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Abstract

Mixed radial Moore graphs are approximations of mixed Moore graphs that preserve the distance-preserving spanning tree
for some vertices. One way to measure their resemblance to a mixed Moore graph is using the status measure. The status
of a graph is defined as the sum of the distances between all pairs of ordered vertices. Mixed radial Moore graphs with
minimum status are closer to mixed Moore graphs according to this measure. The existence of mixed radial Moore graphs is
still unknown for most values of the degree and the diameter. In this work, we develop an integer programming model to
find mixed radial Moore graphs of diameter 3 with minimum status. As a result, we show the existence of these graphs for
several new values of the degree and the diameter.
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status.

2020 Mathematics Subject Classification: 05C12, 05C35.

1. Introduction

Given three positive integers r, z and k, the degree diameter problem for mixed graphs is to obtain a mixed graph with
undirected degree at most r, directed out-degree at most z and diameter at most k with the maximum number of vertices
(see [11]). There is an upper bound on the number of vertices that a mixed graph holding the mentioned constraints can
attain, called the mixed Moore bound (see [4,7]):
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with r + 2z ̸= 2. Mixed Moore graphs are those with order attaining (1). Mixed Moore graphs must be totally regular of
degree (r, z) (see [2]). Recall that the mixed version generalizes both the undirected (z = 0) and the directed (r = 0) versions
of the problem. One can easily check that in the particular cases, where z = 0 or r = 0, the undirected and directed Moore
bounds are recovered. The existence of mixed Moore graphs is still an open problem for infinitely many parameters of r, z,
and k.

Approximations of mixed Moore graphs include mixed radial Moore graphs, whose definition extends naturally from that
of radial Moore digraphs or radial Moore graphs. A totally (r, z)-regular mixed graph of radius k, diameter k + 1, and order
M(r, z, k) is an (r, z, k)-mixed radial Moore graph, from now on, an RM(r, z, k) graph. These graphs are approximations
of Moore graphs in the sense that they keep the regularity condition and the number of vertices, but relax the diameter
condition. In an RM(r, z, k) graph, vertices can either have eccentricity k (central vertices) or k + 1 (non-central vertices).
Central vertices have the same distance-preserving spanning tree as a vertex in a mixed Moore graph.

To measure how well a given RM(r, z, k) graph approaches a mixed Moore graph, one must apply a measure that
quantifies the approach. One option would be to count the number of central vertices in a graph, but this divides the
population into a few classes, which is not convenient for ranking purposes. A measure that has proved to be useful in
these terms is the status measure (see [5,6]). The status of a graph is the sum of all the distances between ordered pairs of
vertices. This establishes a convenient measure to rank radial Moore graphs for two main reasons. The first is that even for
sets of parameters (r, z, k) for which mixed Moore graphs do not exist, we can still obtain the status that a mixed Moore
graph with such parameters would have and compare it with the population of RM(r, z, k) graphs. Secondly, the status
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of an RM(r, z, k) graph will always be greater than that of a mixed Moore graph, and thus minimizing the status of an
RM(r, z, k) graph provides a better approach to a hypothetical mixed Moore graph.

The existence of RM(r, z, k) graphs is an open problem. Only when k = 2 the existence of RM(1, z, 2) for z ≥ 1,
RM(r, 1, 2) for r ≥ 1, and RM(7, 3, 2) is guaranteed [6]. There are no other known results on the remaining graph
parameters.

In this work, we use an integer programming (IP) model that allows us to find new RM(r, z, 2) with minimum status.
Optimization methods have proved to be useful for finding small examples of certain graph classes. Instances of it are the
work in [8], where de Ruiter and Biggs used integer programming to generate graphs of girth seven, providing new upper
bounds on the order of 7-cages, and [10], where López, Miret and Fernández proved the nonexistence of several mixed
Moore graphs using Pseudo-Boolean programming. Another example can be found in [1], where the existence of Neumaier
graphs has been proved for some parameters and disproved for others by Abiad, De Boeck, and Zeijlemaker through the use
of combinatorial and integer programming methods. Our integer optimization approach to investigate mixed radial Moore
graphs allows us to extend the results in [6] by establishing the existence of such graphs for six degree-diameter pairs
whose existence had previously been unknown. In addition, the proposed IP identifies two further mixed radial graphs
whose status is lower than that of the least-status examples previously reported in the literature for their corresponding
degree-diameter pairs.

This paper is organized as follows. In Section 2, all the terminology and notation are introduced. In Section 3, the IP
model is presented, exposing all the variables involved and their constraints. In Section 4, the IP model is implemented
and used to obtain new results on mixed radial Moore graphs. Finally, in Section 5, several concluding remarks and open
problems are discussed.

2. Preliminaries

A mixed (or partially directed) graph G = (V,E,A) with vertex set V may contain a set E of (undirected) edges as well as
a set A of directed edges (also known as arcs). From this point of view, a graph [respectively, directed graph or digraph]
has all its edges undirected [respectively, directed]. The set of vertices that are adjacent from [to] a given vertex v is
denoted by Γ+(v) [Γ−(v)]. The undirected degree of a vertex v, denoted by d(v), is the number of edges incident to v. The
out-degree [respectively, in-degree] of vertex v, denoted by d+(v) [respectively, d−(v)], is the number of arcs emanating from
[respectively, to] v. If d+(v) = d−(v) = z and d(v) = r, for all v ∈ V , then G is said to be totally regular of degrees (r, z) (or
simply (r, z)-regular). A walk of length ℓ ≥ 0 from u to v is a sequence of ℓ + 1 vertices, u0u1 . . . uℓ−1uℓ, such that u = u0,
v = uℓ and each pair ui−1ui, for i = 1, . . . , ℓ, is either an edge or an arc of G. A directed walk is a walk containing only arcs.
An undirected walk is a walk containing only edges. A walk whose vertices are all different is called a path. The length
of a shortest path from u to v is the distance from u to v, and it is denoted by d(u, v). Note that d(u, v) may be different
from d(v, u) when shortest paths between u and v involve arcs. The out-eccentricity of a vertex u is the maximum distance
from u to any vertex in G. A central vertex is a vertex having minimum out-eccentricity. The minimum out-eccentricity of
all vertices is the radius of G. The maximum distance between any pair of vertices is the diameter of G. The sum of all
distances from a vertex v, s(v) =

∑
u∈V d(v, u), is referred to as the status of v (see [3]). We define the status vector of G,

s(G), as the vector constituted by the status of all its vertices. The status of a graph G, s(G), is the sum of the components
of its status vector. For any given r, z and k, the status of a vertex of a hypothetical mixed Moore graph is a constant sr,z,k
(see [6]). The status 1-Norm of an RM(r, z, k) graph G is defined to be N1(G) = ∥s(G) − sr,z,k∥1, namely, the difference
between the status of G and the status of a hypothetical mixed Moore graph of such parameters.

3. IP Model for Mixed Radial Moore Graphs

3.1. Variables
The binary variables that will be used to describe the status are the following. Let i, j ∈ {1, 2, . . . , n} and let xij and yij be
binary variables that represent, respectively, the edges and arcs of a mixed graph G = (V,E,A) of order n:

xij =

{
1 if ij ∈ E(G),

0 if ij /∈ E(G),
yij =

{
1 if ij ∈ A(G),

0 if ij /∈ A(G).
(2)
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Let i, j, k, l ∈ {1, 2, . . . , n} and let us define the new binary variables:

dij =

{
1 if d(i, j) = 2,

0 if d(i, j) ̸= 2,
(3)

cijk =

{
1 if path i → j → k is in G but edge or arc (i, k) is not,

0 otherwise,
(4)

pijkl =

{
1 if path i → j → k → l is in G,

0 otherwise.
(5)

This results in n4 + n3 + 3n2 variables.

3.2. Constraints
The defined variables will be implemented in the model through the constraints. First of all, we have to make sure that
there is no conflict between the definitions of the arcs and the edges of the graph to have a well defined mixed graph. To
prevent G from forbidden substructures, the following constraints are to be imposed

xij + yij + yji ≤ 1 ∀i, j ∈ V (G), (6)
xij − xji = 0 ∀i, j ∈ V (G), (7)
xii = yii = 0 ∀i ∈ V (G). (8)

Constraint (6) imposes that between two vertices i, j, there can only be one of the three: an (i, j) edge, an (i, j) arc, or a
(j, i) arc. Constraint (7) imposes that edges are symmetric. Finally, (8) avoids the presence of loops in the graph.

Figure 3.1: Mixed Moore tree with parameters r ≥ 1, z ≥ 1 and k = 2.

In order for G to be a mixed radial Moore graph there must be at least one vertex v ∈ V (G) with eccentricity equal to 2.
This is the same as forcing the Moore tree in Figure 3.1 to be a subgraph of G. The specific labelling of the vertices is not
relevant for the optimization method, so labels {1, 2, . . . , n} can be assigned without loss of generality in any way that is
convenient for generalization. If E′ and A′ are, respectively, the set of edges and arcs of the Moore tree, the constraints to
be imposed are:

xi,j = 1 ∀(i, j) ∈ E′, yk,l = 1 ∀(k, l) ∈ A′. (9)

Since mixed radial Moore graphs are totally (r, z)-regular, this must be introduced in the constraints list. This can be done
through the constraints: ∑

j

xij = r ∀i ∈ V (G), (10)

∑
j

yij = z ∀i ∈ V (G), (11)

∑
j

yji = z ∀i ∈ V (G). (12)
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The constraints that make cijk fit the definition stated previously are the following: For every i, j, k ∈ V (G) with i ̸= k:

cijk ≤ xij + yij , (13)
cijk ≤ xjk + yjk, (14)
cijk ≤ 1− (xik + yik), (15)
cijk ≥ xij + yij + xjk + yjk − 1− xik − yik. (16)

It can be checked that the only option for cijk = 1 is that xij+yij = xjk+yjk = 1 and xik+yik = 0, i.e, there is a path of length
2 between i and k, but not a shorter one. The next set of constraints will set the pijkl variables. For every i, j, k, l ∈ V (G):

pijkl ≤ xij + yij , (17)
pijkl ≤ xjk + yjk, (18)
pijkl ≤ xkl + ykl, (19)
pijkl ≥ xij + yij + xjk + yjk + xkl + ykl − 2. (20)

Notice that if i → j → k → l is a path in G, then the variable pijkl is equal to one. If all indices are different, the other
direction holds too, and so the distance between i and l is exactly 3. If some index repeats, let us suppose i = k, it could
be the case that xij = 1 and ykl = 1, and then the variable pijkl = 1, but d(i, l) = 1. As we will see, this ambiguity will not
cause a problem since whenever pijkl = 1, then d(i, l) ≤ 3, and this property will be enough. Finally, for every i, j, l ∈ V (G)

dij ≤
∑
k

cikj , (21)

dij ≥ cilj . (22)

Thus, dij = 0 if and only if cikj = 0 for all k, and dij = 1 if any of these cikj is 1. By now, all the stated variables are defined.
Since we are defining the status for mixed graphs of diameter at most 3, an extra constraint must be applied to guarantee
the diameter condition. This can be expressed as

xij + yij +
∑

k∈V (G)

cikj +
∑

k,l∈V (G)

piklj ≥ 1 ∀i, j ∈ V (G). (23)

These conditions state that between two vertices there must always be a path of length at most 3 i.e. the diameter is at
most 3.

3.3. Objective Function
After the definition and implementation of the stated variables and constraints, the status of vertex i can be expressed as
follows.

s(i) =
∑
j

(xij + yij) + 2
∑
j

dij + 3

(
(n− 1)−

∑
j

(xij + yij)−
∑
j

dij

)
. (24)

It is the straightforward calculation of the status by adding the vertices at distance one, plus twice the vertices at distance
two, plus three times the rest of them, given that the diameter is forced to be at most 3 according to the stated constraints.
Thus, the status of a mixed graph G of diameter at most 3 can be expressed by just adding the status of all of its vertices.
The regularity of G can be used to simplify the objective function. Given that regularity is already guaranteed by the
constraints, the term

∑
j xij + yij in (24) can be substituted by simply r + z. Thus, the objective function can be written as

s(G) =
∑
i

(r + z) + 2
∑
j

dij + 3

(n− 1)− (r + z)−
∑
j

dij

. (25)

4. Implementation of the IP Model and Results

The model has been implemented using a Gurobi Optimizer, version 10.0.1 [9].
Table 4.1 includes RM(r, z, 2) graphs found with minimum status for the lowest values of r and z. In some cases, the

search did not conclude by the end of the limit time, and thus the result is not necessarily optimal, meaning that some
other RM(r, z, 2) graphs may exist with less status. These results are included because even when they are not optimal,
the existence of RM(r, z, 2) graphs for those parameters may not be known previously. Results have been obtained for some
sets of values (r, z) such that M(r, z, k) < 45.
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(r, z) M(r, z, k) edges arcs min-status 1-norm Optimal
(1, 1) 6 3 6 50 2 Y
(2, 1) 11 11 11 195 8 Y
(1, 2) 12 6 24 229 2 Y
(3, 1) 18 27 18 550 10 N
(2, 2) 19 19 38 633 25 N
(1, 3) 20 10 60 689 9 N
(3, 2) 28 42 56 1457 85 N
(2, 3) 29 29 87 1579 100 N
(3, 3) 40 60 120 3190 310 N
(4, 1) 27 54 27 1348 79 N
(4, 2) 39 78 78 3082 354 N
(2, 4) 41 41 164 3473 439 N
(5, 1) 38 95 38 2802 218 N

Table 4.1: Best RM(r, z, 2) graphs found by the IP algorithm. The last column indicates whether the global minimum is
reached (Y) or not (N).

Figure 4.1: Best RM(2, 2, 2) graph found. Central vertices are depicted in white.

We also compare the new results with the ones obtained by Ceresuela, López, and Chemisana in [6]. To do so, in
Table 4.2, we present the values of the 1-norm of the best found mixed radial Moore graphs of radius 2. In the cases
when (r, z) are (1, 1), (1, 2), and (2, 1), the program is able to finish and come up with the best solution and this matches
perfectly with the already known values. In the case (3, 1), optimality is not guaranteed, and the best found graph has
1-norm 10, matching the lowest 1-norm found in [6] through the application of swaps to the Bosák graph. In the case
(1, 3), the program gets stuck on a graph with 1-norm 9, but we know there exists one graph with norm 2 (obtained by
arc-swapping the Kautz mixed graph). In cases (4, 1) and (5, 1), the program finds radial Moore graphs of status 79 and 218,
respectively, that improve the previous best results with status 158 and 413. In the cases (2, 2), (2, 3), (3, 2), (3, 3), (4, 2),
and (2, 4), the existence of radial mixed Moore graphs is proved through these 6 new graphs. The mixed radial Moore graph
with (r, z) = (2, 2) and minimum found status is shown in Figure 4.1.

z\r 1 2 3 4 5 6 7 . . .
1 2 8 10 79 218 910 1769 . . .
2 2 25 85 439 ? ? ? . . .
3 2 100 310 ? ? ? 18 . . .
4 2 354 ? ? ? ? ? . . .
5 2 ? ? ? ? ? ? . . .
...

...
...

...
...

...
...

...

Table 4.2: Values of N1(G) of the closest mixed radial Moore graphs G found so far. Red values correspond to the
contributions of this study.
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5. Concluding Remarks

In this work, we developed an integer programming formulation capable of modeling vertex status using discrete variables,
and we applied it to the search for radial mixed Moore graphs. The results obtained are consistent with the existing literature
and yield six new parameter sets for which the existence of previously unknown radial mixed graphs is demonstrated, and
the improvement of the already known best graph for two parameter sets.

While the present model starts from the Moore tree and attempts to complete the graph so as to minimize the status,
a promising direction for further research would be to generalize the initial structure to one more closely aligned with a
radial Moore graph, thereby reducing the search space and improving computational efficiency in the quest for additional
new graphs.
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