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Abstract

We define R; (n) as the number of overpartitions of n in which non-overlined parts are not divisible by I. In a recent work,
Nath, Saikia, and the second author [arXiv:2503.12145v2 [math.NT], (2025)] established several families of congruences
for R;(n). In the concluding remarks of their paper, they conjectured that Rj(n) satisfies an infinite family of congruences
modulo 128. In this paper, we confirm their conjectures using elementary methods. Additionally, we provide elementary
proofs of two congruences for Rj(n) previously proven via the machinery of modular forms by Alanazi, Munagi, and Saikia
[arXiv:2412.18938 [math.NT1, (2024)].
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1. Introduction

A partition of a positive integer n is a finite non—increasing sequence of positive integers (A1, Ao, ..., Ax) whose sum equals
n. The integers A1, A2, ..., \; are called the parts of the partition. As an example, the number of partitions of the integer
n = 4 is 5, and the partitions in question are

4), (3,1), (2,2), (2,1,1), (1,1,1,1).

More information about integer partitions can be found in [3,4].
One generalization of an integer partition is an overpartition of n [5] which is a partition of n wherein the first occurrence
of a part may be overlined. As an example, there are 14 overpartitions of n = 4:

4), @), 6,1, 3,1, 3,1, 371, (22), (2,2),
(2,1,1), (2,1,1), (2,1,1), (2,1,1), (1,1,1,1), (I,1,1,1).

The number of overpartitions of n is often denoted p(n); from the above we see that p(4) = 14.

Since the work of Corteel and Lovejoy [5], a variety of restricted overpartition functions have been defined and analyzed.
As an example, Alanazi, Alenazi, Keith, and Munagi [1] considered the family of functions R} (n) which counts the number
of overpartitions of weight n wherein non-overlined parts are not allowed to be divisible by ¢ while there are no restrictions
on the overlined parts. For example, there are 12 overpartitions counted by R%(4):

@, @, .1, 31, 22), 22),
2,1,1), (2,1,1), (2,1,1), 21,1), (1,1,1,1), (I,1,1,1).

) ) ) 9 ) )

One can readily see that two overpartitions counted by p(4), namely (3,1) and (3, 1), do not appear in the list above. This
is true because they contain a non-overlined part which is divisible by ¢ = 3.

In [1], Alanazi et al. proved a number of congruence properties satisfied by the functions Rj(n) which, for each ¢,
satisfies the generating function identity
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Subsequently, additional work on this family of functions has been completed; see [2,11-13] for examples of such work.

Our goal in this brief paper is to utilize truly elementary means to prove two different sets of results for the function
Ri(n). First, we note the following theorem which combines the statements of two conjectures that recently appeared in
the work of Nath, Saikia, and the second author [11].

Theorem 1.1 (Conjecture 8.1 and Conjecture 8.2 in [11]). For all n > 0 and k > 0, we have

15332k —1

RE <18 3%y 4 1

) =0 (mod 128). (1)

Next, we mention a pair of congruences given by Alanazi, Munagi, and Saikia [2, Theorem 4.4]. It is important to note
that the authors proved these properties via an automated approach which relies on the machinery of modular forms; our
goal here is to provide a classical proof for each of these congruences.

Theorem 1.2. For n > 0, we have
Ri(2Tn+11)=0
Ri(8In+47) =0

(mod 64), (2)
(mod 24). 3)

In order to prove Theorems 1.1 and 1.2, we will need a few foundational results which already appear in the literature.
We gather all of the necessary results here. We begin with a well-known identity of Jacobi.

Lemma 1.1 (Jacobi). We have
=Y (=1 @m 4 1)gm /2, 4)

m>0

Proof. See Equation (1.7.1) in [7]. O
Next, we share a pair of 2—dissection identities that will be useful in our work below.

Lemma 1.2. We have

fi_ Rfifh £

5 = — , (5)
BT R R
3 3 2 3
f71:f74_3qf2f122‘ (6)
f3 fi2 Jaf§
Proof. Equations (5) and (6) correspond to (29) and (30), respectively, in [6, Lemma 1]. O

In an analogous fashion, we also require several 3—dissection results which will be used in our generating function manip-
ulations below.

Lemma 1.3. We have

5 fafts

fifl822qfﬁéfg’ (7
% - ﬁi *q%’ ®)
fifa = ]ﬁ]@i Qf9f182q2];;};?§, 10)
fi = ijj‘flfg 3qf$+4q3§f£§, 1)
g g 0 S i o .

Proof. Equations (7) and (8) appear as (14.3.2) and (14.3.3) in [7], respectively. Identity (9) was proven in [8], and [9]
contains a proof of (10). The identities (11) and (12) can be found in [10, Lemma 3]. O

Lastly, we need the following well-known fact which basically follows from the Binomial Theorem and divisibility prop-
erties of certain binomial coefficients.

Lemma 1.4. For a prime p and positive integers k and |,

= (mod ph). (13)
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2. Proof of Theorem 1.1

We begin by recalling the generating function

iﬁé(n)q” _ Lol
n=0

i
4 46
= ( fg f;’ +2q I3 f9 +4¢? fé f18> f¢ (thanks to (9)).
f3[fis 3 13
Extracting the terms in which the exponents of ¢ are of the form 3n + 2, dividing both sides by ¢?, and then replacing ¢> by
q, we get
S Ri(n + 2)g" = 42210 (14)
n=0 fl
f2 f6 f
f 2 f 2 ff% (mod 128) (thanks to (13))
f12 ) 13
=473 <
fﬁ f2
-4 3 < f9 f3f18 )
e fis f6 fo

Observing that 4(a—2b)'3 = 4a'3+24a2b+96a'1b? +64a'°0> +64a°b* (mod 128), extracting the terms in which the exponents
of ¢ are of the form 3n, we get

= 2 3 4ﬁ 429 920 3f3 f18 d 12
Z (9n + = fs 5 T 6475 f 73 (mod 128).
=0 18 18 6J9

Replacing ¢> by ¢ gives

> Ri(9n+2) ”—ZTl In + 2)q +ZT2 (9n +2)¢"  (mod 128), (15)
n=0 n=0 n=0
where
& fS 26
> Ti(9n+2)" =472, (16)
n=0 6
0 3 r17
> Th(9n +2)q" = 64q fi ff = 64qf}fy (mod 128) (thanks to (13)). (17)
6
For given n > 0 and k > 0, setting
15332 —1

lny :=18-3%+1p ¢ —

we have [,, , =2 (mod 9). To show that R}(l, ) =0 (mod 128), by (15), it suffices to prove the following two congruences

Ti(lpk) =0 (mod 128), (18)
To(lhx) =0 (mod 128). (19)
Proof of (18): Using (4) in (16), we get
o0 26
D Ti(9n+2)g" =475 | D (~1)™(2m+ 1)gmm T | (20)
n=0 6 m>0

We now check whether m(m + 1) + 3k = 6n + 4 for some m,n and k. Equivalently, (2m + 1)? + 12k = 24n + 17. This is not
possible since 5 is a quadratic nonresidue modulo 12. Thus, the right-hand side of (20) does not contain terms in which
the exponents of ¢ are of the form 6n + 4, and hence

T (54n +38) =0 (mod 128),

which implies that 77 (1, ) = 0 (mod 128) when k = 0.
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In order to show T3 (l,, x) =0 (mod 128) for k > 1, we first establish the following claim.
Claim 2.1. For k > 1, we have
o0 32k+2 -1 f18 ?}8
yon (32k+2n + ) q" = £32qf] f3 — (16a + 12) (mod 128) (21)

4 f218
for some integer a. Here, + indicates that (21) takes either the + or the — sign, not both at once.

Proof of Claim 2.1. We prove this by induction on k. Applying (13) to (16), we get

- w_  J313
> Ti(9n+2)q" = (mod 128)
n=0

9
fr2fS 2 43 efgfgea) g

_g(f2fis gegs e Si)s (thanks to (11)).
<f6f§6 Chs HA0 G ) g (thanks to

Extracting the terms which contain the form ¢3"*2, dividing by ¢2, and replacing ¢> by ¢, we get

oo 3
> Ti(2Tn +20)q" = —12f3 (;3) (mod 128)
n=0 1

4 r6 3
— _12fg, <f6f9 +2qf6f9 4 2f6f18> (using (9))

f51is 1 13
Extracting the terms that contain exponents of ¢ of the form 3n gives
e 12 f9 f(9
> Ty (81n+20)¢*" = —12f3 (f24f9 + 56¢° =522 > (mod 128).
3

n=0

We replace ¢> by ¢ to obtain

0 34 -1 f12f9 15 £18 15 £18
yon (34n + 4> q" = —32¢2572 — 12 224;9 (mod 128) = —32¢f; f§ — 12 224;’9 (mod 128),
1 1 J6 1 J6

where the last congruence follows on applying (13). This establishes the claim for & = 1.
Suppose that (21) holds for a fixed k. Then, we show that (21) holds for £ + 1. From (21), we have

ey

2k+2,, 3 R A P 3 49
ZT 3 q" = £32¢f7 f§ — (16a +12) = (mod 128)
4 I2f6
— 3231} — (160 -+ 12) (R
f2 f6
6
=432 9<f6f9 -3 3+4 3f3f18>
Wi\ 2 T
fof$ 33 f> ( f3 fsf128>
— (16a + 12 9 _3qf3+4q J9 9 7
( ) <f3ffs afs 181 fis oo
where the last equality follows using (11) and (7). We extract the terms in which the exponents of ¢ are of the form 3n + 2
to obtain
- 2k+2 321N s 2 3515 5 f3 fis
STy (32 Bn 4 2) + ——— ) 77 = 13207 £ £ — (160 + 12) ( 21g + 48¢° 22 (mod 128).
n=0 4 fﬁf f6 f
Dividing by ¢ and replacing ¢° by ¢ yields
2k+4 _ 18 21 £8
Z T <32’f+3 5 1) q" = £32f0 3 — 21(16a + 12) AN + 64q 2f6 (mod 128)
4 13 fs 2 f3

8
zi32f§f33—21(16a+12)(f1> s + 64q Jo (mod 128) (thanks to (13))
f2/) fe i

3
_3(Jfg> —21(16a+12)<f‘3 f3f18> 738

fef$ 2%
fis fefo ) fe

fsf?g

= +32f; (

8 / £2415
+ 64(]Ji6 (f(le;ﬁ + 3¢ f6f93 +9¢° /3 ) (mod 128) (using (7), (11), (12)).
3 Jis

I3 31
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We observe that 12(x — 2y)° = 12(2° — 182%y + 1627y?) (mod 128). So, extracting the terms that contain the form ¢*", we
get

i:ﬂ (32k+3(3n) + ?’%j_1> 3 =432 (f‘}l: - 27 3f3f9> —21(16a + 12)?2?1 + 64 3f63f9 (mod 128).

We replace ¢> by ¢ to obtain

(oo}
32k+4 -1 8 r18
>on (32k+4n + 4) q" = i32f2ff + 32qf3 9 — 21(16a + 12) Jifs

b1 + 64q f2f§3 (mod 128)

8 £18
= i32f1 f39 + 32q¢f3 f5 — 21(16a + 12) fi 5 +64qf7f]  (mod 128) (by (13))
f2f6 f f6
= F32¢f7 f§ — (21(16a + 12) F 32) Iifs (mod 128).
f2f6
Note that 21(16a + 12) 4+ 32 = 16(5a + 1) + 12 (mod 128) and 21(16a + 12) — 32 = 16(5a¢ + 5) + 12 (mod 128). This completes
both the induction and proof of the claim. O
From (21), for £ > 1, we have
2k+2,, 3 1 3 £9 2 f1
ZT 3 q" = +£32¢f7 15 — (16a + 12)(f7) (mod 128)
n=0 4 f2 f6
fof§ 3 3 f31s
j:32qf9< —3qf5 +4q
3 f3f138 ’ f62fg
Jof§ o 0 3f§f168>2 ( f3 f3f18> i
— (16a + 12 —3qfs +4 = — (by (7) and (11)).
(16a+12) (fsff’s ot ) \fs s ) 1 ™
Extracting the terms that contain the form ¢>"*!, we get
oo 2h+2 _ 6 20 £2 ¢5 17 £11
>on <32k+2(3n+ 1)+ 31) " = 432 i f§f9 — (16a + 12) <4Oq4 fs fflfls — 8q=27 ) (mod 128).
=0 4 fis 6 J6[1s
Dividing by ¢ and replacing ¢> by ¢ gives
o0 L 22k+2 _ 8¢ £6 20 17
Z Ty (32k+3n + 531) = i32f1 f§f3 32¢2 f3 18 32 (mod 128)
n=0 4 fé f2 fG
=32f5 (7= — ¢ — = /6 (mod 128) thanks to (13)
fe fa 3
5 2 £2
— 32/ (12 - f—ﬁ - (f2f4f12 - f2f12> ) mod 128) (using (5))
\F5 9 T W) fs) (med128) (using
5
= 322 (ifQ - fQ) (mod 128) (thanks to (13))
fe fe
Y (mod 128) when taking positive sign,
| —64f5 (mod 128) when taking negative sign and applying (13).

Observe that the right-hand side of the last congruence contains no terms that contain odd powers of ¢q. Thus, for n > 0

and k£ > 1, we have

f 5.32k+2 _ 1
T (32k+3(2n +1) + I ) =0 (mod 128),
where S o
-3 -1 153-3%% — 1
32k 3 (n + 1) + — = 18- 32k + 1y 4 — = i
Proof of (19): We now establish the following claim for T5.
Claim 2.2. For n > 0and k > 0, we have
2k+2,, 32k+2 —1 3 33
Z Ty ( -3 4) q" = N64f7 + 64qf5 fg  (mod 128), (22)

where A =0or 1.
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Proof of Claim 2.2. We prove the claim by induction on k. Applying (13) to (17), we get

§ To(9n + 2)¢" = 64qf1 f& (mod 128)
n=0 f
fi f%fiz) 5 (yci
64q ( Fa S0, 72 fe (using (6))

We extract the terms that contain even powers of ¢ and then replace ¢? by ¢ to obtain

[e%e] 2
ZT2<2-32n+3

n=0

1) " = 64qfl2§%3 (mod 128)
2

=64qf5fS (mod 128) (thanks to (13)).

This establishes the claim for & = 0.
Suppose that (22) holds for a fixed k. We show that it also holds for £ + 1. From (22), we have

Z 2k+2 3 2kt+2 _ 1 n — 3 3 r3
(23 T ) 4" = A64F7 + 64¢ 5 f¢ (mod 128)

fﬁfg 3 Sf??ffS
= \64 -3 4
<f3ff’8 Wl H A g

Extracting the terms in which the exponents of ¢ are of the form 3n + 1, dividing by ¢ and replacing ¢> by ¢, we get

) +64qf3f2  (thanks to (11)).

2k+3 32k+4 —1 n — 3 3 3
ZT -3 + ) 4" = A4S+ 64STST (mod 128)

= \64f3 + 64 (ﬁi — qfofis —2 2??98) (thanks to (10)).

Observe that 64(a — b — 2¢)3 = 64(a® + a?b + ab® + b3) (mod 128). We extract the terms that contain exponents of ¢ of the
form 3n and replace ¢> by ¢ to get

> 32k+4 -1 f3 12
> 1 (2 - 32kt 4 ) q" = \64f} + 64 ( 203 4+ qf§f§> (mod 128)

=0 ! I
= \6AfP + 64 (ff +qf3f3)  (mod 128)
(using (13))
_ J64qf3f§  (mod 128) i) =1,
~ | 64fF +64qf3 3 (mod 128) if A = 0.
This shows that (22) holds for £ + 1 and completes the proof of the claim. -
Since, from (11),
5 fef§ 3f3 f18
= s, 30 10 s

the right-hand sides in (22) do not contain terms in which the exponents of ¢ are of the form 3n + 2. Therefore, for all n > 0
and k£ > 0, we have

32k+2 -1
7 (203522 + ) =0 mod 129),
where 2%k+42 2k
-1 153 - -1
9. 32k+2(3n +2)+ 3T = 18.32k+1, 4 % =lnk-

3. Proof of Theorem 1.2

We close this work by quickly providing elementary proofs of the congruences in Theorem 1.2. These rely on our generating
function manipulations above, and follow from a straightforward analysis of the dissections in question.
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Proof of (2): From (14), we have

o 10 £3 £3
> Ri(3n+2)q" =4+ f{%ffi
n=0
f 6 f (mod 64) (applying (13))
2
13 f3f128>5
=4f3 (=2 — (thanks to (7)).
Js <f18 T Fsto
As 4(a — 2b)° = 4(a® + 6a*b + 8a*b?) (mod 64), extracting the terms with exponents divisible by 3 gives
> REOn +2)¢*" = 4f3 2 N (mod 64).
o fis

Replacing ¢> by ¢ yields
10

13

Z (9n +2)¢" = 4f3 =2~ (mod 64)

=4 Y (=D)™2m+ 1)ty J;§5 (using (4)).
m>0
The proof will be completed by showing that there exist no integers m and n satisfying
m(m+1) =3n+1,

or,
(2m +1)* = 12n + 5.

Since 5 is not a quadratic residue modulo 12, no such integers exist. Therefore, we know that, for all n > 0,
RE(Bn+1)+2)=Ri(2Tn+11) =0 (mod 64).

Proof of (3): Again from (14), we have

ZF@(BTL +2)q" = f2 1§
n=0 fl
f}fG (mod 8) (applying (13))
2
— 4.

By extracting the terms of the form ¢3” and replacing ¢> by ¢, we obtain

Z Ri(In+2)¢" = 4f3 (mod 8)
n=0

= Z ™(2m 4 1)¢™™ ) (thanks to (4)).

m>0
We claim that there exist no integers m and n satisfying
In+5=m(m+1),

or equivalently,
(2m + 1)% = 36n + 21.

Since 21 is not a quadratic residue modulo 36, no such integers exist. It follows that
Ri(8ln+47) =0 (mod 8). (23)

Next, we apply (13) to (14) to deduce that

007* n _— Lg
> Ri(3n+2)q

2 = 7 (mod 3).
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Then,
o n_ g f2
g R{(On+2)¢" =45 (mod 3)
o fi
o ( fof3 f%8)2 .
=1 (f3f18 ta fo (using (8)).

Extracting the terms with exponents of ¢ are of the form 3n + 2, dividing by ¢, and replacing ¢> by ¢ gives

o 4
> Ri(27n +20)q" = f% (mod 3).
n=0 f3

Since the resulting series is expressed in terms of ¢3, and therefore cannot contain any terms of the form ¢*"*!, we conclude
that
R;(27(3n +1) +20) = Ri(81n+47) =0 (mod 3). (24)

Combining (23) and (24) completes the proof of (3). O

As we close, it is worth noting that the proof above can be modified in a straightforward fashion to prove that, for all
n >0,
RE(27(3n +2) +20) = RE(81n+74) =0  (mod 24),

a result which was not mentioned in [2].
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