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Abstract

Let H be a graph possibly with loops. Let G be a simple graph. We say that G is an H-colored graph whenever every edge
of G has assigned a vertex of H as a color. A cycle C' in an H-colored graph G is an H-cycle if and only if the colors of
consecutive edges in C are adjacent vertices in H, including the last and first edges of C. An H-colored graph G is said to be
vertex H-pancyclic if every vertex of G is contained in an H-cycle of length [ for every [ in {3,...,|V(G)|}. A properly colored
cycle in an edge-colored graph is a particular case of H-cycles in H-colored graph, namely when H is a complete graph with
no loops. In this paper, we show sufficient conditions on an H-colored complete graph G to be vertex H-pancyclic. As a
consequence, we obtain a well-known result about properly vertex pancyclicism in edge-colored complete graphs.
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1. Introduction

For basic concepts, terminology, and notation not defined here, we refer the reader to [7]. Throughout this work, we
consider finite simple graphs, unless otherwise specified. Let G be a graph. The sets of vertices and edges of G are denoted
by V(G) and E(G), respectively.

We say that a graph G is pancyclic whenever G contains a cycle of length [ for every [ in {3,...,|V(G)|}. Moreover, G
is said to be vertex pancyclic if and only if each vertex of G is contained in a cycle of length [ for every l in {3, ..., |V (G)|}.
In 1971, Bondy [4] conjectured that almost every condition implying that a graph G is Hamiltonian, also implies that the
graph G is pancyclic. Since then, several authors have extensively studied whether a given graph is pancyclic or vertex-
pancyclic, see for example [5,6,8]. In particular, conditions on the minimum degree of the graph have proven to be efficient
in knowing if a graph is vertex pancyclic, see Theorem 1.1. In [18], Ming-Chi Li et al. proved that deciding whether a
graph is (vertex) pancyclic is N P-complete, even for 3-connected cubic planar graphs.

Theorem 1.1 (see [17]). If G is a graph of order n, with n > 3, such that §(G) > ”T“, then G is vertex pancyclic.

Let I, = {1,...,k} be a given set of colors, with k¥ > 2. A graph G is a k-edge-colored graph whenever every edge has
a color in I;. A walk W in G is properly colored if and only if no consecutive edges have the same color; in particular,
when W is a cycle, we say that W is a properly colored cycle. Properly colored walks are of interest for theoretical reasons
(for example, in undirected and directed graphs [2]) as well as for graph theory application (for example, in genetic and
molecular biology [11, 12, 20, 22], engineering and computer science [1, 21, 23], and management science [24, 25]). In
particular, Dorninger in [11] studied a model of cell division where a properly colored cycle that contains all the vertices
of a 2-edge-colored graph is needed.

Let G be a k-edge-colored graph with n vertices. We say that G is properly vertex pancyclic if and only if each vertex of
G is contained in a properly colored cycle of length [ for every [ in {3,...,n}. This concept has been studied by considering
the following definitions: for every vertex v in V(G), the color degree of v, denoted by 6¢(v), is the number of different colors
on the edges incident with the vertex v in G, and 6¢(G) is the minimum value of §¢(v) over all vertices v in G.

Fujita and Magnant [13] conjectured that every edge-colored complete graph with n vertices, n > 3, such that §¢(G) >
”T*l is properly vertex pancyclic. Chen et al. in [9] partially solve this conjecture by adding the condition that the graph
has no monochromatic cycles of length three (a monochromatic cycle is a cycle where all of its edges are color alike).

Theorem 1.2 (see [9]). Let G be an edge-colored complete graph on n vertices, n > 3, such that 6¢(G) > % If G contains
no monochromatic cycles of length 3, then G is properly vertex pancyclic.
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Let H be a graph possibly with loops and G a graph. We say that G is an H-colored graph if there exists a function
¢: E(G) — V(H). These types of colorings were introduced by Linek and Sands in the context of kernels of a digraph
to codify allowed color transitions in the walks of G (see [19]). A walk W = (z9,...,2x) in G is an H-walk if and only if
(c(zoxy), c(x122), ..., c(xp_10K)) is a walk in H, and in particular, a cycle C' = (xq, ..., 2 = o) in G is an H-cycle if and only
if (e¢(zox1), c(x122), . .., c(Tr_121), c(xox1)) is a walk in H. Notice that when H is a complete graph without loops, C is an
H-cycle if and only if C is a properly colored cycle, moreover, H decides what color transitions are allowed in a cycle to be
an H-cycle. We say that G is vertex H-pancyclic if and only if each vertex of GG is contained in a H-cycle of length [ for every
lin {3,...,n}.

The study of H-colorings in graphs began in [15] when Galeana-Sanchez, Rojas-Monroy, Sanchez-Lépez and Villareal-
Valdés characterized the H-colored multigraphs containing Euler H-trails. Later in [16], they gave an algorithm to deter-
mine whether an H-colored multigraph has an H-cycle. They work with an auxiliary graph, introduced in [3] by Benkour
et al., as follows: Let G be an H-colored graph. For each non-isolated vertex v in V(G), G, is the graph with vertex set
V(G,) = {vz : vz € E(G)}, and ab € E(G,), with a # b, if and only if ¢(a)c(b) € E(H). Note that G, is a simple graph for
every non-isolated vertex v of G.

Let W = (z9,21,...,2;) a walk in an H-colored graph G, and i in {1,...,k — 1}. We say that x; is an obstruction of the
walk W if and only if ¢(z;—12;)c(x;xi41) ¢ E(H). When xg = x; we say that x is an obstruction of the closed walk W if
and only if ¢(xy_12)c(zox1) ¢ E(H). We denote by O (W) to the set of obstructions of the walk . Notice that W is an
H-walk if and only if Oy (W) = 0.

In [14], Galeana-Sanchez, Herndndez-Lorenzana and Sanchez-Lépez proved the following result as a first approach to
the study of vertex H-pancyclism.

Theorem 1.3 (see [14]). Let H be a graph possibly with loops and G be an H-colored complete graph of order n, such that:
for every x in V(G), G, is a complete k.-partite graph for some k, in N; for any cycle C of length 4 in G, |On(C)| # 3; and
for every z in V(G), k, > "L, Then:

1. Each vertex of G is contained in an H-cycle of length 3 (n > 3).

2. Each vertex of G is contained in an H-cycle of length 4, whenever for every cycle C of length 3 in G, |Og(C)| # 2 and
n > 4.

This work is organized as follows: Section 2 gives the basic concepts, terminology, and some results that we will use in
the rest of the paper. In Section 3, we give sufficient conditions, similar to those stated in Theorem 1.3, for an H-colored
complete graph to be vertex H-pancyclic. It is worth mentioning that the conditions in the main theorem can be verified
in polynomial time. Finally, Theorem 1.2 is proven as a direct consequence of the main result.

2. Preliminaries

For a better understanding for the reader, we start with some notation, and some observations introduced in [14].

Let G be a graph. For X C V(G), we denote by G[X] the subgraph of G induced by X. A walk will be denoted by the
sequence of its vertices W = (vg,v1,...,v5). IfV = (ug,...,u,) and W = (uy,,v1,vs,...,v;) are two walks, and {7, j} is
a subset of {0,...,n}, with ¢ < j, the concatenation (ug,...,u,,v1,v2...,v) of the walks V and W is denoted by V U W,
the subwalk (u;, u;t1,...,u;) is denoted by (u;, V,u;), and the walk (u,,...,uo) is denoted by V~'. A subset I of V(G) is
independent if and only if the subgraph G[I] has no edges.

Observation 2.1. Let G be an H-colored graph, such that for every x in V(G), G, is a complete k.-partite graph for some
k. in N. Suppose that {ux,vx} is a subset of E(G). Then, x ¢ Oy ((u,z,v)) if and only if ux and vz are in different partite
sets of the k,-partition of V(G,).

As a direct consequence of Observation 2.1 and the definition of H-cycle, we have the following observations.

Observation 2.2. Let G be an H-colored graph, such that for every x in V(G), G, is a complete k,-partite graph for some
k. in N. Suppose that C = (u1,...,Up_1,Un,u1) is a cycle in G. Then, C is an H-cycle in G if and only if u,_1u; and u;11u;
are in different partite sets of the k., -partition of V(G,,) for every i in {1, ... ,n} (the subindices are taken modulo n).

Observation 2.3. Let G be an H-colored graph, such that for every x in V(G), G, is a complete k.-partite graph for some
ky in N. If (u,v,w) is an H-path, then for every x adjacent with v, x ¢ {u,w}, we have that (z,v,u) or (z,v,w) is an H-path.
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Observations 2.1, 2.2, and 2.3 will be frequently used along with the proof of the main result.

Notice that if G is an H-colored graph, D is an induced subgraph of G and z is a vertex of D such that G, is a complete
k.-partite graph for some k, in N, then D, is a complete k2 -partite graph for some k2 in N. Moreover, if {Pf, P¥, ..., P}
is the k,-partition of V(G,) into independent sets, then {P* NV (D,) : P*NV(D,) # 0,i € {1,2,...,k,}} is the kP -partition
of V(D,,) into independent sets.

Let G be an H-colored complete graph, A a subset of V(G) and v in V(G) \ A. We say that A has the H-dependency
property with respect to the vertex v if and only if for every subset {a,da’} of A4, (v,a,d’) or (v,ad’,a) is not an H-path in G.

Proposition 2.1 (see [14]). Suppose that for every x in V(G), G, is a complete k.-partite graph for some k, in N. Let A be
a subset of V(G) and v be a vertex in V(G) \ A. If A has the H-dependence property with respect to the vertex v, then there
exists some vertex a in A such that:

1 kP < A5 where D = G| Al

2. If|A| > 2, then a € Og((v,a,a’)) for some o’ in Np(a).
Let H be a graph possibly with loops, G an H-colored complete graph, C' = (x1,...,2;,21) acycle in G and v € V(G) \
V(C). We say that C has increasing (decreasing) obstruction with respect to v if and only if for every i € {1,...,l}, z; is an

obstruction of the path (v, z;, z;11) ((v, z;, xi—1), respectively), where the indices are taken modulo {. In any case, we say
that C has obstruction with respect to v.

3. Main theorem

Theorem 3.1. Let G be an H-colored complete graph of order n, with n > 3, such that for every z in V(G), G, is a complete
k.-partite graph for some k, > 2. Suppose that:

1. For any cycle C of length 3 in G, |Og(C)| < 1.

2. For any cycle C of length 4 in G, |Oy(C)| # 3.

1
3. Forevery xin V(Q), k, > n—; .

Then, G is vertex H-pancyclic.

Proof. To prove that G is vertex H-pancyclic, it is sufficient to show that if a vertex is contained in an H-cycle of length [
in G, for some 3 <[ < n — 1, then it is also contained in an H-cycle of length [ + 1 in G. It follows from Theorem 1.3 that
the assertion is true for [ = 3. So, in what follows we can assume that [ > 4 and n > 5.

Proceeding by contradiction, suppose that there is a vertex v which is contained in an H-cycle of length [, for some
4 <1 < n—1,but is not contained in any H-cycle of length I + 1. Let C = (v = x1, 23, ...,2;,21) be an H-cycle of length !
containing v in G.

Let Wi = {w € V(G)\ V(C) : {wz; : 1 <i < l}is an independent set in G, }, meaning that for each vertex w € Wy,
all the wx; are in the same partite set of the k,-partition of V(G,,). Let Wy = V(G) \ (V(C) U W), that is, W5 is the set
of vertices in V(G) \ V(C) such that, for every w € W5, there exist z; and z; in V(C), ¢ # j, such that wz; and wz; are in
different partite sets of the partition of V(G,,). Notice that every vertex of G is in one and only one of the sets V(C), W,
and Ws. From now on, z; is the same vertex as z;,; and z;_;, for every i € {1,...,[} (the indices are taken modulo /).

Claim 1. The cycle C has obstruction with respect to each vertex w in W5.

Proof of Claim 1. Let w in W5. It follows from the definition of W, that w ¢ V(C) and there exists i € {1,...,l} such
that wz; and wz;,, are in different partite sets of the partition of V(G,). If c(z;—12;)c(x;w) and c(wziiq)e(xip12i42)
are edges in H, then (w,x;11) U (2;41,C, ;) U (2;,w) is an H-cycle of length [ + 1 containing v, a contradiction. Hence,
c(xi—12;)c(z;w) is not in E(H) or ¢(wx;y1)e(x;412:42) is not in E(H). By symmetry, suppose without loss of generality
that c(wx;11)c(x;112,42) is not in E(H). Then, x;; € Oy (C’), where C' = (241, Zi12,w, z;11), and since |Ox(C’)| < 1 (by
hypothesis), we conclude that x; 12> ¢ O (C’) and w ¢ Og(C’), that is, c(z;11w)c(wz;12) and c(wz;12)c(zi427i41) are edges
in H. Now, as c¢(wz;11)c(z;417i4+2) is not in F(H), we have that (w,z;1,2;12) is not an H-path, and by Observation 2.3,
(3, xi41,w) is an H-path (since (z;,2;11,Ti+2) is an H-path). Notice that if c(wz;2)c(x;122,13) is an edge in H, then
(w, i 42)U (212, C, xi41)U (241, w) is an H-cycle of length [+ 1 containing v, a contradiction. Therefore, c(wz; 2)c(x;rox;t3)
is not in F(H). Applying the same reasoning, it follows that for every j € {1,...,1} \ {i}, c(wz;)c(xjz;41) is not in E(H),
that is, z; is an obstruction of the path (w, z;,z;1). It remains to prove that z; € Oy ((w, z;, z;11)).
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Recall that for every j € {1,...,i} \ {i}, G, is a complete k;-partite graph, so c(wz;)c(x;r;_1) is an edge in H. In
particular, when j = i — 1 we have that x;_; € Oy (C"), where C"” = (w,z;_1,z;,w). Since |Ogy(C")| < 1 (by hypothesis),
we have that z; ¢ Oy (C”) and w ¢ Oy (C"), thus ¢(x;—1w)c(wx;) is an edge in H. If ¢(wzx;)c(x;2;41) is an edge in H, then
(w, ;) U (z;,C,zi—1) U (x;-1,w) is an H-cycle of length [ + 1 containing v, a contradiction. Hence, c¢(wx;)c(z;z;4+1) is not an
edge in H, that is, z; is an obstruction of the path (w, z;, z;11). Thus, C has increasing obstruction with respect to w. 0O

Claim 2. C has increasing obstruction with respect to each vertex in W, or C has decreasing obstruction with respect to
each vertex in Ws.

Proof of Claim 2. It follows from Claim 1 that C' has obstruction with respect to each vertex in W5. Proceeding by
contradiction, suppose that there exist w; and w, in W5 such that C has increasing obstruction with respect to w; and C has
decreasing obstruction with respect to ws. Hence, for every i € {1,...,1}, c(wiz;)c(z;2;41) ¢ E(H) and c(waz;)c(zizi—1) ¢
E(H). Since G,, is a complete k,,-partite graph and (z;_1,x;, z;4+1) is an H-path, we have that c(w;x;)c(x;w2) is an edge in
H, that is, c(wyz;) and c¢(z;w2) are in different partite sets of the partition of V(G,,).

Case 1. There exists z; € V(C) \ {z;} such that (z;, w1, z;12) is an H-path.

Consider the cycle T' = (z;y2, w2, 213, Z;12), since C has decreasing obstruction with respect to wy, we have that z;,35 €
Ou(T). Hence, ;12> ¢ Oy (T) and wy ¢ Og(T), otherwise |Oy(T)| > 2, a contradiction. Therefore, (w1, z;12, wso, z;y3) U
(Tit3,C,2;) U (z;,wy) is an H-cycle of length [ + 1 containing v, which is impossible.

Case 2. For every z; € V(C) \ {z;}, (x;, w1, z;42) is not an H-path, that is, wy € Oy ((z;, w1, z;12)).
Consider the cycle C’ = (z;, w1, Ti12, 2;), for some z; € V(C)\{z}, by the assumption of this case, we have that w; € Og(C").
Hence, z; ¢ On(C') and z;42 ¢ O (C’), otherwise |Oy(C’)| > 2, which is not possible. In particular, (ws,z2,z4) is an H-
path in G.

Consider the cycle C" = (2, w1, xj11,2;), where z; € V(C). Since C has increasing obstruction with respect to w;, we
have that z; € Oy (C"”). So, wi ¢ O (C”) and zj11 ¢ O (C"), otherwise |Ox(C”)| > 2, which is impossible. Similarly, we
have that we ¢ Og((z;, w2, zj4+1,;)), for every z; € V(C). In particular, (z1,w:,z2) and (x4, ws, z5) are H-paths in G.

Subcase 2.1 (z2, x4, ws) is an H-path.
Note that (w1, x2, x4, ws,x5) U (x5, C, 21) U (x1,w) is an H-cycle of length | + 1 containing v, a contradiction.

Subcase 2.2 (x5, x4, wy) is not an H-path.
Consider the cycle T = (wsq, z2, x4, ws), by the assumption of this subcase, we have that =4, € Oy (T). So, ws ¢ Oy (T),
otherwise |Oy (T')| > 2, which is impossible.

We have that {w;x2, 023} and {waxs, 2oz } are independent sets in G, since C has increasing obstruction (respectively
decreasing) with respect to w; (w3). Moreover, since G, is a complete k,,-partite graph and the vertices x;25 and zox3 are
adjacent in G,,, we have that wex5 and zow; are adjacent in G,,. Therefore, (wz, z2,w1) is an H-path in G.

Now, we can conclude that (w1, z2, we, z4) U (x4, C,z1)U (21, w1 ) is an H-cycle of length [+ 1 containing v, a contradiction.

Therefore, Claim 2 holds. O

Suppose, without loss of generality, that C has increasing obstruction with respect to each vertex in Wj.

Claim 3. Let w € W5 and z, and z; be two distinct vertices of C, with a < b, such that wz, and wz, are not adjacent in G,.
Then, wx,_; and wzxy_; are not adjacent in G, for every i € {0,...,l — 1}. Moreover, wz, and wz, ) are not adjacent
in G,, for every z, € V(C) and for every nonnegative integer k.

Proof of Claim 3. Since the result follows for i = 0, proceeding by the strong inductive method, it is sufficient to show
that if & is an index with 0 < k <1 — 2, and i € {0,...,k} are such that wz,_; and wz,_; are not adjacent in G,,, then
WTq_(k4+1) and wry_ (41 are not adjacent in G,.

Since wx,_; and wz,_ are not adjacent in G,, and |Og(C’)| < 1 for every cycle C’ of length 3 in G, we have that
w ¢ Og((xa—k, W, To—k, Ta—k)). Hence, z,_pzp_i and z,_rw are adjacent in G,, , and z,_rzp—r and xp_,w are adjacent
in G
have that z,_rzy_1 and z,_rx4_i+1 are adjacent in G,,_,. Similarly, z,_rzp—i and xp_r2p_r4+1 are adjacent in G, _, .

z»_,- Moreover, since G, , is a complete k., ,-partite graph and C has increasing obstruction with respect to w, we
If v, 41w and wzxy_;_; are adjacent in G, then (w,zy_x_1) U (2p_x_1,C ", 20_1) U (Ta—p, o) U (p_1, C, Tq_—1) U
(rq—k—1,w) is an H-cycle of length [ + 1 containing v, a contradiction. Hence, x,_(;+1)w and wz;_(;41) are not adjacent in
G-
Therefore, for every i € {0,...,l — 1}, wx,_; and wx,_; are not adjacent in G,,.
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Notice that for any two vertices z, and z, in V(C') such that ¢ — p = b — a, we have that {wz,, wz,} is an independent
set in G,,. Consequently, since G,, is a complete k,,-partite graph, it follows that for every vertex xz, € V(C') and for every
positive integer k, we have that {wz,, w2, (,—a),. .., WTe4r—a)} is an independent set in G, O

Claim 4. If || > 2, then:

1. For every vertex w € W, and for every pair of different vertices z; and z; in V(C), we have that wz; and wz; are
adjacent in G,,.

2. For each w € W5, V(C) has the H-dependence property with respect to w.

Proof of Claim 4. 1. Proceeding by contradiction, suppose that there exist different vertices z, and z, in V(C), with
1 <p < q <1, such that wz, and wz, are not adjacent in G,, and z, and z, are chosen in a way ¢ — p is as small as possible.
Let! = k(¢ —p) + r, where 0 < r < ¢ —p < I. Recall that =, and z,4; are the same vertex in C. Hence, by Claim 3, we
have that wx,,, and wz, 1 4—p)+- are not adjacent in G.,, where z, ;(4—p)4» = Tpy1 = ), that is, wz,,, and wz, are not
adjacent in G,,. Notice that » = 0, otherwise wz, and wz,,, are not adjacent in G,,, where (p+7) —p = r < ¢, contradicting
the choice of p and g.
Again, by Claim 3 we have that wz, 2 and wz,(_1)(q—p)+2 are not adjacent in G,,, where

Tp+(k—1)(g—p)+2 = Lp+i—(g—p)+2 = Tp—(q—p)+2-

Thus, wz, 2 and wx,_(,,)+2 are not adjacent in G, that is, w € Oy (C’), where C" = (w, xp 12, %) (g—p)+2, w). By hypothe-
sis, |Op(C")| < 1, hence z,, 2 ¢ Oy (C’), implying that wx,,» and 2,27, (4,42 are in different partite sets of the partition
of V(G,, ,); also since z,_(q_p) 12 & Ou(C’), we get wap, (q—p)12 and x,_ ;) 422,42 are in different partite sets of the parti-
tionof V(G (., .0)
in the same partite set of V (G, ,,), and wz,_(;_p)4+2 and z,_ ;_p)+27p—(q—p)+3 are in the same partite set of V(G

. Recall that C has increasing obstruction with respect to w, thus we have that wz,,, and x,; 22,3 are
Tp—(q—p)+2 )
Therefore, x,, 27,3 and , {22, (q—p)+2 are in different partite sets of the partition of V(G.,,,), and x 27, _(;—,)+2 and

Tp_(g—p)+2Tp—(q—p)+3 are in different partite sets of the partition of V(G that is, 7,127, (4—p)+2 and z, 127,13

Tp—(a—p)+2 )’

are adjacent in G, ,, and 22, (4—p)+2 and Tp_ (4_p)+2Tp—(q—p)+3 are adjacent in G Since wz, and wx, are not

Tp—(q—p)+2°
adjacent in G, by Claim 3 we have that w,,,, and w,, ,, are not adjacent in G, and (foll)owing the same reasoning we
obtain that ;37,1 (q—p)+2 and z, 37,4 are not adjacent in G, and 137,11 (—p)+2 ANA Tp i1 (4—p)+2Tpt1—(g—p)+3
are not adjacent in G, . . .-

Let w' be a vertex in W5 \ {w} (v’ exists because |W>| > 2). By Claim 2, we have that for every z; € V(C), wz; and
x;x;41 (respectively w'z; and x;2;11) are not adjacent in G,,. Since G,, is a complete k,,-partite graph, we have that
w;,x;2,41 and w'z; are in the same partite set of the partition of V(G,,), in particular, wa; and z;w’ are not adjacent
in G,,. Hence, z; € Oy (C"”), where C" = (w,z;,w’,w), and by hypothesis, w ¢ Oy (C"”) and w’ ¢ O (C"). Therefore,
for every x; € V(C), ww’ and w'z,; are not adjacent in G,, and w'w and wz; are not adjacent in G,,. Hence, (w,z,) U
(xp’ 0_17 xpf(qu)JrZ)U(mpf(qu)Jr% xp+2)U(-Tp+2> C, m107(1,‘171J)+1)U('%‘pf(qu)Jrh w', w) and (w> xp+1)u(xp+17 C_lv xp+17(qu)+2)u
(Tp41—(g—p)+2 Tp+3) U (243, C, Tpi1— (q—p)+1) U (Tpg1—(g—p)+1, W', w) are H-cycles of length [ 4 1, where at least one of them
contains v, a contradiction.

Therefore, for every vertex w € W, and every pair of distinct vertices z; and z; in V(C'), we have wz; and wz; are
adjacent in G,,.

2. Proceeding by contradiction, suppose that there exists w in W5 such that V(C') does not have H-dependence property
with respect to the vertex w, that is, there exist two vertices z; and z; in V(C) such that wz; and z;z; are adjacent in
G.,, and wr; and x;z; are adjacent in G,. Since C has increasing obstruction with respect to w, we have that wz; and
x;xi+1 are not adjacent in G,,. Given that G, is a complete k,,-partite graph, we have that z;2;, and z;z; are adjacent in
G,. Similarly, z;x;,, and z;x; are adjacent in G,,. By item 1, we have that wz; ; and wz;_; are adjacent in G,,. Hence,
(w,zj_1) U (zj-1,C7 2;) U (24, 25) U (25, C,wi—1) U (2,1, w) is an H-cycle of length [ + 1 containing v, a contradiction.

Therefore, Claim 4 holds. O

Recall that W is the set of all w in V(G) \ V(C) such that all the wz; are in the same partite set of the k,,-partition of
V(Gy).

Claim 5. If || > 2, then W; has the H-dependence property with respect to the vertex v.
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Proof of Claim 5. Suppose by contradiction that W; has no H-dependence property with respect to the vertex v = 1,
that is, there exists w; and ws in W, such that vw;, and wyw, are adjacent in G, (vws and wyw- are adjacent in G,,,
respectively). Given that G, is a complete k,,, -partite graph and z,w; and w,z2 are in the same partite set of the partition
of V(G., ), we have that wyws and w;z, are adjacent in G,,,, that is, (w2, wy, z2) is an H-path in G. Now, consider the cycle
C' = (wy,x3,24,w1), since w; is in Wi, it follows that w; € Ox(C’). Thus, by hypothesis 23 ¢ Oy (C’) and z4 ¢ Oy (C’), in
particular, (w1, z3,24) is an H-path in G. Similarly, (ws, z1, ;) is an H-path in G. Therefore, (x; = v, wy, w1, x3)U(z3,C, x1)
is an H-cycle of length [ + 1 containing v, a contradiction. So Claim 5 follows. O

Recall that I < n — 1, so W # ) or W5 # (). We consider the following three cases.

Case 1. W, # () and Wy = ().
If Wy =1, thenk, =1 < "T“, where z is the only vertex in W7, which is impossible. Hence, |W;| > 2. It follows from
Claim 5 and Proposition 2.1 that there exists a vertex w in W; such that

w —_ 2 N
In this case, V(G) = V(C) U Wy, so [Wi| < n — 4. Therefore,

441 1 1
o < KEWA) 4 B GIV(O0{w}] _ GIWI] 4 4 < % p1=n < "; ,

which is a contradiction. Therefore, this case is not possible.

Case 2. W, # () and Wy # (.
Let wy in W7 and wy in W5, Given that w; € Wi, we have that w; € Og(C’), where C' = (w1, 2, x;41,w1) and, by
hypothesis, it follows that z; ¢ Oy (C’), that is, (w1, z;, z;11) is an H-path in G, for every i € {1,...,l}. Recall that C has
increasing obstruction with respect to ws, so (ws, z;,2;,_1) is an H-path in G and (ws, z;,z;11) is not an H-path in G, for
every i € {1,...,l}. In particular, for i = 1 we have that z; € Oy (C"), where C” = (ws,x1,z2,w2) and, by hypothesis,
we ¢ Og(C"). So, (r1,ws,x2) is an H-path in G and, by Observation 2.3, (21, ws,w;) or (z3,ws,w;) is an H-path in G.
We claim that {wyws} U {wiz; : 2; € V(C)} is an independent set in G,,,. Otherwise, (1, ws, w1, z3) U (x3,C,21) or
(22, wa, w1, x4)U(zq,C, x2) is an H-cycle of length [+ 1 containing v, a contradiction. Therefore, {wyws}U{w z; : 2, € V(C)}
is an independent set in G,,,, for every wy in Wa.

If Wy =1,thenk, =1< ”T“, where z is the only vertex in W7, which is impossible. Hence, |W;| > 2. It follows from
Claim 5 and Proposition 2.1 that there exists a vertex w; in W; such that

o] o Wil +1
w1 — 2 N

In this case V(G) = V(C) U Wy U Wa, so |W;| < n — 4. Therefore,

ko, < KOV | ROIV@OUWa0E)) _ o o ALy ol mtd

2 2 2 7

which is a contradiction.

Case 3. W, = () and Wy # 0.
If |WW5] > 2, then by Claim 4 we have that C' has H-dependence property with respect to the vertex w, for every w € Ws. It
follows from Proposition 2.1 that there exists a vertex z; € V(C) such that

zi = 2 2
Recall that for every vertex w € W, C has increasing obstruction with respect to w, that is, wz; and z;x;,1 are in the same
partite set of the partition of V(G,). Therefore,

i

g, = polve) o ntl
i x; D) ’
which is a contradiction. Hence, |W5| =1 and |V(C)| =n — 1.
Notice that if there exists a pair of different vertices z, and xz;, with a < b, in V(C) such that wz, and wz;, are not
adjacent in G, then by Claim 3 we have that wz, and wx,;;—q) are in the same partite set of the partition of V(G,), for
every positive integer k. Thus, &k, < an < ”T“, a contradiction (observe that when b — a = an, we have that k,, = ”T*l).

Therefore, for every pair of different vertices x, and x; in V(C), we conclude that wz, and wz;, are not adjacent in G,,.
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If V(C) has no the H-dependence property with respect to the vertex w, then there exist z; and z;, with i < j, in
V(C) such that z; ¢ Oy ((w,z;,z;,w)) and z; ¢ O ((w,x;, z;,w)), in particular, wz; and x;z; are adjacent in G,,. Since
C has increasing obstruction with respect to w, we have that (w,z;,z;11) is not an H-path, that is, wx; and x;2;,1 are
not adjacent in G,,. Moreover, since G, is a complete k,,-partite graph, it follows that =z, z; and z;z; are adjacent in
Gy, that is, (x;41,x;,%;) is an H-path in G. Applying the same reasoning, we have that (z;,z;,xz;+1) is an H-path in G.
So, (w,z;_1) U (xj_1,C7  2;) U (wi,25) U (j,C,xi—1) U (z;-1,w) is an H-cycle of length [ + 1 containing v, a contradiction.
Therefore, V(C) has the H-dependence property with respect to the vertex w and, by Proposition 2.1, there exists a vertex
x; in V(C) such that

k. — KCV(ON < V(C)|+1 _ (n—1)+1 - n+1
‘ *i - 2 2 2’
which is a contradiction. Hence, we conclude that the case under consideration is not possible.
Since Cases 1, 2, and 3 are impossible, we conclude that there exists a cycle of length [ + 1 containing v. Therefore, G
is vertex H-pancyclic. This completes the proof of Theorem 3.1. O

Notice that, given a graph H possibly with loops and a complete H-colored graph G, we can check in polynomial time
whether G, is a complete multipartite graph for each = in V(G) (see [10]); whether a vertex is an obstruction of a given
cycle (by Observations 2.1 and 2.2); and whether |0y (C)| < 1 for every cycle C of length 3 in G and |Og(C”")| # 3 for every
cycle C’ of length 4 in G (as there exists () cycles of length three and 3(}) cycles of length four in G). Therefore, it is
possible to verify in polynomial time whether the hypotheses of Theorem 3.1 are satisfied.

In the particular case, when H is a complete graph without loops, we obtain as a direct consequence of Theorem 3.1 the

following result.

Corollary 3.1 (see [9]). Let G be an k-edge-colored complete graph on n vertices, n > 3, such that 0°(G) > ”7“ If G contains
no monochromatic cycles of length 3, then G is properly vertex panclycic.

The following construction given by Fujita and Magnant in [13] can be used to show that the degree condition on
Corollary 3.1 cannot be improved or dropped, and therefore, the condition on &, of Theorem 3.1 cannot be improved or
dropped either.

Construction 3.1 (see [13]). Consider a complete graph G = Ko, with set of vertices {x,v1,...,vam—_1}. Color the edge xv;
with color i, forall i € {1,...,2m —1}. Let H = G — {z} and arbitrarily partition E(H) into m —1 Hamiltonian cycles. Also,
we arbitrarily orient these Hamiltonian cycles in such a way every Hamiltonian cycle is a directed cycle. Color the edge v;v;
of G with color j if (v;,v;) is an arc of one of the oriented Hamiltonian cycles. This provides an edge-coloring of G such that
0°(G) = 5 and x is not contained in an properly colored cycle in G.

Let n be a positive integer,n > 3,and k = (";1) +1. Consider G a complete graph of order n with V(G) = {vy,...,v,-1,2}.
Color the edges of the graph G —z in such a way every two different edges have different color; and color every edge incident
with x with color k. Hence, G is a k-edge-colored complete graph. Notice that G is not a properly vertex-pancyclic graph,
since x is contained in no properly colored cycle. Nevertheless, if we see G as an H-colored graph, where H is the complete
graph with vertex set I, = {1, ..., k}, with a loop in the vertex &, then G fulfills the hypotheses of Theorem 3.1, and G is a
vertex H-pancyclic graph.

The above discussion shows that Theorem 3.1 is more general than Theorem 1.2.
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