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Abstract

We study the k-distance chromatic number of unicyclic graphs, providing exact values for some families and bounds for
others, with particular emphasis on the case k = 3.

Keywords: k-distance coloring; k-distance chromatic number; unicyclic graph.

2020 Mathematics Subject Classification: 05C15, 05C38.

1. Introduction

Let G = (V(G), E(G)) be a simple connected graph with vertex set V(G) and edge set E(G). For definitions and notation
in graph theory, see [2,5].

Let r and & be positive integers. A k-distance r-coloring of G assigns r colors so that vertices at distance at most % receive
distinct colors (see [8]). The minimum number r so that there exists a k-distance r-coloring is the k-distance chromatic
number, x;(G).

The k-th graph power G* of G is the graph whose vertex set is V(G) and in which two distinct vertices are adjacent if
and only if their distance in G is at most k. Consequently, xx(G) = x1(G*).

Wegner’s conjecture [13], concerning the 2-distance chromatic number of planar graphs, remains an open problem and
has been studied in recent years (see [3,14]). Special attention has been paid to the bounding of x;(G) in terms of other
parameters and for specific graphs; see [1,4,6,7,9-11].

If the diameter of G, diam(G), is less than or equal to k, then all pairs of vertices of G* will be adjacent. Therefore, G* is
the complete graph and so x;(G) = |V(G)|. Throughout the paper, all graphs have a diameter greater than k.

Let s be a nonnegative integer, v € V(G). The open s-neighbors of v are the elements of the set

Ny(v) ={w € V(G) : 0 < distg(w,v) < s},

where dists(w,v) is the distance between w and v in G. The closed s-neighbors of v are the elements of the set N;(v) U {v},
denoted by N;[v].
In 2019, the authors of [11] improved the known lower bound for the k-distance chromatic number deduced in [12].

Theorem 1.1. [11] Let k be a positive integer and G be a graph with diam(G) > k. Then

max ’Nﬁ [v]|, if kiseven
(@) > vev(G) | 2
k >
max ‘Ng[u}uNu[v] , if kisodd.
uwweE(G) 2 2

Moreover, if G is a tree, the inequalities become equalities.

The same authors described the k-distance chromatic number of any cycle with n vertices. In what follows, given a real
number z, [z] and |z | are, respectively, the smallest integer greater than or equal to = and the biggest integer smaller than
or equal to z.

Theorem 1.2. [11] Let n, k be positive integers, with n > 3. Let r and | be integers, with | > 2, such thatn =1(k+ 1) +r,
0<r<k+1 Then x3x(Cp) =k+ 1+ [r/l].
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They also suggested that, since unicyclic graphs can be obtained from a tree by adding a single edge, determining the
k-distance chromatic number of a unicyclic graph might be achieved through a modest extension of their result for the
k-distance chromatic number of a tree. In this paper we show that, in general, this is not true.
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Figure 1.1: Three pictures used in Example 1.1.

Example 1.1. Let G be the unicyclic graph, shown in Figure 1.1(a), with 15 vertices and containing the cycle C1o. By Theorem
1.1, x3(G) > 5 and by Theorem 1.2, x3(C1o) = 5. However, x3(G) # 5. Suppose that x3(G) = 5. Since there is a subgraph
of G induced by 5 vertices and with diameter equal to 3, each of these 5 vertices must have a different color in a 3-distance
5-coloring of G. This implies the two pictures shown in Figures 1.1(b) and 1.1(c). In Figure 1.1(b), we assigned different colors
to 5 vertices, and in Figure 1.1(c), we assigned the possible colors to each of the other vertices. In Figure 1.1(c), there are two
white vertices colored with the color 2 whose distance between them is less than 3. So, x3(G) > 6.

In [11], the authors determined the 2-distance chromatic number of any connected graph in which every pair of cycles is
edge disjoint. This naturally includes all unicyclic graphs with any number of vertices; therefore, this particular case is
already solved.

While y(G) is well understood for trees and cycles, extending results to unicyclic graphs is nontrivial due to the
interaction between the cycle and attached trees. We show that such extensions are not straightforward and derive bounds
and exact values for several cases.

This paper is organized as follows. Section 2 presents known results and a new definition relevant to this work. In
Section 3 we characterize the k-distance chromatic number of some unicyclic graphs and provide lower bounds for others.
The goal of Section 4 is to compute the 3-distance chromatic number of some unicyclic graphs.

2. Preliminaries

Throughout the paper, G is a unicyclic graph with girth » > 3. We denote its cycle by its vertices vy, ..., v,,v; or by the
subgraph of G induced by the vertices of the cycle C,.

Remark 2.1. Let u,v € V(G). If s = 0, then No(v) = 0 and Ny[v] = {v} for every v € V(G). If k > r and distg(u,v) =, then
Ni_rlu] C Ng[v] Gf z € Ni_,[u], then diste(z,v) < distg(z,u) + distg(u,v) <k —r+r=Fk).

Definition 2.1. Let G be a unicyclic graph and v1, ..., v,,v1, with r > 3, be its cycle C,. For 1 <i <, let T,,, be the connected
component of G — E(C,.) containing v;. Let x € V(T,,) and p = distg(z,v;). For a nonnegative integer s, the s-exclusive
neighborhood of z, denoted by NF(z), is NF(z) = {y € V(T,) : distg(z,y) = s A distg(y,v;) =p+ s}
Remark 2.2. Let 1 <i,j <r,i+# j, then

(i). NE(z) = {z}.

(ii). If x € NE(v;), then distg(z,v;) = distg(z,v;) + distg(vi, v;).
(iii). If s,1 >0, then NE(v;) N NF(v;) = 0.

(iv). If 5,1 >0, s # I, then NE(v;) N NF (v;) = 0.
For convenience, with & > 2, define:

LE = max }N [v]‘ (keven) and ME= max |NusfulUNwsfo]| (kodd).

veV(G) 2 uwweE(G) 2

3. k-Distance Coloring of Some Unicyclic Graphs

First, we derive lower bounds for the case where k is even.

For convenience, with » > 6, k an even integer, L%J <kands= { LEJ -‘ , define:

2 s

Bir = {Z N ©)

: S CV(C,),|S| = gJ NVay €S distg(z,y) < {ZJ - 1} and Q,, =max{a: a € By,}.
veS
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Lemma 3.1. Let G be a unicyclic graph and vy, . .., v,, vy, with r > 3, be the cycle C,. of G. Let k be an even integer, [gJ <k
and s = [|%] /2]

1. Then the subgraph of G induced by | J;_, N k _.[vi] has a diameter of at most k.

2. If r > 6, the integer ng is odd, and H is a subset of vertices of the cycle that maximize the cardinality of

U N§—5+1(U)7
veS, SCV(C,), |S|:L§J’
vV z,y€S, dista(z,y)< L%J_l

then the subgraph of G induced by |J;_, N%_s[vi] UUpen Nfisﬂ(v) has a diameter of at most k.
2

Proof.
1 Leti,j€{l,....r} andw € Ny _,[vi],y € Nx_ [v;]. Since distg(vi,v;) < 5], we have

distg(z,y) < distg(z,v;) + distg (v, v;) + distg(vj,y) < k.

2. Let z,y € <U N vilu | N?S“(u)). Since | %] is odd, we have 25 = | 5| + 1.

i=1 veH
(a) If z and y belong to | J]_, Ny _[vi], then by part 1, we get distc(z,y) < k.
(b) Ifz € Uiy Ni_[vi] and y € U,epy NgE,Sﬂ(U)’ then there exist m € {1,...,7} and v, € H such that z € N¢_[v;]
and y € Nf_9+1(vn). Then, distg(x,y) < distg(z, vm) + distg(Vm, vn) + diste(vn,y) < k.
E_,
(© Ifa,y € Uyey Ni_,,,(v), then there exist v,,v, € H such that z € N{ __ (v,),y € N . (vn). Since
2 2

%75%»1
distg(vn, Um) < L%J — 1, we get distg(z,y) < distg(z,vy,) + distg(vn, Um) + dista(Vm, y) < k. O

Proposition 3.1. Let G be a unicyclic graph and v1,...,v,,v1, with r > 3, be the cycle C, of G. Let k be an even integer,

|Z] <kands= [LEJ—‘

1. Then x,(G) > max { LE,

U::l N% —s [’Ul]

3

2. If r > 6 and the integer | 5| is odd, then x;(G) > max {Lg,

Uies Nyl + Qur |

Proof.

1. This follows from Lemma 3.1 and Theorem 1.1.

2. Let H be a set such that H C V(C,), |H| = 5], Va,y € H, dista(x,y) < |5 —land ), .4 ‘NgE—sH(”) = Q- By
Remark 2.2, we get
E E
LGJHNg_SH(v) — ;{wg_sﬂ(v)\ — Qunr.
Using the fact that Vi € {1,...,7}, Vv € H, Nx__|v;]NNF s+1(v) = (), Lemma 3.1 and Theorem 1.1, the result
2 2
follows. O

The last result provides a lower bound for y;(G) that, in certain cases, enables us to obtain a better lower bound than
that given in Theorem 1.1.

Example 3.1. Let G be the following unicyclic graph with 13 vertices and containing the cycle C1g.

—eo—o—90

*—o—0—0 [ ]

*—o—0—0

If k= 6 then s = [5] = 3. Therefore, L, = 10 and U2, Ns_s[vi]| + Qo,10 = 10 + 1 = 11. By Proposition 3.1, x6(G) > 11.

Proposition 3.2. Let k and p be positive integers, with k > 2. Let G be a unicyclic graph and v+, ... ,v,,v1, with r > 3, be its
cycle. If k is even and the subgraph of G induced by | J;_, Ni_4 [v;] is k-distance p-colored, then x\(G) < max{L%,p}.
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Proof. Consider a k-distance p-coloring of the subgraph of G induced by |J!_, Ni_qlvi]. FV(G) = Ui, N _y[vi], then

Xk (G) < p.
v \U._, N x_q[vi] # (), then there exists 1 < i < r such that N «[v;] has uncolored vertices. Let

Ay, ={y € N [v;] - y is uncolored}.

Note that, A,, = NE(vZ) Since ‘Nk [v3]
color and dlstlnct from the colors assigned to the vertices of IV [vl] \ A,,. Note that, ify € A,,, 2 ¢ N 3 [v;] and 2z already has

< LY < max{Lk, p}, using max{L{, p} colors, assign to each vertex of 4,, a different

a color assigned, then distg(y, z) = dista(y, vi) + distg(v;, 2) > + 5 = k. Repeat this process for every vertex in the cycle
with uncolored vertices in its £-neighborhood. In this way, we assign colors to all vertices of |J._, N & [v;].

IfV(G)=U._, N [v;], then 1 (G) < max{LE, p}. Otherwise, there exists a vertex z of G such that distg(z,v) = 1, for
some vertex v in the cycle of G and N & [x] has uncolored vertices.

Consider the set A, = {y e N & [x] : y is uncolored} and repeat the previous process using z instead of v;. Do the same
for every vertex under the same conditions as xz. Therefore, we assign colors to all the vertices of | J._, N [ [v:].

IfvG) =U._, Ngﬂ[vi], then x;(G) < max{L¥%, p}. Otherwise, there exists a vertex z such that distg(z,v) = 2, for some
vertex v in the cycle of G and Ny [2] has uncolored vertices.

If we repeat this process until we find an integer ¢ such that V(G) = J;_, N k +¢[vi] and all these vertices have a color
assigned from the max{L¥,,p} colors, then x4 (G) < max{L%, p}. O

Theorem 3.1. Let G be a unicyclic graph and vy, . .., v, v1, with 3 < r <5, be its cycle. If k is an even integer, k > 2, then
xr(G) = max{L, (UL, Ny [wil[}

Proof. Let p = ]ULl N _y[oll.
different color to every vertex of  J;_; NV [ [v;]. Then we have a k-distance p-coloring of | J._, N [ [v;]. By Proposition 3.2,
we have y;.(G) < max{L%, p}. Thus, the result follows. O

Using Proposition 3.1, with 3 < r < 5, we get s = 1 and x(G) > max{L¥, p}. Assign a

Corollary 3.1. Let G be a unicyclic graph and vy,v2,vs,v; be its cycle. If k is an even integer, k > 2, then xi(G) = L.

Proof. If z € Ule Ng—l[vi]’ then there exists i € {1, 2,3} such that distg(x,v;) < g — 1. So, for j € {1,2, 3},

3
distg(z,v;) < distg(z,v;) + distg(vi,v;) < 5 and U Ng_l[vi] C Ne [v;].
i=1
Consequently, |>_, N _[vi]| < maxjeq 2,3} [N [v;]] < L. By Theorem 3.1 with r = 3, we get x4 (G) = L¢;- O

Theorem 3.2. Let G be a unicyclic graph and vy, vs, ..., vg,v1 be its cycle. Let k be an even integer, k > 4. Then

6
U Ng,g[vi] + Qk,e} .

i=1
U?:1 N§—2[Ui] + Qk,6} .

Let H = {v;,v,v1} C V(Cs) be a set of vertices such that |[H| =3,V x,y € H, distg(x,y) <2and )] 4 ’Nf_l(v). = Q.6
2
Assign to each vertex in

Xx(G) = max {Lg7

Proof. By Proposition 3.1, we have s = 2 and xx(G) > max {L’é,

6
U %f U N?—l(v)

ve{v]‘,vt,vl}
a different color.
For each v € {v;, v, v;} denote by o(v) the vertex of Cs such that distg(o(v),v) = 3. Since

Quo= " |NEL ()2 30 [NE ()] +|[NE, (o))

zeH zeH\{v}

?

wehave [N | (v)| > [N} _ (o(v))]. This implies that, for each v € {v;,v:, v;}, we can use the colors of the vertices of N’ | (v) to
2 2 2
assign a different color to each vertex of N7 (o(v)). So, e, N _;[vi] is k-distance p-colored with p = ’U?:l Ny _o[vi] |+ Q.6
2
By Proposition 3.2, x;(G) < max{L%, p}. Then, x;(G) = max {L’é, Ul Ny _,lvi]| + Qkﬁ} : O

As we will see, the results are more complicated when £ is odd.
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For convenience, with » > 3, k an odd integer, k¥ > 3, and w = 2 ng — 1< k, we define:

Ry, = max{ ’Nk wiz (V)| 1 S ={v,v;} CV(C,), viv; € E(G)}
veS

Lemma 3.2. Let G be a unicyclic graph and vy, . .. ,v,, vy, with r > 3, be the cycle C,. of G. Let k be an odd integer, k > 3 and
w=2[5]-1<k

1. Then the subgraph of G induced by | J;_, N e [v;] has a diameter of at most k.

2. If r > 4, then the subgraph of G induced by U:=1 Nkaw [v;JUNE .o (v;)U NE ., (v) has a diameter of at most k, where
vj and v, are vertices of C,. such that v;v, € E(G) and ’ :

NE yia (07) U NE oo ()| = webe,)

(V) UN iz ()] -

Proof.

1. Letz,y € U,_, Ni—w [v;]. Then, there exist [,m € {1,...,r} such that z € Ni—w [v;] and y € Ni-w [vm]. Consequently,
distg(x,y) < distg(x,v;) + distg(vy, V) + distg(Vm, y) < ’C*T“’ + L%J + ’C*T“’ <k.

2. Letz,yeU,_, Nk%u (V] UNE 1o (v;) UNE ;5 (v;). We have three cases to consider:
2 2

e Ife,ye U, Niw [v], then by 1., distg(z,y) < k.
e Ifzel_, Ni—w [v;] andy € NE ., (vim), with m € {j, ¢}, then there exists [ € {1,...,r} such that z € Ni—w [vi].
Thus, distg(x,y) < distg(x,v;) + diste (v, vm) + distg(Vm,y) < kaw + L%J + % =k— LgJ +2<k.

e Ifr e NE ., (vm)andy € NE ., (v,), with m,n € {j,t}, then
2 2

distg(z,y) < distg(x,vm) + distg(Vm, vn) + distg(vn,y) < k. 0

Proposition 3.3. Let G be a unicyclic graph and vy, ..., v, vy, with r > 3, be the cycle C,. of G. Let k be an odd integer, k > 3,
andw=2|5] -1<k

Uiy Nicu ]

L Then xi(G) > max { M,

Uiy Nica [vi]

2. If r > 4 then xx(G) > max{Mg,

+ le} .
Proof.
1. This result follows immediately from Lemma 3.2 and Theorem 1.1.
2. Let H be a set of vertices such that H = {v;,v;} C V(C,), viv; € E(G), >, cy ‘N@ (v)’ = Ry, ;. By Remark 2.2,

U Nk w+2

veEH

’Nk w42 )‘ :Rk;77-.
veH
Using the fact that Vi e {1,...,r}, Vv € H, Ni—w [vi)NNE ., (v) =0, Lemma 3.2 and Theorem 1.1, we get the result.
2
O

Proposition 3.4. Let k and p be positive integers, with k > 2. Let G be a unicyclic graph and vy, vs, ..., v, v, be its cycle. If
k is odd and the subgraph of G induced by | J;_; N 551 [v] is k-distance p-colored, then x;(G) < max{ME, p}.

Proof. Consider a k-distance p-coloring of the subgraph of G induced by |J,_, N S5 [v;)]. EV(G) = Ui, N 251 [v;], then
xk(G) < p.

IfV(G)\U._, N =1 [v;] # 0, there exists 1 < i < r such that N S5 [v;] has uncolored vertices. Let y1, . .., y5 be the vertices
adjacent to v; with uncolored vertices in their £

-nelghborhood
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Foreach1<j <h,let A4, ={yc Nia [yj] : y is uncolored}. Note that A,, = N , (y;). Since
2
‘N% [y;] U N% [v5]| < ME < max{ME, p},

using the max{Mf, p} colors, assign to each vertex of A, a different color and distinct from the colors assigned to the
vertices of (N% [y;] U Nis [vz]) \Ay,.
Notice that if 2y € NP, (y;) and 20 € NF, (1), with 1 < j,1 < h,j # 1, then

distg(z1, 2z2) = dista(z1,y;) + dista(y;, y) + dista(y, z2) =k + 1.

Repeat this process for each vertex in the cycle that has adjacent vertices with uncolored vertices in its kgl -neighborhood.

In this way, using the max{M}, p} colors, we assign colors to all the vertices of |J;_, N1 [v;].
2

Ifv(G) =U._, Nigg [v;], then x4 (G) < max{ME, p}. Otherwise, there exists a vertex = such that diste(z,v) = 1, for some

vertex v in the cycle of G and there exist vertices 7, . .., y. adjacent to  with uncolored vertices in their kgl -neighborhoods.

For each 1 < u < s, consider the set A,, = {y € N o1 [y:] : vy is uncolored} and repeat the previous process with y/,
instead of y; and with z instead of v;. In this way, using the max{M}, p} colors, we assign colors to all the vertices of
U_i N ki3 [vil.

IfvG) = U_, Nigs [v;], then xi(G) < max{ME,p}. Otherwise, we repeat this process until we find an integer ¢
such that V(G) = U_, N [ [v;] and, using the max{M},p} colors, all these vertices have a color assigned. Thus,
xk(G) < max{M¢g, p}. O

Theorem 3.3. Let G be a unicyclic graph and vy, ve,v3,v1 be its cycle. If k is an odd integer such that k > 3, then
xu(G) = max { M5, U3, Nica [vi]| }

Proof. Let p = ‘Ule N% [v;]|. By Proposition 3.3 with » = 3 and w = 1, we have x;(G) > max{M},p}. Assign a different

color to each vertex of U?Il Nis [v;]. By Proposition 3.4, we get x1(G) < max{Mf, p}. Therefore, the result follows. O

Theorem 3.4. Let G be a unicyclic graph and vy, v2,vs3,v4,v1 be its cycle. If k is an odd integer, k > 3, then

+ Rk,4} .

Proof. Since w = 3, consider p = | U?zl Nis [v;]| + Ry, 4. Using Proposition 3.3, we get xx(G) > max{ME, p}. Let H = {v;,v;}
be a set of vertices such that H C V(Cy), vjv; € E(G), Rpa = > ey ‘N& (v)‘ Assign a different color to each vertex of
2

U, Nis[v;]U NE, (v;)UNE, (v;). Thus, we use p colors.
2 2
For each v € {v;,v,} denote by o(v) the vertex of Cy such that distg(o(v),v) = 2. Since

Fra= Y [NE()|2 3 [NE.G)|+ |[NE: (o).
2€H zeH\{v}

U Nezs[v]

i=1

Xk (G) = max {Mé,

we conclude that
INEL ()] 2 INE. (o(0)].
This implies that, for each v € {v;,v,}, we can use the colors of the vertices of N, (v) to assign a different color to each
2
vertex of NP , (o(v)). By Proposition 3.4, with
2

4

U Nezs[vl]

=1

b= +Rk74a

we get x(G) < max{M},p}. Then,

U Ni_s [vi]

i=1

Xk (G) = max {Mé,

+ Rk,4} .
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4. The 3-Distance Chromatic Number of a Class of Unicyclic Graphs

We now focus on k = 3.

Lemma 4.1. Let G be a unicyclic graph and vy, ...,v445,v1 be its cycle, Cyis, with 0 < s < 3 and | > 2. Let G be the
subgraph of G induced by Ufl:ts Ni[v;]. Then,

min{ME (@)} > MY = max  (MJUN] = me (N@)]+ V()
Proof. Since G is a subgraph of G, M¢ > M. By Theorem 1.1, x3(G) > M. On the other hand, if v is a vertex of G but not

of the cycle then v is a leaf of G. So, M} is obtained with an edge on the cycle. Moreover, if v;v; € E(Cy,) then v; € Nyi(v;)
and v; € N1(v;). Thus, we get the result. O

Lemma 4.2. Let G be a unicyclic graph and vy, . .., v445, 1 be its cycle, with | > 2 and s € {0,2}. Let G be the subgraph of G
induced by |J;"° Ni[v;]. Then x3(G) < 5 + M.

7

Proof. Using Lemma 4.1 we may assume that H = {v;,v2} and >, _; |N1(v)| = M.

By Theorem 1.2, x3(Cy4s) = 4+ 5. For 1 <i < 41— 8, color the vertex v; with (i —1)(mod 4) + 1, for 41 —7 < i < 4l —4+ 3,
color the vertex v; with i — 41 + 8, for 4l — 3 + 5 <i < 4l + s, color the vertex v; with i — 4] + 4 — 5 and assign to each vertex
of NF(vy) U NF(v;) a different color and distinct from the 4 + $ colors used to color the vertices of Cy;1,. Thus, we use
4+ |NFf(v1) UNE (v2)| + 5 = M3 + £ colors.

Label the colors of N (v1) U NE(v2) with numbers. For 3 < i < 4l + s, assign distinct colors to the vertices of N (v;)
from among the labeled colors assigned to the vertices of N (v;), where j € {1,2} and i = j (mod 2), using first the colors
with the smallest labels.

Since [N (v1) U N (vai45)| < [N (v1) U NF (v2)] = M3 — 4, we conclude that [NF (vy1,)| < [N{(v2)|. Thus, all vertices
of NP (v4+s) have been assigned a color. If there exists 3 < ¢ < 4] + s — 1 such that N{(v,) has uncolored vertices, since
INT (v0) UNT (v41)] < M3 —4 and [N (v) UNF (vp—1)| < M3 — 4, then assign to each uncolored vertex of N (v,) a different
color from the labeled colors of the vertices of N (v;), with j € {1,2} and £ = (j — 1) mod 2, not used in the vertices of
N{ (ve—1) UN{ (vg41).

Because

e ifz e NF(v;) and y € Nf(v;), withi,j € {1,...,4l +s},i# jand i = j mod 2, then distg(z,y) > 3 and

¢ if s = 2 then only the vertices v4;12 and vy _3 are colored with the color 5,

we get a 3-distance (3 + MJ)-coloring of G. Consequently, x3(G) < § + M. O

Theorem 4.1. Let G be a unicyclic graph and Cy, be its cycle, with | > 2. Then x3(G) = M2.

Proof. By Theorem 1.1, we have y5(G) > M2. Let vq,...,v4,v; be the cycle Cy of G. Let G be the subgraph of G induced
by U;”zl Nilv;]. By Lemma 4.2, x3(G) < MJ. Using Lemma 4.1 we get x3(G) = M$ < M. By Proposition 3.4 we have
x3(G) < M}. Therefore, x3(G) = M. O

Theorem 4.2. Let G be a unicyclic graph and vy, ..., vq42,v1 be its cycle, with | > 2. Let G be the subgraph of G induced by
U Nifvi]. Then, M3 < x3(G) < max{M2, M3 +1}.

Proof. By Lemma 4.2 we have x3(G) < M + 1. Using Proposition 3.4 we get the result. O
The bounds given in Theorem 4.2 are sharp:
Example 4.1. ® Let G be the following unicyclic graph with 15 vertices, where the numbers represent the color assigned

to the corresponding vertex.
1 2 3 4 5 1

In this case, x3(G) = M3 =5.

* Let G be the unicyclic graph of Example 1.1, where we showed that x3(G) > 6. By Theorem 4.2, x3(G) < M3+1 =5+1 = 6.
Consequently, x3(G) = M3 +1 =6.
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Theorem 4.3. Let G be a unicyclic graph and v1,...,v44s,v1 be its cycle, with s € {1,3} and | > max{2,s}. Let G be the
. 4l+s .
subgraph of G induced by |J,_|* N1[v;]. Let p = | Jmin {IN{(v;)|} - Then,
M < x3(G) < M§ +max{p,1} and M < x3(G) < max{MJ + max{p, 1}, M3}.

Proof. By Lemma 4.1, we get x3(G) > Mé’ Now we will describe a 3-distance (MS + max{p, 1})-coloring of G. Suppose that
H = {vy,v2} and }° _p [N1(v)| = M§. Using the definition of M and p, there is j € {3,...,4l + s} such that [N{(v;)| = p.

e Ifs=1,let h e {3,...,41 + 1} such that distc(v;,v) = 3. Assign to the vertex vy, the color 5, for 1 <i < h — 1, assign
to the vertex v; the color (i — 1)(mod 4) + 1 and for h+ 1 < i < 4] + 1, assign to the vertex v; the color (i — 2)(mod 4) + 1.

o If s =3, let {h, f,¢} C {1,...,41+ 3}, [{h, f,£}| = 3 such that distg(vj,vy) = distg(vj,vs) = 3, distg(vy,ve) = 4 and
distg(vj,ve) = 7. Let {x,y,2z} = {f,¢,h} be such that + < y < z. Assign to the vertices v,,v,,v. the color 5, for
1 <4 <z —1, assign to the vertex v; the color (i — 1)(mod 4) + 1, for x + 1 < i < y — 1, assign to the vertex v; the color
(i —2)(mod 4) + 1, for y + 1 < i < z — 1, assign to the vertex v; the color (i — 3)(mod 4) + 1 and for z + 1 < i < 4] + 3,
assign to the vertex v; the color (i — 4)(mod 4) + 1.

In this way, we obtain a 3-distance 5-coloring of Cyy;, . Assign to each vertex of N (v;) U NF (v,) a different color and distinct
from the 5 colors used to color the vertices of Cy; .

Since M3 = |N1(v1)|+|N1(v2)| = [N (v1)|+ [N (v2)|+4 and for each 3 < i < j—1, [N (v;—1)|+|NF (v;)| < M3 —4, assign
to each vertex of N (v;) a different color from the M3 — 4 colors not assigned to the vertices of N{*(v;_1). If j # 41 + s, since
INE (vargs)| + [N (v1)] < M3 — 4, assign to each vertex of N{(vy.) a different color from the M3 — 4 colors not assigned to
the vertices of N{(v;). For each j +1 <i <4l + s — 1, since

INT (0(aits—iti)| + INT (Wargs—itjen)] < MG — 4,

assign to each vertex of Nf(v(4l+s_i+j)) a different color from the Mé’ — 4 colors not assigned to the vertices of
NIE(U(4l+s—i+j+1))‘

Now, if p = 0, then U?l:ts Ni[v;] is 3-distance colored with 5 + M3 — 4 = Mg + 1 colors. If p = 1, assign the color 5 to
the unique vertex of N¥(v;) and we get a 3-distance coloring of Ufl:ts Ni[v;] with 5+ M3 — 4 = M3 + 1 colors. Finally, if
p > 2, assign the color 5 to one of the leaves adjacent to v; in G and assign p — 1 new colors to the remaining uncolored
vertices that are adjacent to v; in G. So, we have a 3-distance coloring of U?l:ts Nifv;] with 5+ M3 —4+p—1= M3 +p
colors. Consequently, y3(G) < Mg + max{p,1}. O
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