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Abstract

We prove that the maximum size of a family of k-element subsets of the set [n] = {1,2,...n} which contains no singleton
intersection is (Z:;) when 3k — 3 < n < k% — k + 1. This improves upon a recent result of Cherkashin [Discrete Math. Lett.
14 (2024) 85-88]. Our proof uses Schrijver’s variant of the Lovasz number and furnishes an infinite family of graphs where
the Schrijver variant of the Lovasz number is strictly smaller than the Lovdsz number. As a consequence of our result and a
recent result of Keller and Lifshitz [Adv. Math. 392 (2021) #107991], it follows that for k sufficiently large, the maximum
size of a k-uniform family on [n] containing no singleton intersection is (2:5) for all n > 3k — 3, which is the best possible
threshold.
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1. Introduction

For positive integers n and k, we denote the family of k-element subsets of [n] := {1,2,...,n} by ([Z]). A family of sets
F C ([Z]) is t-intersecting if for all distinct F, F’ € F, it holds that |FF N F’| > t. In the case that ¢ = 1, the family is called
intersecting. The classical Erdés—Ko—Rado theorem [7] shows that the maximum size of an intersecting family is (’;:})
when n > 2k and that the maximum size of a t-intersecting family is (2::) when n is sufficiently large.

There has been much work done both on refining the original results of Erdés, Ko and Rado for intersecting families
and on extending the results to new settings. Many questions in extremal combinatorics which are extensions of the
Erdés—Ko—Rado theorem can be phrased as determining the maximum size of an (n, k, L)-system.

Definition 1.1 ((n, k, L)-system). Let n and k be positive integers and let L be a set of integers such that L C [0,k — 1]. Then
a family of sets F C ([Z]) is an (n, k, L)-system if for all distinct F, F' € F, it holds that |F N F'| € L.

It is often convenient to study independent sets of the generalized Johnson graph G(n,k,L) instead of studying
(n, k, L)-systems directly.

Definition 1.2 (Generalized Johnson graph). Let n and k be positive integers and let L be a set of integers such that
L C [0,k — 1]. The generalized Johnson graph G(n, k, L) is the graph with V(G(n,k,L)) = ([Z]) and AB € E(G(n,k,L)) <=
|ANB| ¢ L.

If L ={0,1,...,k — 1} \ {¢}, then we write G(n, k, () in place of G(n,k,{0,1,...,k—1}\ {£}).

Note that by definition the independent sets in the graph G(n, k, L) correspond to (n, k, L)-systems, so the maximum
size of an (n, k, L)-system is equal to the independence number a(G(n, k, L)).

After the (¢-)intersecting families, the (n, k, L)-systems which have been most studied are those in which L misses only
one intersection size. Answering a question of Erdés and Sés [6], Frankl [8] determined the maximum size of a family of
sets containing no singleton intersection for sufficiently large n.

Theorem 1.1 (Frankl [8]). Let k > 4. Let F (") be an (n,k,{0,2,...,k — 1})-system. Then there exists an no(k) such that

for n > ng(k),
| < (Z:;)
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Frankl and Fiiredi [9] would later prove similar results for L = {0, ...,k — 1} \ {¢}; in particular, they determined the
order of magnitude of «(G(n, k, ¢)) for all k and ¢. By now the maximum size of a set system missing exactly one intersection
size is known for almost all choices of the parameters n, k, £ provided that % is sufficiently large [5,12,14]. Kupavskii’s recent
survey [13] on the delta-system method gives a broad overview of these and many other results about (n, k, L)-systems.

On the other hand, there are very few exact results on set families with a forbidden intersection which hold for small
values of n and all values of k. Keevash, Mubayi and Wilson [11] determined the maximum size of a 4-uniform family with
no singleton intersection for all values of n. Very recently, Cherkashin [3] proved the following result by using the Hoffman
bound.

Theorem 1.2 (Cherkashin [3]). Let k > 1. Suppose that F isa (k> —k + 1,k,{0,2,3,...,k — 1})-system. Then

k2 —k—1
< .
n=(F4)
In this note, we improve on Cherkashin’s result by determining the maximum size of an (n, k, {0,2, ...,k — 1})-system
when 3k —3<n<kZ—k-+1.

Theorem 1.3. Let nand k be integers with k > 3and 3k—3 < n < k>~k+1. Let F ¢ (") bean (n,k,{0,2,3,...,k—1})-system.

Then 0
n—
< .
< (3 2s)

The lower bound on n in Theorem 1.3 is best possible, as there are 2-intersecting families with size greater than (”_2)

k—2
when n < 3k — 3 (see [1]). The proof of Theorem 1.3 follows from a computation of Schrijver’s variant of the Lovdsz number

for the graph G(n, k, 1). In the course of the proof, we show that the graphs G(n, k, 1) give an infinite family of examples for
which Schrijver’s variant of the Lovasz number is strictly smaller than the Lovasz number.

Keller and Lifshitz [12, Theorem 1.4] proved a very general result on Turan-type problems where the extremal family is
the ¢-star. We state the implication of their result for families containing no singleton intersection.

Theorem 1.4 (Keller and Lifshitz [12]). There exists a constant C such that the following holds. Let C < k < n/C and let
FC ([Z]) bean (n,k,{0,2,3,...,k — 1})-system. Then |F| < (}73).

The following corollary immediately follows from Theorem 1.3 and Theorem 1.4.

Corollary 1.1. Let C be a sufficiently large integer. Let F C ([Z]) be an (n,k,{0,2,3,...,k — 1})-system. For all k > C and

n >3k —3,
n—2
< .
7l = (k—2)

Thus, for sufficiently large k the best possible threshold ny(k) = 3k — 3 for a family 7 with no singleton intersection to

n—2

have size at most (}'_?) is the same as the threshold for a 2-intersecting family to have size at most (7_2).

k—2
2. The Delsarte Number and the Proof of Theorem 1.3

For any graph G = (V, E), the Lovasz number of G is defined as follows: for any matrix A, let lev(A) denote the largest
eigenvalue of A. Then,

Y¥(G) = min{lev(A) : A is a symmetric |V| x |[V| matrix such that a;; = 1if {i,j} ¢ E}.
The Lovasz number provides an upper bound for the Shannon capacity ©.

Theorem 2.1 (Sandwich Theorem [16]). For any graph G,
a(G) < 9(G) < ¥(G).

Schrijver [17] proposed the following strengthening of the Lovdsz number, based on the Delsarte [4] linear programming
bound.
¢ (G) = min{lev(A) : A is a symmetric |V| x |V| matrix such that a;; > 1if {i, j} ¢ E}.
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For the graphs that are unions of classes of graphs in an association scheme, Schrijver’s variant of the Lovdsz number is
equal to the Delsarte linear programming bound. Since the graphs we consider in this note are unions of classes of graphs
in the Johnson scheme, we call ¥ the Delsarte number. Schrijver [17, Theorem 1] proved that the Delsarte number is
sandwiched between the independence number and the Lovasz number.

Theorem 2.2 (Schrijver [17]). For any graph G,

a(G) < 9'(G) < I(G).

Recall that G(n, k, 1) is the graph whose edge-set consists of all 2-sets { A, B} with |[A N B| = 1. We will show that

9(G(n, k1)) < (Z B ;)

when 3k — 3 < n < k? — k + 1. We shall define a matrix M which satisfies the properties in the definition of ¥ for the graph
G(n, k,1) and which has largest eigenvalue (Z:g) In fact, we define M by using Wilson’s matrix [18] from the proof of the
t-intersecting Erd6s—Ko—Rado theorem.

Let us recall Wilson’s matrix. Define

t—1 . N —1
A =S~y (’:f’) (”_:_f“) Di_s, 1

where if o and 8 are two k-subsets, then
al\ B k—lanpg
o= (7)) (1o,

Wilson [18, Lemma II] proved the following properties of the eigenvalues of the matrix A;, in order to prove the
t-intersecting Erdés—Ko—Rado theorem.

Lemma 2.1. Let 0,0+, ...,0, be the eigenvalues of the matrix A, defined in (1). Then,
1 6= ' 1. (Note 6, corresponds to the eigenvector 1).
2.0=--=0,=—-1
3. Assumen > (t+1)(k—t+1). Then, 0, > —1fori=1,... k.

We use Lemma 2.1 to define a matrix M which fits the definition of ¢/ and which has the appropriate largest eigenvalue.

Theorem 2.3. Let M be the () x () matrix defined by

n—2
a2
where J is the (}) x () all-1s matrix and A; is the matrix defined in (1) with t = 2. Then,

1. Let A and B be two k-element subsets of [n] with |AN B| # 1. For n < k? — k + 1, we have that M4 p > 1.

2. For n > 3k — 3, the largest eigenvalue of M is (}_2).

Proof of Theorem 2.3. Item 2 of the theorem statement is a direct consequence of Lemma 2.1. We now prove the first
item in the theorem. If A and B are two sets with |[AN B| > 2, then M4 g = Ja g = 1. We therefore suppose that |AN B| = 0.
Then the (A, B)-entry of M is

k—2 k—2

- (Z_g) =1 (n(k;1)2) * (nZl)
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We show that this expression is at least 1 when n < k? — k + 1. It suffices to show

B (k—1) k .
SN
Ay I

n—k—1\ — ’
k—2

which after simplifying the binomial coefficients is equivalent to

This inequality is equivalent to

n—k—1 k
> <k:—k+1.
m_ktrl- k-1 "= + 0

Theorem 2.3 quickly implies Theorem 1.3.

Proof of Theorem 1.3. The matrix M fits in the definition of ¥, so Theorem 2.3 implies that
, _(n—2
oG = (173

when 3k — 3 < n < k? — k + 1. It follows by Theorem 2.2 that a(G(n, k, 1)) = (}~3). O

If n = k? — k + 1, then the calculation in the proof of Theorem 2.3 shows M, 5 = 1if |A N B| = 0, so the matrix M also
satisfies the condition in the definition of the Lovasz number, implying

2 _ L
I(Gk? —k+1,k, 1)) = (k k_kQ 1),

which is exactly the result proved by Cherkashin [3]. Thus, the Shannon capacity of the graph G(k? — k + 1,k, 1) is also

equal to (kgl;_kz_l).

We show that )
n—
1
oGk ) > ()
when n < k? — k + 1. In particular, the graphs G(n, k, 1) with 3k — 3 <n < k* — k + 1 and k > 3 provide an infinite family of
graphs with ¢/ (G) < #(G). (Schrijver [17] gives an example of a graph G with ¢/ (G) < #(G) due to M. R. Best at the end of
his paper.)

Theorem 2.4. If3k —3<n<k®>—k+1andk > 3, then

9(G(n, k1)) > (Z B ;)

Proof of Theorem 2.4. The graphs G(n, k, 1) are edge-transitive, so by a theorem of Lovasz [16, Theorem 9],

V(G(n, k1)) = MA(A()) (Z)

where )\, is the maximum eigenvalue of G(n,k,1) and A ) is the minimum eigenvalue. The eigenvalues of the graph
G(n,k, 1) are as follows (see, for example, [10]).

Lemma 2.2 (Eigenvalues of G(n, k,1)). The eigenvalues of G(n,k,1) are

pe-1(j) = il(_l)r_k+z+j <k . 1) (T;_er) (n 7_1 J_ j)

r

e ((A ) ()

for j=0,... k.
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Brouwer, Cioabd, Ihringer, and McGinnis [2, Theorem 3.10] showed that the minimum eigenvalue of G(n, k, 1) is attained
at j = 1if n < k%2 — k 4 1. Hence, we have

== (M5 e () -t ()

A= pr_1(0) = k<7;_];>

k2 —n n—k—1
n—2k+1 k-1 n
k(n—k) k2 —n (n—k—l) k

k—1 n—2k+1 k-1

while

Therefore,

IG(n, k,1)) =

k> —n n—k—1

B n2k+1< k—1 ) n
~ k(n—k) (n—k—1)+ k? —n (n—k‘—l)(k)
kE—1 n—2k+1

n—2k+1 k—1

- ()

To complete the proof, we need to check that

E250)- ()

when 3k — 3 <n < k%2 — k + 1. Since

it suffices to prove
K on _ k(k—1)
nk—1) " n(n—-1)

which clearly holds if 3k — 3 <n < k? — k + 1. O

— —(n—k)n—-(k*—-k+1)) >0,

Finally, let us note that neither the Lovasz number nor the Delsarte number can be used to determine «(G(n, k, 1)) for
large n. Indeed, Theorem 1.1 implies that

n—2
(Gl = (1 73)
for large n, but it follows from a result of the author [15] that as n — oo, 9(G(n, k, 1)) = ©(n¥~1), and also

9 (G(n, k,1)) = O(nkF~1).

3. Concluding Remarks

The method used to prove Theorem 1.3 can also be used for other (n, k, L)-systems for small values of n. One example of
such a theorem is the following.

Theorem 3.1. Let t and k be integers with 2 <t < % +-1. Let F ¢ (")) be an (n,k,{t —2} U{t,...,k — 1})-system. Then for
(t+1)(k—t+1)<n<k>+k(3—2t)+ (t —1)? we have

n—t
< .
'f—(kt)
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The proof of Theorem 3.1 is completely analogous to the proof of Theorem 1.3. In particular, it can be shown that for
L={t-2}U{t,...,k— 1}, the graph G(n, k, L) has Delsarte number

9 (Gn, k, L)) = (Z B D
Furthermore, if n — k2 + k(3 — 2t) + (t — 1)2, then a(G(n, k, L)) = #'(G(n, k, L)) = 9(G(n, k, L)) = 6(G(n, k, L)).
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