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Abstract

By means of the contour integration method, we evaluate, in closed form, a class of definite integrals involving hyperbolic
tangent function.
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1. Introduction and motivation

There exist numerous interesting and challenging integrals in the mathematical literature (see for example [1, 5, 8]).
However, the following improper integrals do not seem to have been examined previously

J(m,n) = /OO Mdz, 1)
0 2"

where m,n € N subject to m > n > 2 and m =5 n. Here and forth m =, n stands for that m is congruent to n modulo 2.
When m = n = 2, the corresponding integral was proposed recently as a monthly problem by Holland [4], which has been
the primary motivation for the authors to carry on the present research.

By employing the contour integration method, we shall establish, in this paper, the explicit formula for J(m,n) when
m and n are considered as two integer parameters. The final result states that the integral value J(m,n) is expressed as
a finitely linear combination of % for1 <k< [%], where [z] denotes the smallest integer not less than z. As a
showcase, the initial four examples are highlighted as follows:

2,2 = 147553)’

J(3,3) = —%(23) + %i@

s = B 121C05)
J(4,4) = _49§§£5) n 254;-)(§(7);

where the first one resolves the monthly problem proposed in [4]. Further concrete formulae will be presented at the end
of the paper.

2. The contour integral

Rewriting the integrand in terms of the exponential function

m z _ ,—z\ ™M 2z m
Ty (2) ::tanh(z)zl(ee> _1 (e 1) : )

ZTL Zn ez _|_ efz

we can express, by symmetry, the integral as

1 [e?* —1\™ 1 [e?* —1\™
2J(m =2 — | —=——) dz= — | —— ) d-z.
(m’n) /0 on (e2z+1) < [oo on <€2Z+1) z
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Observe that T, ,,(z) is a meromorphic function whose poles are determined by
1+e%* =0.

We find that all the poles of T,,, ,,(z) are given by
1 .
25 = <k — 2)7m, where ke Z.

In order to evaluate the integral J(m,n), consider the anti-clockwise contour £, consisting of two segments [—7w M, —¢]
and [e, 7M] along the real axis plus two semi-circles C(¢) and C(7 M) over the upper half-plane centered at the origin with
radii ¢ and 7M (where M € N), respectively. Hence, all the poles of T}, ,,(2) inside the contour £ are of order m and given
explicitly by

1
2L = (k: 2>7ri, where ke N with 1 <k <M.

Then according to the residue theorem (see [2] and [7, §3.3]), we have the following equality

M — M
/ Tpn(2)dz = 270’ Y " ResTh o (2) = / Ty (2)d2 + / Ty n(2)dz + / Ty n(2)dz + / Ty n(2)dz.
L 1k C(e) C(nM) —rM e
As we shall show in the next two subsections that
lim Tn(2)dz = lim Tn(z)dz =0,
e—0 C(E) M —o0 C(‘ITM)

the limiting case of the above equation as ¢ — 0 and M — oo will reduce to the identity given in the following lemma:

Lemma 2.1. For two integers m,n € N subject to conditions m > n > 2 and m =, n, the following integral-sum formula

holds: -
J(m,n) = / Mdz = m'z Res T n(2).
0 =1~

ZTL

3. The integral along C(¢)
Keeping in mind m > n, we have

1 2z _1\™ 1, m=n,
lime)n(z):hm(e ) =

n 2z
20 =0 2" \e® +1 0. m>n.

Therefore, for any ¢ with |¢| being sufficiently small, the function T, ,,(#) is bounded on C., which implies that

‘ / T n(2)dz
C(e)

and consequently, the following limiting relation

— O(1) x ’/c@) dz‘ = O(en),

lim Tonn(2)dz = 0.
e—0 C(E)

4. The integral along C(wM)

Writing z = 7Me® on the semi-circle C(w M), we can explicitly express the modulus
|1 + 822‘2 _ ‘1 + eQwM(cos9+isin0) 2 =1+ e47rMcos€ + 262771\4c050 COS(Q?TMSin 9)

Observe that the squared modulus results in 4 for = 7, and is equal to or greater than (1 — e2mMcos0)2 when ) # 5. Then
we can choose a small § > 0 such that

3, g—ésesgw;
|1+€2Z‘22

(1 — e 2mMsindy2 0§9<g—5andg+§<0§w.
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Therefore (1 + ¢2*)~! is bounded on C(w M), which implies further that the function below is bounded too on C (7 M)

eZr —1\" 2 mn
(22 (1 22)" - o,

Under the change of variable z = 7Me*, we estimate the integral

™ ie(lfn)ie 7.(.2771
Tmn(z)dz / d@‘-@ — ).
’/C(TrIW) nl?) o (mM)n—1 (Mn_1>

Hence, we have shown that for m > n > 2:

=0(1) x

lim T n(2)dz = 0.
M—oo Je(xM)

5. Computing residues

Finally, we have to determine the residues of 7,, ,,(z) at z; explicitly. When m > n > 2 are small integers, it is not difficult
to do this. However, it becomes quite a tough task if m and n are considered as integer parameters.

Instead of calculating higher derivatives, we shall determine the residues by extracting coefficients from formal power
series (cf. [3, §3.2], [6, §4.5], and [9, §2.1]). For the sake of brevity, denote by [2"]¢(z) the coefficient of 2™ in the formal
power series ¢(z). Keeping in mind that

esz — (_1)2k—1 — _1

)

we can write

z=z Zn\e?? +1

Rt~ (-0 15 (55)

1 €2Z + esz m
_ -1
- [(Z - Z}") }27 (622 — 22k

e ()

2N\ 22k _ pZk—Z

By making the change of variables y = z — z;, we have further

1 eV +e v\
. —1
ZP;(ZiTm’”(Z) =l (y + )™ <€y - €_y>

=[] ( (e +e7)m (ey — e—y>m.

2y)™ (y + zx)" 2y

Then the above residue can be expressed as

o UV
ReyTnn) = W 3)
(I =2\ me U)V(y)
) 1_<Jz<:m(_1) ( j—1 ) [y }F,

where U(y) and V(y) are two even functions given by

U@):W and V(y):{1_<1_ey;;_y)}_m.

In order to extract the coefficient of y™~7 in (3), it is sufficient to expand U(y) and V(y) to Maclaurin polynomials up to
order m.
First, by means of the binomial theorem, U(y) can be written as

e¥+eY\m ™ /m\ e(m—2N\)y
v = (=5 ) :é(/\)%' @
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Then by observing the initial terms of the Maclaurin series

eV —e? y: Ly

we can expand V(y) in succession as follows:

o Fen(7) ()5

Let S stand for the above double sum. According to the binomial relations
()6 -G0S
t ) \n [t b—p )’

Eor ()5t )

we can manipulate S in the following manner:

- 2 (D))
- 2 )OS (E)
b ey L2 o
(=) e (0))

)

Applying further the binomial theorem to the rightmost function and then making substitutions, we derive the following

double sum expansion

=aurns £ om0 (7))

0<v<p<| %)
Now, substituting (4) and (5) into (3), we can further reformulate the residue as
ResTon(s) = 3 S (-1p- () T ()
o J-1 M ocvingim) &

1<j<m A=0 2J_“
Jj=2m

(_1)L%j —H=v [ u ; e(’m-{-u 2v—2\)y
X — m-=j\-___
277[+/LZLL+]_1 ( I ) (l/) [y ] y#

L2 B (0,5, ()

1<j<m A=0 0<v<p<| 2] 3] -
j=2m

% (ntEley <_m> (H) (m+ p— 2w — 2\)mFH—d |

n+j—1 m+ — I
PRk w)\v 2mti(m+ p —j)!
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Taking into account the binomial equality

() (g, t) =t e S e
_ ylzl (VgJ) (m +mL%J mﬁ,/

we find finally the following quadruplicate sum expression:

m %] n IH”V

melgl) 3 (T RO

R Tmn = 2 —1)/ .

B ezs * < m 1‘gjgm( : j-1 A=0 p=0 v=0 ZZﬂ Faca
J=2m

E) e

6. Conclusive theorem

To evaluate the sum of residues in Lemma 2.1, it is enough to do that for

i n+j—1 oo i1
E 1 2 1 onTj —1
k=1 ZI?+J71 (WZ) ; (2k — 1)nti—1 (mi)nti—1 C((n+j )

Consequently, we have proved the following general integral identity.

Theorem 6.1. Let m and n be the two natural numbers of the same parity with m > n > 2, the following integral formula
holds:

J(m,n):/o Mdz

Z’n
m , j— 2\ 1—onti-1
(m+mL2J> 3 (UJ(n;zl )Wg(nJrjl)
1<j<m
J=2m

S S () () () e

From Theorem 6.1, we assert that for each pair of m,n € N subject to m =, n and m > n > 2, the integral value
J(m,n) results always in a finitely linear combination of % with1 <k < [%W Four initial formulae have been
anticipated in the introduction. Further integral identities are recorded below as consequences:

7¢(3) | 310((5) _ 1905((7)

J(5.3) = ——3 iy (),
J(5,5) = 31§§5> _ 31775;5(7) N 35724(9{

J(6,2) = 3212;7 8 _ 24?;44 5) . 761%(7)’

J(6.4) = _28?5255) 5087%(7) B 286;(;((9)7

7(6.6) = 584;5;(7) B 572:;((% N 5158i411§(11)7

J(7,7) = —12;%(7) 14013‘24(9) _ 1003(:3%( () 75684;814§C (13)
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