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Abstract

A graph is orderenergetic if its energy is equal to its order. The direct product of graphs offers a simple way of creating new
orderenergetic graphs from existing orderenergetic graphs. We show here that two unary graph operations introduced by
Joseph in [MATCH Commun. Math. Comput. Chem. 87 (2022) 703—-715] and [MATCH Commun. Math. Comput. Chem.
89 (2023) 665—686] for the construction of orderenergetic graphs are in fact unrecognized direct products with two specific
graphs. We also briefly discuss an overlooked possibility for constructing new orderenergetic graphs as direct products of
non-orderenergetic graphs.
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1. Introduction

The non-complete extended p-sum (NEPS) of graphs was defined by Cvetkovié¢ [3] already in his PhD thesis back in the
1970s. The following definition is taken from [4] with a minor modification.

Definition 1.1. Let B be a set of binary n-tuples, i.e., B C {0,1}" —{(0,...,0)} such that for every i = 1,...,n there exists
B € Bwith B, = 1. The NEPS of graphs G1,...,G, with the basis B, denoted by NEPS(G1,...,G,;B), is the graph with
the vertex set V(G1) x --- x V(G,,), in which two vertices (u1,...,u,) and (v1,...,v,) are adjacent if and only if there exists
(B1,.-.,0n) € B such that u; is adjacent to v; in G; whenever 3; = 1, and u; = v; whenever 3; = 0.

Most prominent special cases of NEPS are the direct product
G x H =NEPS(G, H;{(1,1)})
and the Cartesian product (also called the sum of graphs)
G + H = NEPS(G, H; {(1,0),(0,1)}).
One of the most useful properties of NEPS is that its adjacency eigenvalues are explicitly related to those of its factors.

Theorem 1.1 ([4, Theorem 2.21]). NEPS(GY4,...,Gy; B) has adjacency mairix
A= ZA?@...@AQ»%,
peB

where A; is the adjacency matrix of G; and ® denotes Kronecker product of matrices.

Theorem 1.2 ([4, Theorem 2.23]). The spectrum of NEPS(Gh, ..., Gy; B) consists of all possible values A given by
A=Y Af
BeEB
where \; is an arbitrary adjacency eigenvalue of G;, i =1,...,n.
Remark 1.1. While it is customary in literature to consider simple graphs only, note that the above results continue to

hold when the factors of NEPS are also weighted graphs or directed graphs or contain loops (with a single loop at a vertex
indicated by 1 at the corresponding diagonal entry of adjacency matrix).
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From Theorem 1.2 we have that each eigenvalue of G x H is equal to the product Ay, while each eigenvalue of G + H
is equal to the sum )\ + pu of an eigenvalue A of G and an eigenvalue p of H. If \1,..., )\, denote the eigenvalues of simple
graph G, then its energy is defined [6] (see also [11]) as

E(G) =) Ixnil. 1)
i=1

It is now straightforward to see that, since the eigenvalues of G x H are the products \;;, we have

2 Pl = (ZM) bl |

which yields
E(Gx H)=E(GE(H). (&)

It is a bit less straightforward to see that the direct product is actually the only instance of NEPS for which its energy can
be represented as a function of energy of its factors [19].

Graphs whose energy is simply related to their order received a lot of attention in literature. Here we are interested in
orderenergetic graphs, defined by Akbari et al. [1] as simple graphs whose energy is equal to their order. They have already
received considerable interest in literature [9, 10,12-16, 18], with a main focus on identification of examples of such graphs
obtained with various graph operations. Eq. (2) implies that the direct product G x H of two orderenergetic graphs G and H
is also orderenergetic. Akbari et al. [1, Problem 19] therefore posed the problem to find a method for constructing connected
orderenergetic graphs without using the direct product. Here we show that some of the constructions of orderenergetic
graphs, recently proposed in response to this problem, still represent special cases of the direct product of graphs only.

Remark 1.2. It is important to note that the definition (1), representing the energy as the trace norm of its adjacency
eigenvalues, refers to simple graphs only. In cases when matrix M associated to graph G may have non-zero trace, the energy
is still defined as the trace norm, but only after the eigenvalues of Mg are shifted by their average. For example, Laplacian
energy is defined in [8] as

n

2m
LE(G) = i— —1,
(e) z_; =
where ji1, ..., iy are Laplacian eigenvalues of G, while the energy of a graph with o loops attached at its vertices is defined
in[7]as
g
£(G) = &f{.
(@) ; ~

Hence the relation £(G x H) = £(G)E(H) no longer holds if, say, graph G contains loops. Nevertheless, the direct product of
a graph G with loops and a simple graph H is still a simple graph (it has no loops). The energy of G x H is therefore the
standard energy of a simple graph, and the multiplicative formula £(G x H) = Y7 |\|E(H) still holds, where \; are the
adjacency eigenvalues of G. To avoid confusion, for a graph G with loops, we will use £*(G) = >, |\;| to denote the sum of
absolute values of its adjacency eigenvalues.

2. Two Unrecognized Direct Products

Joseph [9,10] introduced two “new” unary graph operations for construction of orderenergetic graphs.

Definition 2.1 ([9]). Let G be a graph with order n and number of edges m. Take p copies of G, denoted by G, for 1 <1i < p,
and take ng number of isolated vertices for some positive integer q. Name the n vertices of G; as V; = {vij1,vi2, ..., Vin}, for
1 <i < p. Let the isolated vertices be named as {u;}, where1 < j < qand 1 <k <n. Then construct a new graph H from
the graphs {G,} and the isolated vertices {u;} as follows.

1. The vertex set of H is the union of the vertices in G; and the isolated vertices {u;}.
2. The edge set of H contains all the edges in G;’s . In addition to these edges, the following two types edges will be added
in the edge set of H. If v;; is adjacent to v, in G; for 1 <i < p, then
e add the edges {v;;, v} and {vir,vi;} forall 1 <1 <nandl#i, i.e., add edges from v;; to every k™ vertex in G for
I # i and from v;, to every j*" vertex in G, for | # i.

e add the edges {v;;, w;;} and {vy,w;} forall1 <1 <gq.
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A careful interpretation of this definition reveals a particular direct product hidden in it. Let CS;, 4 be a complete split
graph that consists of a clique on vertices ¢y, ..., c,, with a loop attached at each vertex ¢;, and an independent set on
vertices s1,...,5s,, so that ¢; and s; are adjacent for each 1 < i < p and each 1 < j < ¢. Vertex v;; then corresponds to
the pair (¢;, k), while vertex u;; corresponds to the pair (s;, k), where k is a vertex of G. The vertex set of H consist of all
vertices vy, and u;x, which corresponds to V(CS,\,) x V(G). The edge set of H consist of:

¢ all edges of G;’s, which corresponds to the edges between pairs (¢;, j) and (¢;, k), where ¢; is adjacent to ¢; in CS; o, due
to the attached loop, and j is adjacent to k in G;

* edges {vi;, v} and {v;;, v} for i # [ where v;; is adjacent to v;;, in G;, which corresponds to the edges between pairs
(c;,j) and (¢, k) for each pair (of adjacent vertices) ¢;, ¢; in CS; , and each pair j, k of adjacent vertices in G;

* edges {v;;, w} and {vix,w;; } for all 1 <[ < ¢, which corresponds to the edges between pairs (c;, j) and (s;, k) for each
pair (of adjacent vertices) ¢;, s; in CS; o, and each pair j, k of adjacent vertices in G.

Hence H is nothing else but the direct product of C'S;;, and G. Graph CS;f itself is a join of the complete graph K/, with a
loop attached at each vertex, and the empty graph K,. Since both of these graphs are regular, the following theorem of
Finck and Grohmann [5] enables us to quickly determine the spectrum of C S;f .

Theorem 2.1. If G, is a regular graph of degree r; and order n; for i = 1,2, then the characteristic polynomial of the join

G1V Gy is equal to
()\ — 7“1)()\ — 7"2) — NNy

()\ — 7“1)()\ — 7“2)

The complete graph K, has the all-one matrix as its adjacency matrix, hence PK; (A\) = (A — p)AP~L. The empty graph

Pg,va,(A) = Pg, (M) Pg, (M)

K, has the zero matrix as its adjacency matrix, hence Pr—()\) = X’. Therefore

Pogi (A) = APF2 (02 — pA — pqg),

so C'S;} has simple eigenvalues % (p ++/plp+ 4q)) and eigenvalue 0 of multiplicity p + g — 2, as well as the sum of absolute

eigenvalues
E(CSyq) = V(v +49). 3)

These observations directly imply Theorems 1 and 3 from Joseph’s paper [9].
Joseph introduced another unary operation in [10].

Definition 2.2 ([10]). Let G be a graph of order n with the vertex set V(G) = {1,...,n}. Given any two positive integers
p=p1+p2+p3and g = q1 + g2 + g3, where p;’s and q;’s are non-negative integers, a new graph H is constructed from G as
follows.

1. The vertex set of H is
VH)={u;j: 1<i<p,1<j<n}U{vy:1<k<q1<1I<n}

2. The edges in H are obtained as follows. Let (j, k) be an edge of G, then

the edges (u;;,u;,) € E(H) for all 1 <i < pi + pa,

(
the edges (vi;j,vir,) € E(H) forall 1 <i < g + ¢o,
the edges (ui;,wy) € E(H) forall 1 <i<p;, 1 <1< py, 1 #4,
(
(
(

the edges (vi;,vix) H)forall1<i<q, 1 <1< qy, 1 #1,

€ E(H)
the edges (u;;,vix) € E(H) forall 1 <1<gq, 1<i<p,
€ E(H)

e the edges (ui,vi;) H)forall1<1<q 1<i<p.

Another careful interpretation shows that this definition also represents a direct product of a particular graph and G,
except that this particular graph is now a bit more complicated to define. Let A = {a1,...,a,} and B = {b1,...,b,} be two
disjoint sets of vertices. Form the subsets:

Al:{alv"'vam}’ AQ:{apl-‘rlv"'vam-i-pz}’
By ={b1,...,bg }, By = {bgy4+1s---:bg14qs }-
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Let Cji1+42-93 be the complete bipartite graph on AU B, with A as one part and B as another part. Add new edges between
the vertices of A; to make A; a clique. Similarly, add new edges between the vertices of B; to make B; a clique as well.
Finally, attach a loop at each vertex of A; U A U By U Bs. The vertex u;; of H then corresponds to the pair (a;, j), while vy,

corresponds to the pair (by,!), where j and [ are vertices of G. Since in all cases {j, k} € F(G):

* the first two edge types correspond to edges between (c, j) and (c, k) in Cl1 229 x G, thanks to the loop attached at
each vertex c € A1 U Ay U By U Bo,

¢ the third edge type corresponds to edges between (a;, j) and (a;, k) in C9:92:% x G, thanks to a clique on A;, while

P1,P2,P3

* the fourth edge type corresponds to edges between (b;,j) and (b, k) in C1#2% x G, due to a clique on B; and
{J,k} € E(G).

* the last two edge types correspond to edges between (a, j) and (b, k), as well as between (a, k) and (b, j), in CJ122%3 x G
for each a € A and b € B, due to a complete bipartite subgraph between A and B.

Hence H is again nothing else but the direct product Cjl1:22'%3 x G. Joseph determined the spectrum of C!»72-%: in [10,
Theorem 1], although it could have been done in a more straightforward way by partitioning its full eigenspace into the
eigenvectors whose entries sum to zero within each of the blocks A;, A, A3, B, B2, B3, and the eigenvectors which are
constant on each of these blocks. The first type of eigenvectors lead to eigenvalues 1 of multiplicity (p; — 1) + (¢2 — 1) and 0

of multiplicity (p1 — 1) + (ps — 1) + (¢1 — 1) + (¢35 — 1). The second type of eigenvectors lead to the divisor matrix

pr 0 0 pr p1om
0 1 0 p2 p2 p2
0 0 0 p3 p3s p3
@1 @1 ¢ ¢ 0 0
@2 ¢ g 0 1 0
@3 g3 g3 0 0 O

whose characteristic polynomial then yields the remaining six eigenvalues. To conclude this section, both unary graph
operations introduced by Joseph [9, 10] turn out to actually be unrecognized direct products with graphs from two very
specific families. It is fair to point out, as highlighted by an anonymous reviewer, that since these specific families contain
loops, they are not simple graphs. Thus, if one restricts strictly to the domain of simple graphs, Joseph’s operations do
indeed avoid the direct product of two simple graphs, answering the open problem from [1] in a strict sense. However, their
fundamental nature is undeniably that of a direct product in the broader context of graphs with loops. We leave as an
exercise to the reader to show that yet another unary operation for constructing orderenergetic graphs, recently introduced
in [13, Section 3], also represents a special case of the direct product—answer to this exercise is visible from Theorem 1.1
and the formula for adjacency matrix of this operation given in [13, p. 4].

3. Products of Non-Orderenergetic Graphs May be Orderenergetic

While it is well known, thanks to Eq. (2), that the direct product of two orderenergetic graphs is again orderenergetic (see,
e.g.,[1, Lemma 5]), it appears that a simple observation that the direct product of non-orderenergetic graphs G and H can
also be orderenergetic, has not been examined in literature so far. All one needs for G x H to be orderenergetic is that

£(G) &)
V(&) V(H)

=1 4

To correct for this previously overlooked observation, here we will shortly point out a few new families of orderenergetic
graphs that can be obtained in this way. We will rely on three simple graph families for which energy may be easily
expressed in terms of their parameters:

¢ complete bipartite graphs K, ,, for which
E(Kpmn) 2/mn )

V(Kmn) m+n’

* balanced complete multipartite graphs K; ¢ for which [21]
——

n times

= =2-=, (6)
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* complete split graphs C'S;7, with loops at clique vertices for which from Eq. (3)

E"(CSha) _ /(o +49)
[V (CSyl p+q

It is now straightforward to see that the following direct products of non-orderenergetic graphs yield orderenergetic
graphs.

Proposition 3.1. Ko, s x K111+ is orderenergetic graph for all s,t > 1.

Note that the Diophantine equation

2ypq (2_2) _
p+q n

that stems from Eq. (4) for KX, , and Ky o ot has infinitely many solutions. It can be easily seen by setting = /p/q, which
——

n times

reduces it to the quadratic nz? — 4(n — 1)z +n = 0. A rational solution x then leads to integer choices for p and ¢. In order
for this quadratic to have rational solutions, its discriminant must be a perfect square, which leads to a Pell-type equation
(3n — 4)? — 3m? = 4 that has infinitely many solutions. For example, the next feasible choice of parameters that yields
orderenergetic direct product is
Kiois s X Ky ¢
——

66 times

Proposition 3.2. K, 35 x CS;FM is orderenergetic graph for all s,t > 1.

Computational search—whether by exhaustive enumeration over a suitably restricted domain or by optimization-based
exploration—has become a ubiquitous tool for discovering illustrative examples and counterexamples in literature [2,17, 18,
20,22-28]. Interestingly, however, when exhaustive enumeration was applied to the Diophantine equation

2ymn Vplp+4q) _

m-+n p+q

that stems from Eq. (4) for K, , and CS;}

P’
yielded only the following solutions with 1 < m,n,p,q < 10°:

additionally requiring primitive solutions with ged(m,n) = ged(p,q) = 1, it

* (m,n,p,q) = (1,1,1,2), leading to orderenergetic factors K ; and CS;TQt,
* (m,n,p,q) =(1,3,2,1), leading to the family in the above proposition, and
* (m,n,p,q) = (3,1,2,1), which is isomorphic to the previous family.

Although no theoretical proof has been found, this is a strong indicator that the above quadruplets are most probably the
only primitive solutions.

Proposition 3.3. K; ;X CSY,, is orderenergetic graph for all t, s> 1.
14 ti

The Diophantine equation
2 4
<2> plp+49) _
n p+q

that stems from Eq. (4) for Kt oot and C'S;} also has infinitely many solutions. Setting z=p/q and r = 5" reduces it to
——

n times
the quadratic (1 — 72)z2 + (4 — 2r?)z — r2=0, whose discriminant is A(n) = 13"(271__#. Setting further a = 13n — 16 and
b? = 13n? — 32n + 16 yields Pell-type equation a? — 13b> = 48 that has infinitely many solutions. The above solution n = 14,

q = 12p stems from (a,b) = (166,46). A few other small solutions that yield orderenergetic graphs Ky 1% CS; o are:
——

n times

* ¢=1024,b=284 = n=80,p=16s,q=221sfors € Z,,
* ¢=19744,b=5476 = n=1520,p=100s,q=1419s for s € Z,

* ¢=121846,b=33794 = n=9374,p=1849s, ¢=26270s for s € Z, .
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As a final remark, let us mention that the fact that G x H does not contain loops as long as not both G and H contain
loops, does not seem to be exploited in literature either. Allowing for loops in one factor, the simplest example is probably
obtained by taking the complete graph of order n with a loop attached at each vertex, denoted K'. Its adjacency matrix is
the all-one matrix with a simple eigenvalue n and eigenvalue 0 of multiplicity n — 1. While K! itself is not an orderenergetic
graph under the proper energy definition for graphs with loops [7], the sum of absolute values of its adjacency eigenvalues
equals its order, £*(K,") = n = |V(K,)|. Consequently, K,;” x G is an orderenergetic simple graph whenever G is an
orderenergetic simple graph. Note only that K;" x G allows very simple reinterpretation as that of taking n copies of G,
denoting their vertices as u; = (u, i) withu € V(G) and i € {1,...,n}, with two vertices u; and v; adjacent whenever v and v
are adjacent in G, possibly also hiding its direct product structure from a less attentive reader.

References

[1] S. Akbari, M. Ghahremani, I. Gutman, F. Koorepazan-Moftakhar, Orderenergetic graphs, MATCH Commun. Math. Comput. Chem. 84 (2020) 325-334.

[2] P. Csikvari, I. Damnjanovié, M. MiloSevié, I. Stankovi¢, D. Stevanovi¢, Classification of borderenergetic chemical graphs and borderenergetic graphs of order 12, Discrete
Appl. Math. 376 (2025) 394—403.

[3]1 D. Cvetkovié, Graphs and their spectra (Grafovi i njihovi spektri) (Thesis), Univ. Beograd Publ. Elektrotehn. Fak. Ser. Mat. Fiz. 354-356 (1971) 1-50.

[4] D. Cvetkovié, M. Doob, H. Sachs, Spectra of Graphs: Theory and Application, Academic Press, New York, 1980.

[6] H.J. Finck, G. Grohmann, Vollstandiges Produkt, chromatische Zahl und charakteristisches Polynom regulédrer Graphen, I. Wiss. Z. TH Ilmenau 11 (1965) 1—3.

[6] I. Gutman, The energy of a graph, Ber. Math.—Statist. Sekt. Forschungszentrum Graz 103 (1978) 1-22.

[7]1 1. Gutman, T. RedZepovié, B. Furtula, A. Sahal, Energy of graphs with self-loops, MATCH Commun. Math. Comput. Chem. 87 (2022) 645-652.

[8] I. Gutman, B. Zhou, Laplacian energy of a graph, Linear Algebra Appl. 414 (2006) 29-37.

[9] S.P.Joseph, A graph operation and its applications in generating orderenergetic and equienergetic graphs, MATCH Commun. Math. Comput. Chem. 87 (2022) 703-715.
[10] S. P. Joseph, Several methods for generating families of orderenergetic, integral and equienergetic graphs, MATCH Commun. Math. Comput. Chem. 89 (2023) 665—686.
[11] X. Li, Y. Shi, I. Gutman, Graph Energy, Springer, New York, 2012.

[12] Q.P.Li, L. W. Tang, Q. Y. Lin, M. G. Lin, Construction of orderenergetic graphs, MATCH Commun. Math. Comput. Chem. 92 (2024) 729-738.

[13] Q.P. Li, L. W. Tang, Q. Y. Lin, M. G. Lin, A new family of multipartition graph operations and its applications in constructing several special graphs, Symmetry 17 (2025)
#467.

[14] B. R. Rakshith, K. C. Das, On orderenergetic graphs, MATCH Commun. Math. Comput. Chem. 92 (2024) 73-88.

[15] H. S. Ramane, B. Parvathalu, K. Ashoka, Energy of extended bipartite double graphs, MATCH Commun. Math. Comput. Chem. 87 (2022) 653—660.
[16] H. S. Ramane, B. Parvathalu, K. Ashoka, Energy of strong double graphs, J. Anal. 30 (2022) 1033-1043.

[17] I. Stankovi¢, M. Milosevié, D. Stevanovi¢, Small and not small equienergetic graphs, MATCH Commun. Math. Comput. Chem. 61 (2009) 443-450.

[18] I. Stankovié¢, M. MiloSevié, D. Stevanovié¢, On complete multipartite orderenergetic graphs, MATCH Commun. Math. Comput. Chem. 92 (2024) 739-749.
[19] D. Stevanovi¢, Energy and NEPS of graphs, Linear Multilinear Algebra 53 (2005) 67—74.

[20] D. Stevanovié¢, M. Ghebleh, G. Caporossi, A. Vijayakumar, S. Stevanovié¢, On regular triangle-distinct graphs, Comput. Appl. Math. 43 (2024) #336.

[21] D. Stevanovi¢, I. Gutman, M. U. Rehman, On spectral radius and energy of complete multipartite graphs, Ars Math. Contemp. 9 (2015) 109-113.

[22] D. Stevanovié, I. Stankovié, M. MiloSevié¢, More on the relation between energy and Laplacian energy of graphs, MATCH Commun. Math. Comput. Chem. 61 (2009)
395-401.

[23] S. Stevanovié, On a relation between the Zagreb indices, Croat. Chem. Acta 84 (2011) 17—19.

[24] S. Stevanovié, Optimal rammed earth wall thickness for a single-family house in Serbia, In: Proc. Ist International Conference on Rammed Earth Conservation ResTAPIA
2012, CRC Press/Balkema, London, 2012, 223-228.

[25] S. Stevanovié, D. Stevanovi¢, Optimisation of curvilinear external shading of windows in cellular offices, PLoS ONE 13 (2018) #e0203575.

[26] S. Stevanovié, D. Stevanovi¢, On distance-based topological indices used in architectural research, MATCH Commun. Math. Comput. Chem. 79 (2018) 659-683.

[27] S. Stevanovié, D. Stevanovié, A walk-regular graph, cospectral to its complement, need not be strongly regular, Discrete Math. 346 (2023) #113566.

[28] S. Stevanovié¢, D. Stevanovié, M. Dehmer, On optimal and near-optimal shapes of external shading of windows in apartment buildings, PLoS ONE 14 (2019) #e0212710.



	Introduction
	Two Unrecognized Direct Products
	Products of Non-Orderenergetic Graphs May be Orderenergetic

