonic numbers and central binomial coefficients. These results not only extend existing formulas in the literature but
also reveal deeper structural relationships between these two important mathematical objects. Throughout this section,
formulas involving ¢, 1/t, or 1/(1 + t) are understood for values of ¢ for which the corresponding expressions are defined. In
the cases where a removable singularity occurs, the corresponding value is understood by continuity.

Theorem 3.1. Let m,n € Nand t € C. Then,
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Proof. We use Lemma 2.1. Splitting the second sum on the right hand side of (6) into two parts, we arrive at

m—+n n—1 X m-+n
f(m+n 1—|—t m+n\ (1+t)F w(m+n\ (1+1)k
§ (—1) ( h ) E ( ) — " E (1) L — (16)
k=0,k#n k= k=n+1

By setting n — k = k' in the first sum and & — n = k’ in the second sum on the right-hand side of (16), and then deleting the
prime, we obtain

mf:n (—1)k(ml—:n) Q*fﬁk =(—1)"(1+t)"[§:(—1)k(212) e zm: (ZTIZ) (1?)?' 4o
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Substituting this expression into the formula given in Lemma 2.1, we deduce the result. O

Theorem 3.2. Let n € Nand t € C. Then we have

oS () RE ()
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Proof. Setting m = n in (15), we get

L (—1)kgntk 1t 1 (=D 2 N L
(14t - + {T+F =@ +1)7"} 5. (19)
2k 2elm) e w Lo
Applying Lemma 2.4 with z = —t — 1 in (19) the desired result follows. O

Corollary 3.1. Putting t = —2 in (18), we get
Z k(n+k) = Z T (20)
Remark 3.1. Identity (20) agrees with Theorem 2.3 in [5].

Corollary 3.2. Putting t = 1 in (18), we get

o *\ (-
> (Z N Zlk%(%f))'
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The following corollary can be obtained by taking the limit as ¢t — —1 in (18), after simplification:

Corollary 3.3. Let n € N. Then we have

" 1 1 1
e

k=1 n

Remark 3.2. Identity (21) is not new and can be found in [17] and [6].

Upon dividing both sides of (18) by ¢", differentiating the resulting expression with respect to ¢, and subsequently
multiplying by ¢, we obtain the following theorem:

Theorem 3.3. Let n € Nand t € C. Then,

B - i) - DR )

n k 2 N k 2 k
1 t t—|—2 t
. 22
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Setting t = —2 in (22) and using (13), we get the following corollary:
Corollary 3.4. Let n € N. Then,

n 2n+k 22n+1

= 2k
> Gl Z? Gl —2m (23)
k
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Remark 3.3. Identity (23) can be compared with the following well-known identity reported in [1]:
n n+k
$- 0
2n+k :

k=0

Setting t = 1 in (22), we get

Corollary 3.5. For any n € N, we have

Z = Z FES oA o P o
on—1 n+k =n ka n kzk(zk) ok : 2k(2k)'

Theorem 3.4. Let n € Nand t € C. Then,
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+ (f—i—n) [Qm n(l + t) Qn,m (1/(1 + t)) ] - (min) [g"vm (1/(1 + t)) + gm’n(l + t)] }7 (24)
where A k
B m (71) n+m B m (71) n-+m
in’n(ﬂf) = ; (n+k)xk and gm,,n(l') - ; kj2 (n+k>$k
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Proof. We have
m+n n—1 e
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By setting n — k = k£’ in the first sum and & — n = &’ in the second sum on the right-hand side of (25), and then relabeling %’
as k, we obtain

min (72_1;2 <ml‘:”>(1+t)’f:(—1)"(1+t)”{zn: (_klf (:i:) (1+1) ’“+Zm‘; = (Zi";)(ut)k}. (26)
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Applying (17) and (26) in (7) we get the resultant identity. O

Theorem 3.5. Let t be any nonzero complex number and n € N. Then

(CDFH (N H —H (6 O\ 2 H, I (CDF 2\ I (D 2\
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Proof. Setting m = n in (24), we get
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Applying Lemma 2.3 and Lemma 2.4 with x = —1 — ¢, the proof follows. O

Setting t = —2 in (27), we get
Corollary 3.6. For any n € N, the following identity holds:

" ontk H, H - 2%
I

k=1 k k=1 =1

Setting t = 1 in (27), we get

Corollary 3.7. For any n € N, the following identity holds:
i (-1)FH, :2n{ZH —Hp 4 v 30, Z (—1)* B — (—1)F }
() e () el )
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After dividing both sides of equation (27) by ", differentiating with respect to ¢, and then evaluating the resulting
identity at ¢ = 1 and ¢t = —2, we obtain the following two corollaries:

Corollary 3.8. Let n € N. Then

n

— 1) H,_4 gn— - H — Hp_4 _1)k n 1)k n(_1)k
2((2%;— {Z k-1) —{Bn+4)H, +3}Z ) +n22£]€2()2k)+9HnZ§k(2)k)}.

; = AL G0 Bt

Corollary 3.9. Let n € N. Then
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k k =

k=1

Il

-
T
-

where we have used (13).

Remark 3.4. Using H;,_| = Hj, — %, ZZ:O ok, =ontlg, — ZZ=1 % and (20) in (28), we, after a short computation, obtain

zn:2"+ka —"Z‘(H ~ Hi1)2b zn: 2 N2 Hp2H
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Remark 3.5. Theorems 3.1 and 3.4 are not new in themselves, as they can be regarded as direct consequences of Theorems
1 and 2 in [6], respectively. However, these results, together with Lemmas 2.3 and 2.4, play a crucial role in establishing
Theorems 3.2 and 3.5, which constitute the most important results of the present paper. These two theorems are genuinely
new, and, apart from Corollaries 3.1 and 3.3, all the other results derived from them are new as well. By specializing the
parameter t to various values in Theorems 3.2, 3.3 and 3.5, we can obtain, in addition to several known identities, a number
of new formulas.

The following theorem provides an alternating analogue of Sun’s identity (1), which is also a new result.

Theorem 3.6. Let n € N. Then,

Proof. We define vg = 0 and for n > 1

Then we have

k n+1
B (71) (n+k) _ (n+k+1 (71)n+1
B Z k2 (I:z+1+lc) (nfk) + (n+ 1)2(2n+2) :

k n+1

n 1 1 (71)n+1
Tn+l — Vn = Z ( n+k+1) - (n:k) > + (n i 1)2 (2n+2)
)

By applying (4) and (5), we obtain after some computation that

N (—1)* (=1
Yn+1 Tn ];1 k(n—i— k+ )(nJrk) + (Tl+ 1)2(27';1:12) .

By partial fraction decomposition this gives

=D D R e N e L @)
TYn+1 — Tn n+1 k=1 k(n;@rk n +1 k=1 n + k + 1)(n+k) (TL + 1)2(2::_12) '

Using (5) and changing the indices, we get

S (D 5 D
= ) (30)
2 e 0 & WD)

Substituting the expression given in (30) into (29) we find that

nE (e (-1t 1
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+
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Tn+l — Vn = —

Applying Corollary 3.2 this gives

L 7§f+ f 2= (31)
Yo+l =V =TT k2" K2k ( 2’“ " + 12000

Replacing n in (31) by £ and then summing both sides of the resultant identity from ¢ = 0 to £ = n — 1, we obtain

n k

~ (=D 2’ (1 2! ~ (=1)f
Z k2 (n 2:: 7 ; k2k 3; Z ka Z 02 (212)' (32)

k=1 =1t
By [2, Lemma 1] with a;, = % and b, = 2, we have
n 2[ 4 1 n—1ln—p 2p 2P n—p n—1 2p A H + H )
S S e ST (L L) e 32 @)
— 4 — k2 =i k(p+k D p+k =

Using (33) in (32), the proof immediately follows. O
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4. Concluding Remarks

In this paper, we have developed a systematic framework for evaluating several classes of finite sums involving harmonic
numbers and binomial coefficients. The main results, including Theorems 3.1, 3.2, 3.3, 3.4, 3.5, 3.6 and their corollaries,
provide explicit closed-form expressions that unify and extend a number of previously known identities.

Furthermore, the finite sums studied here admit natural infinite analogues. As shown in [4], explicit evaluations can be
obtained for the series

2 ¢k > Hy_qtF
E ——— and g _—
= k() = k(")

where n € N, p=0,1,2, and ¢t € C with |¢{| < 1. These series may be interpreted as generating function counterparts of the
finite sums considered in this work. For many other series of these types we refer the readers to [12,15,16,20].

The connection between finite and infinite summation formulas suggests several promising directions for further research.
For example, one may extend the present results to higher-order harmonic numbers, investigate ¢g-analogues, or explore
links with special functions such as polylogarithms. Overall, the results obtained here contribute to the growing body of
literature on harmonic number identities and provide new tools for the study of finite and infinite summation problems.
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