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Abstract

A simple graph G with n vertices and m edges is called an (n,m)-graph. We study the sum of squares of the vertex degrees
of planar (n,m)-graphs and characterize those attaining maximum value. Moreover, we determine the degree sequences of
planar graphs with the minimum value of this sum.
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1. Introduction

Let G = (V,E) be a simple graph with vertex set V (G) and edge set E(G). The degree of vertex v ∈ V (G) is denoted by dv.
For v ∈ V (G), N(v) denotes the set of neighbors of the vertex v. A simple graph G with n vertices and m edges is referred to
as an (n,m)-graph. A connected graph is said to be planar if it can be embedded in the plane so that no two edges intersect
at a point other than a vertex. The sum of squares of the vertex degrees of a graph G is denoted by Σ(G).

Goodman [9] formulated the problem of determining the best possible upper bound for the number of triangles in a
graph and its complement, in terms of the number of vertices and edges, which is equivalent to finding the maximum
number of monochromatic triangles in the graph. This problem naturally leads to investigating an upper bound for the sum
of the squares of the vertex degrees. Caen [8] provided such an upper bound, which was later improved by Cioabă [6] and
Das [7].

Boesch et al. [2] studied the problem of characterizing graphs with maximum
∑

-value among (n,m)-graphs and showed
that every optimal graph is a threshold graph. They constructed two threshold graphs and proved that one of them is
optimal. Olpp [14] proved an equivalent result, motivated by problems in Ramsey theory. Peled et al. [15] constructed four
additional classes of threshold graphs to the two previously known classes, and showed that every optimal graph belongs to
one of these six classes.

Gutman and Trinajstić [12] observed that Σ(G) appears in an approximate expression for total π-electron energy on
molecular structure (molecular graph G). Soon after that, it was recognized that Σ(G) reflects the degree of branching of
the underlying molecule [11]. Since then, this vertex-degree-based graph invariant has been studied under the name of
the first Zagreb index and an unusually large number of theoretical results and applications have been established [10].
Details of its mathematical properties can be found in the survey [4] and the references therein.

A main problem for vertex-degree-based graph invariants is characterizing the extremal structures among (n,m)-graphs,
which remains unsolved for most invariants. Ahlswede and Katona [1] showed that quasi-complete or quasi-star graphs
maximize Σ. Later, Bollobás, Erdős, and Sarkar [3] solved the maximization of the second Zagreb index (the sum of the
products of degrees of adjacent vertices) for general (n,m)-graphs. For connected (n,m)-graphs, the problem was studied
by Xu, Das, and Balachandran [18], but their proposed conjecture is still open. Although degree-based graph invariants
have been extensively studied, relatively little research has been conducted on planar graphs. Therefore, in this study, we
focus on Σ for planar (n,m)-graphs.

Cook [6] proved that Σ(G) ≤ 2n2+O(n) for a simple planar graph G of order n. Later, Truszczynski [17] obtained a sharp
upper bound. In the present paper, we obtain a sharp upper bound on Σ for simple planar (n,m)-graphs and characterize
the corresponding extremal graphs. Moreover, the degree sequences of simple planar (n,m)-graphs with minimum Σ-value
are determined.
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2. Sharp Upper Bounds on Σ

For any integers n and m satisfying n− 1 ≤ m ≤ 2n− 3, we denote by N(n,m) a graph with n vertices and m edges in which
the maximum degree is n− 1 and the second maximum degree is m−n+2. Xu et al. [18] characterized the extremal graphs
G with maximal Σ(G) among all connected graphs of order n, where n+ 3 ≤ m ≤ 2n− 4. Note that the proof of Theorem
2.10 in [18] remains valid in the case 2n− 3. Thus, the result of [18] can be restated as follows:

Lemma 2.1. Let G be a simple (n,m)-graph of order n ≥ 5. If n+ 3 ≤ m ≤ 2n− 3, then

Σ(G) ≤ n(n− 1) + (m− n+ 1)(m− n+ 6)

with equality if and only if G ∼= N(n,m).

For any integer n ≥ 5, denote by N(n) a graph with n vertices and n+ 1 edges in which the maximum degree is n− 1

and the second maximum degree is 2. Let Q(n,m) be the planar (n,m)-graph whose special case is depicted in Figure 2.1
such that it has 2 vertices of degrees n− 1, m− 2n+ 2 vertices of degree 4, two vertices of degree 3, and 3n−m− 6 vertices
of degree 2. A planar graph is called maximal planar if no additional edge can be added without violating its planarity.
Hence, we easily conclude that each face of a maximal planar graph is a triangle and the number of edges is at most 3n− 6.

Figure 2.1: The planar graph Q(10, 21).

Theorem 2.1. Let G be a simple planar (n,m)-graph with n ≥ 5.

(i) If m ≤ 2n− 3, then Σ(G) ≤ n(n− 1) + (m− n+ 1)(m− n+ 6) with equality if and only if G is isomorphic to N(n,m) or
N(n).

(ii) If 2n− 3 < m, then Σ(G) ≤ 2n2 + 12m− 24n+ 28 with equality if and only if G is isomorphic to Q(n,m), or G0 when
(n,m) = (6, 10), or G1 when (n,m) = (7, 15), or G2 when (n,m) = (8, 18).

Proof. (i) Since G is connected, n− 1 ≤ m. Hence, the proof directly follows from Lemma 2.1 along with Theorems 2.5 and
2.7 of [18] because the graphs N(n,m) and N(n) are planar.

(ii) Let v be a minimum degree vertex of G. Since G is planar, dv ≤ 5. Then Σ(Q(n,m)) = 2n2 + 12m− 24n+ 28 and we have
to prove that

Σ(G) ≤ Σ(Q(n,m)). (1)

We proceed by induction on n. If n = 5 then 7 < m < 10 since G is planar. If m = 8, then G is isomorphic to the wheel
graph W5 or Q(5, 8), and we have Σ(W5) < Σ(Q(5, 8)). If m = 9, then G is isomorphic to a graph Q(5, 9). Therefore, the base
case of the induction holds.

Case (1): dv ≤ 3. Let G′ be the graph obtained by deleting the vertex v from G. Then

Σ(G) = Σ(G′) + d2v +
∑

u∈N(v)

d2u −
∑

u∈N(v)

(du − 1)2 = Σ(G′) + d2v − dv + 2
∑

u∈N(v)

du (2)

and the number of vertices and edges of G′ are n− 1 and m− dv, respectively. Obviously, G′ is planar.
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First, we let dv ≤ 2. Then 2(n− 1)− 3 < m− dv. Thus by induction hypothesis, we have Σ(G′) ≤ Σ(Q(n− 1,m− dv)) and
it follows that

Σ(G) ≤ Σ(Q(n− 1,m− dv)) + d2v − dv + 2
∑

u∈N(v)

du

= Σ(Q(n,m))− 4n+ d2v − 13dv + 26 + 2
∑

u∈N(v)

du (3)

from the relations (2). In order to get the inequality (1), it is sufficient to show that

d2v − 13dv + 2
∑

u∈N(v)

du ≤ 4n− 26. (4)

If dv = 1, then the inequality in (4) is strict for n > 6. Now consider n = 5 and n = 6, which yield the edge ranges
7 < m ≤ 9 and 9 < m ≤ 12, respectively. Thus, it is easy to see that there is no planar (n,m)-graph G except in the specific
case where (n,m) = (6, 10) since ∑

u∈V (G′)

= 2(m− 1).

If (n,m) = (6, 10) then there is only one graph G′ with degree sequence 4332 and it follows that G ∼= G0 and the equality
holds in (1) for G0 (see Figure 2.2).

Figure 2.2: Extremal planar graphs G0, G1 and G2, respectively.

If dv = 2, then we get the inequality (1) and the equality holds if and only if the neighbors of v have degrees n− 1. On the
other hand the equality in (3) holds if and only if G′ is isomorphic to Q(n− 1,m− 2). Hence we conclude that the equality in
(1) holds if and only if G ∼= Q(n,m).

Let now dv = 3. Then from (2) and 2n− 3 < m, we get

Σ(G) ≤


Σ(N(n− 1, 2n− 5)) + 6 + 2

∑
u∈N(v)

du, if m = 2n− 2,

Σ(Q(n− 1,m− 3)) + 6 + 2
∑

u∈N(v)

du, if m > 2n− 2
(5)

by (i) and induction hypothesis, respectively. Let x, y, z be neighbor vertices of v. Then

|N(x) ∩N(y)|+ |N(x) ∩N(z)|+ |N(y) ∩N(z)| − 2|N(x) ∩N(y) ∩N(z)| ≤ n.

On the other hand |N(x) ∩N(y) ∩N(z)| ≤ 2 because G does not contain K3,3 as a subgraph. Therefore by inclusion and
exclusion criteria, we get n ≥ |N(x) ∪ N(y) ∪ N(z)| ≥ |N(x)| + |N(y)| + |N(z)| − n − 2 ≥ dx + dy + dz − n − 2, that is,
dx + dy + dz ≤ 2n+ 2.

Let m = 2n− 2. If dx + dy + dz = 2n+ 2, then

4n− 4 =
∑

u∈V (G)

du ≥ 2n+ 5 + 3(n− 4),

which contradicts n ≥ 5. Similarly, if dx+dy+dz = 2n+1, then we get a contradiction. Hence dx+dy+dz < 2n+1. Then from
the first inequality in (5), we get Σ(G) < Σ(Q(n, 2n−2)) since Σ(N(n−1, 2n−5)) = 2n2−4n−4 and Σ(Q(n, 2n−2)) = 2n2+4.
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Consider now the case m > 2n− 2. Then from the second inequality in (5), we get Σ(G) ≤ Σ(Q(n,m)) since

Σ(Q(n− 1,m− 3)) = Σ(Q(n,m))− 4n− 10

and dx + dy + dz ≤ 2n+ 2. Assume that Σ(G) = Σ(Q(n,m)). We must then have dx + dy + dz = 2n+ 2, hence, the minimum
vertex degree of G′ is still at least 3. Also, we have Σ(G′) = Σ(Q(n − 1,m − 3)). Let n = 6. From the base case of the
induction, we only have G′ ∼= Q(5, 9), whose degree sequence is 4332. Thus, G ∼= Q(6, 12), which has the degree sequence is
524232 since the sum of the degrees of the neighbors of v ∈ V (G′) equals 11. Hence, if n = 7 then G′ ∼= Q(6, 12). Since the
sum of the degrees of the neighbors of v ∈ V (G′) equals 13, G has the degree sequence 624332 or 615333. Thus G ∼= Q(7, 15)

or G ∼= G1 (see Figure 2.2). Similarly, we obtain G ∼= Q(8, 18) or G ∼= G2 when n = 8 (see Figure 2.2). Namely, the degree
sequence of a graph G such that Σ(G) = Σ(Q(n,m)) can be constructed inductively as follows:

4332 → 524232 →

624332 → 724432 → 824532 → · · · → (n− 1)24n−432

615333 → 6434.

Hence, we conclude that the equality in (1) holds if and only if G is isomorphic to Q(n,m), or G1 when (n,m) = (7, 15), or
G2 when (n,m) = (8, 18).

Case (2): dv = 4. Let x, y, z and t be neighbor vertices of v. Since G is planar, it does not contain K5 as a subgraph. Therefore,
there exist two nonadjacent neighbors of v, say x and y. Let G′ be the obtained graph from G by deleting the vertex v and
adding the edge xy. Then the number of edges of G′ is m− 3 and

Σ(G) = Σ(G′) + 2(dz + dt) + 14 ≤

Σ(N(n− 1, 2n− 5)) + 2(dz + dt) + 14, if m = 2n− 2,

Σ(Q(n− 1,m− 3)) + 2(dz + dt) + 14, if m > 2n− 2

=

Σ(Q(n, 2n− 2))− 2(2n− 3− dz − dt), if m = 2n− 2,

Σ(Q(n,m))− 2(2n− 2− dz − dt), if m > 2n− 2
(6)

by (i) and induction hypothesis, respectively.
Let m = 2n− 2 and dz + dt ≥ 2n− 3. Then 4n− 4 =

∑
u∈V (G) du ≥ 2n+ 1 + 4(n− 3) dz ≤ n− 2 and but we have n ≥ 5.

Hence dz + dt < 2n− 3 and it follows that Σ(G) < Σ(Q(n, 2n− 2)).
Let now m > 2n− 2. Then from the second inequality in (6), we get Σ(G) ≤ Σ(Q(n,m)) since dz ≤ n− 1 and dt ≤ n− 1.
Suppose now that equality holds in (6). Then dz = dt = n − 1 and it follows that the minimum degree of G′ is again

4. On the other hand G′ is isomorphic to Q(n− 1,m− 3) and its minimum degree is 2 or 3. This is a contradiction, and
therefore the inequality in (6) is strict.

Case (3): dv = 5. Let x, y, z, t, u be the neighbors of v. Since the subgraph induced by {x, y, z, t, u} is not isomorphic to K5,
there exist two nonadjacent vertices among them, say x and y. If xz, xt, xu ∈ E(G) and yz, yt, yu ∈ E(G), then the subgraph
induced by {x, y, z, t, u} is isomorphic to K2,3 and it follows that G contains K3,3 as a subgraph induced by {v, x, y, z, t, u}.
Suppose that xz /∈ E(G). Then consider the graph G′ obtained form G by deleting the vertex v and adding the edges xy and
xz. Then the number of edges of G′ is m− 3 and

Σ(G) = Σ(G′) + 2(dt + du − dx) + 22

≤

Σ(N(n− 1, 2n− 5)) + 2(dt + du − dx) + 22, if m = 2n− 2,

Σ(Q(n− 1,m− 3)) + 2(dt + du − dx) + 22, if m > 2n− 2

=

Σ(Q(n, 2n− 2))− 2(2n− 7− dt − du + dx), if m = 2n− 2,

Σ(Q(n,m))− 2(2n− 6 + dx − du − dt), if m > 2n− 2
(7)

by (i) and induction hypothesis, respectively. Similarly as in the above cases, we easily show that the inequalities in (7) are
strict. This completes the proof.

Any planar graph G can be transformed into a maximal planar graph by adding edges, which increases the sum of the
squares of the vertex degrees. Hence, one of the main results in [17] follows directly from Theorem 2.1:

Corollary 2.1. Let G be a simple planar graph of order n ≥ 5. Then Σ(G) ≤ 2n2 + 12n− 44 with equality if and only if G is
isomorphic to Q(n, 3n− 6), or G1 when n = 7, or G2 when n = 8.
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Figure 2.3: Planar graphs with degree sequences 51 45 31, 61 512 41, 61 58 42, 61 510 42, 62 510 41 and 62 512 41, respectively.

3. Degree Sequences of Planar Graphs With Minimum Σ-Value

Let π = (d1, d2, . . . , dn) be a non-increasing sequence of positive integers. If d1 − dn = k then the sequence π is called
k-sequence. If

∑n
i=1 di ≤ 6n − 12, then π is called an Euler sequence. If there exists a simple (planar) graph having π

as its vertex degree sequence, then π is called (planar) graphical. Hawkins et al [13] determined which graphical Euler
0-sequences are planar graphical.

Lemma 3.1. Every graphical Euler 0-sequence is planar graphical except 47 and 514.

Schmeichel and Hakimi [16] determined completely which graphical Euler 1-sequences are planar graphical. Their
result is the following.

Lemma 3.2. Every graphical Euler 1-sequence is planar graphical except for 51041, 51241, 61512, and 61514.

Theorem 3.1. Let G be a simple planar (n,m)-graph. Let Σ(G) be minimum among all simple planar (n,m)-graphs.

(i) If (n,m) is different from (7, 14), (14, 35), (11, 27), (13, 32), (13, 33) and (15, 38), then the degree sequence of G is a
0-sequence when 2m is divisible by n, otherwise a 1-sequence.

(ii) If (n,m) = (7, 14), (14, 35), (11, 27), (13, 32), (13, 33) and (15, 38) then the degree sequence of G is 51 45 31, 61 512 41, 61 58 42,
61 510 42, 62 510 41 and 62 512 41, respectively.

Proof. Let π = (d1, d2, . . . , dn) be the non-increasing degree sequence of G. Let q and r be positive integers such that
2m = nq + r and 0 ≤ r < n. Denote by π′ the sequence (c1, c2, . . . , cn), where c1 = · · · = cr = q + 1 and cr+1 = · · · = cn = q.
(i) Suppose that π is not 0-sequence and 1-sequence, i.e., π is different from π′. Then there exists a positive integer k such
that

d1 ≥ d2 ≥ · · · ≥ dk ≥ q + 1 > q ≥ dk+1 ≥ · · · ≥ dn (8)

since
∑n

i=1 di =
∑n

i=1 ci = 2m. Obviously, d1 + d2 + · · ·+ di ≥ c1 + c2 + · · ·+ ci for all 1 ≤ i ≤ k. Suppose that

d1 + d2 + · · ·+ dj < c1 + c2 + · · ·+ cj (9)

for some k + 1 ≤ j ≤ n. Then from (8) and ct ≥ q for all t, it follows that

dj+1 + dj+2 + · · ·+ dn ≤ q(n− j) ≤ cj+1 + cj+2 + · · ·+ cn. (10)

From (9) and (10), we have
∑n

i=1 di <
∑n

i=1 ci and a contradiction. Hence π majorizes π′ and it follows
∑n

i=1 c
2
i <

∑n
i=1 d

2
i by

the Karamata’s inequality and d1 − dn ≥ 2. If π′ is planar graphical, then it contradicts to the fact that Σ(G) is minimum
among all simple planar (n,m)-graphs. Thus π = π′. On the other hand, by Lemma 3.1 and Lemma 3.2, π′ is planar
graphical except for (m,n) = (7, 14), (14, 35), (11, 27), (13, 32), (13, 33) and (15, 38).
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(ii) Let Sn,m be the set of positive integer sequences of length n whose elements sum to 2m. Then from the proof of part (i),
we conclude that the sums of squares of the elements of 47, 514. 51041, 51241, 61512 and 61514 are the smallest in Sn,m when
(n,m) = (7, 14), (14, 35), (11, 27), (13, 32), (13, 33) and (15, 38), respectively. By using Matlab we obtain the second smallest
elements in Sn,m for each case, namely 51 45 31, 61 512 41, 61 58 42, 61 510 42, 62 510 41 and 62 512 41. These sequences are all
planar graphical (see Figure 2.3). This completes the proof.

A fullerene graph is a 3-connected cubic planar graph whose faces are only pentagons and hexagons, modeling carbon
cage molecules. By Euler’s formula, every fullerene contains exactly 12 pentagonal faces. Fullerenes exist for all even
numbers of vertices n ≥ 24 and also for n = 20. The dual graph of a fullerene with n vertices is maximal planar with n/2+ 2

vertices. Hence we have the following results from Theorem 3.1 . For 5 ≤ n ≤ 13 and n ̸= 12, maximal planar graphs of
order n with minimum Σ-value are illustrated in Table 1,

Table 1. Degree sequences of maximal planar graph of order n, where 5 ≤ n ≤ 13 and n ̸= 12.

(n, 3n− 6) (5, 9) (6, 12) (7, 15) (8, 18) (9, 21) (10, 24) (11, 27) (13, 33)

Degree sequence 4332 46 5245 5444 5643 5842 615842 6251041

Corollary 3.1. Let G be a maximal planar graph of order n with minimum Σ(G), where n ≥ 12 and n ̸= 13 . Then G is the
dual graph of a fullerene.

4. Conclusion

In this paper, we have completely characterized the extremal graphs maximizing the first Zagreb index within the class of
simple planar (n,m)-graphs. The first and second Zagreb indices have been extensively studied together in the literature.
Fully resolving the corresponding maximization problem for the second Zagreb index (as well as other vertex-degree-based
topological indices) remains an intriguing open challenge.
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