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Abstract

The so-called S-Motzkin paths are combined with the concepts ‘catastrophes’ and ‘air pockets’. The enumeration is done by
properly setting up bivariate generating functions which can be expanded using the kernel method.
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1. Introduction

Dyck paths consist of up-steps (1, 1) and down-steps (1, —1), start at the origin and do not go below the z-axis; they appear
in many texts, we just give two major references, [1,12]. Typically, these paths return to the z-axis at the end, but we also
consider the scenario of open paths, where the paths end at level j, say. A popular variation of Dyck paths are Motzkin
paths; the difference is just that now a horizontal step (1, 0) is also allowed.

In this paper, we concentrate on S-Motzkin paths (see Figure 1 for an example), which form a subfamily of the family
of all Motzkin paths: all three steps (up, level, down) must appear n times, and, ignoring the down-steps, the sequence is
(1,0)(1,1)(1,0)(1,1)(1,0)(1,1)...(1,0)(1,1). Figure 2 shows how these paths are recognized: the two layers enforce that the
flat and up steps are interlaced. Only paths that end in the origin are S-Motzkin but we consider all paths wherever they
end. Figure 1 is an example of such an S-Motzkin path with 15 steps.

Figure 1: Example of an S-Motzkin path.

Figure 2: Graph to recognize S-Motzkin paths; they start and end at the special state (origin).

Now, we present a graph (automaton) to recognize exactly the S-Motzkin paths (see Figure 2). The meaning of this
automaton is that each path from the origin back to the origin represents exactly such an S-Motzkin path. Arrows to the
right in Figure 2 correspond to up-steps, to the left to down-steps, and to vertical ones to level-steps. For automata that
appear later the interpretation is similar; we tried to use colors and different line types to help the reader.

This subfamily of Motzkin paths originated from a question in a student competition; see [7] and [10] for history and
analysis. In the following, we will combine this family with catastrophes and air pockets, both originating in papers by
Jean-Luc Baril et al. [4,5]; the older paper by Banderier and Wallner [2] might be called the standard reference for lattice
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paths with catastrophes. The very recent papers [3, 5] contain some bijective aspects. The paper [8] investigates the
situation in the context of skew Dyck paths.

Dyck (and other lattice) paths with catastrophes are characterized by additional steps (‘catastrophes’) that bring the
path back to the z-axis in just one step from any level j > 2. For S-Motzkin paths the definition is similar, and the graphical
description in Figure 3 is easiest to understand; the catastrophes are drawn in special colors.

In the last section, S-Motzkin paths with air pockets will be discussed. Briefly, down steps of any length are now
allowed, but no two down steps may follow each other.

2. S-Motzkin paths with catastrophes

Figure 3: Graph to recognize S-Motzkin paths with catastrophes. Purple arrows lead to the initial state. Olive arrows
lead to the level 0 state in the second layer.

In the sequel, we analyze the paths as in Figure 3, which are generated by the automaton. We introduce generating
functions f; = f;(z), where the coefficient of z” counts the number of paths starting at the origin (=the big circle) and
ending after n steps at state i (=level i) in the upper layer. The generating functions g; = ¢;(z), where the coefficient of ="
counts the number of paths starting at the origin (=the big circle) and ending after n steps at state i (=level 7) in the lower
layer are also needed. For a similar but simpler instance, we refer to [9].

The following recursions are easy to see:

fo=1+z2(fi+fotfatfat-)
fi=29i-1+zfit1, 1 2 1,
go=z2fotz(g1+g2+g3+ga+-),
gi = 2fi + 2git1, 1 2> L.

Since fy and gy are somewhat special, we leave them out for the moment and compute the other ones, f;, g;,7 > 1. Eventually
we will solve the equations for f, and gg, which will turn out to be just linear. Therefore we introduce the bivariate
generating functions
F(u) = F(u,z) = Zui_lfi, G(u) = G(u, z) = Zui_lgi
i>1 i>1
and we treat f; and gg as parameters. Summing the recursions over all possible values of i, we get

Flu) = 290 + 2uG(w) + Z[F(w) = fi],  Glu) = 2F(u) + Z[G(u) - g1].

u
Note that f; = F'(0) and g; = G(0). We compute from this (of course with a computer)

2(—u?go + zugo + ufi — zf1 + zu?gy)

Fu) = 2203 —u? 4+ 2zu — 22

)

2(—zu?go + ugr + zufi — z2g1)
22ud —u? 4+ 2zu — 22 '

G(u) =
To factor the denominator, we set u = zv, and also 23 = x = t(1 — t)? to get
22 (vt — 1) (0?1 — 2tv? + vt +v? — 20+ 1).

These and similar substitutions have appeared already in [10]. Therefore the three roots (expressed again in the variable )
are given by

z t— 2+ /4t — 32 t—2— At — 32
Uy = — Uy = —2 Uug = —2
T 2 20—1)2 8 2(1—t)?
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and so

220 —u? 4 2zu — 2% = 2% (u — up) (u — uo) (u — ug).

These three roots appear already in [7], where more details are provided. Therefore

—ugo + zugo + ufr — 2f1 + zu’g —zu”go + ug1 + zufi — zg

F(u) = and G(u) = .
() z(u —uq)(u — u2)(u — usg) () z(u—up)(u — u2)(u — us)
Cancelling the bad factors (v — us)(u — us3) out, we get
—Ygo + zg1 —90
Fluy=——= and Gu)=—"—.
() z(u—uq) () (u—uq)
As a general remark, factors are bad if ﬁ has no power series expansion around z = 0, u = 0. This is part of the kernel

method, see [6] for a user-friendly collection of examples. Plugging in u = 0, we get

— t 1-= t(1—t
f1:u and glzg—ozgL and thus f; = go 1:90( 3 ).
Uy U1 4 AT z
Now we can solve for fy and go:
—g0+ %
fo=1+2(f1+f2+f3+f4+~-~)=1+zF(1)=1+?07ugl
— Uy
—240
go=Zf0+Z(g1+gg+g3+g4+'”)=Zfo+1 o
—u
Therefore
—t+2z—zt z(z —1t)

fo= =7 oa 0 90 = L Tt + 22

Using the Lagrange inversion formula (or contour integration), we get the expansion (as in [7,10])

_ 1/3n—-2\ ., 1/3n -2\ 5,
t_zn<n1)x _Zn<n1)z '

n>1 n>1

Note that the equation = = ¢(1 — t)? is exactly of the type needed for the Lagrange inversion, and so one can express t as a
power series in x.

Using this, we can compute the power series expansion of f; and go; note that f, enumerates the S-Motzkin paths with
catastrophes:

fo=1+2 425 +320 + 27 + 728 +132° + 11210 + 4321 + 70212 + 892'3 4 2642 + 4242"5 + 65021¢ 4 165727 + -+ |
go = 2+ 22+ 228 4 727 4 228 +152% + 32210 + 23211 496212 + 174213 + 19221 + 60421° + 1048216 + 1434217 4 - .- .

The coefficients are not ‘nice’, in the sense that there are no simple expressions available for them. Consequently, f, and g

1
U—UuU1

also do not have nice coefficients, although the factor leads to nice coefficients, as can be seen from [7]. Many similar
series expansions can be found in [11].

Now, we move to asymptotics.

As can be seen from the discussion in [10], the asymptotic enumeration of S-Motzkin paths is driven by a square-root

type singularity, as it often happens in the enumeration of trees and lattice paths:

2 (1 27:1:)1/2 4
4 3

1
t~ — — —— ~ —
3 343 Y

and the closest singularity (in z) is at %. Switching to the z-notation, as we have to in the context of catastrophes, we
must look at the three roots closest to origin of modulus (2%) 3 _ 0.5291336839. Consequently, the exponential growth of
S-Motzkin paths is given by the reciprocal: 1.88988157485™. The exponent n refers to the length n of the S-Motzkin path.
There are only paths when n is divisible by 3, but that is of no concern.

For the case of catastrophes, we get a closer (to the origin) singularity. We need the dominant zero of the denominator
—t + z — 2zt + zt2. A computer provides the value z = 0.5248885986 ... and the corresponding value = 0.2755080409. .. .
As we can see, the value is slightly smaller: 0.5248885986 < 0.5291336839. Consequently, this number leads to a simple
pole, and the exponential growth is larger, as is not too surprising, considering the additional steps that are possible. The

calculations are given at the start of the next page.
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We must expand f, and gq at the simple pole z = z. First note that

t  drdtt 5,2 1 and 372
—_———— = —_ - — =
dz  dzdxdt (I1-1t)(1—3t) dzlz=zt=t (1 —1%)(1—3t)
—t 4z — 22t + 2t? i(—t+z—2zt+mf2) (z—z)—(—i+1—2t—2zi+t2+2zti) (z—7%)
dz 2=% N dz dz dz/ lz=z

~ —11.0530836206(z — Z) ~ 21.0579609634(1 — 1.905166167z),

and further . . )
— Z—Z

= ~ 0.0049752931 .

fo=7 Tz — 2t + 212 1 — 1.905166167z

Since fy(z) is the generating function of S-Motzkin paths with catastrophes, we got an asymptotic equivalent of these
numbers of length n via [2"] fo(z) ~ 0.0049752931(1.905166167)".
A similar computation leads to [2"]go(z) ~ 0.0062160344(1.905166167)". We continue with

_ —go+zg1 _ go(1—1t)t

F = =
() z(u—wu) 221 —ul)
and therefore ( i ) .
" -ttt
1 (w) = —t 4z — 22t + 2t2 ZhFLT
Similarly,
t(z —t) I t(z —t) tk

[W*)G(u) = [u"]

—t+z—2zt+ 262 (1—9) — —t 42— 2zt + 212 25

We note that
zt

T i 2st a2
Now, we move to partial S-Motzkin paths with arbitrary endpoint. In terms of generating functions, it just means v := 1,

G(1)

and we found the generating function

1

Jo2) + F(L,2) +90(2) + GL2) = oo

[(—t+z—zt)+(1—t)t+z(z—t)+zt

2422 — 2t — 12
—t+z— 22t + 2t2

=14 2422 +22% 4+ 322 +52° +102° + 1627 4 302° + 5827 + 98210 4+ 1892 + ... .

The asymptotic behaviour of the coefficients is also of the form const.(1.905166167)" since the denominator is always the
same.

3. Right-to-left S-Motzkin paths with catastrophes

Here, we enumerate the S-Motzkin paths with catastrophes from right to left. To make the concept more clear, we might
take an S-Motzkin with catastrophes and read it from right to left. Basically, it means that the orientation of the arrows
changes. It is, however, easier to think about them in a mirrored fashion, and the automaton reads the symbols from left
to right, as usual. If one lands again in the origin, we obtain the results as before. However, when we decide to stop at any
step of our choice, the enumerations translate no longer from the left-right model. We use similar generating functions as
before, namely a;(z) for the top layer, and b;(z) for the bottom layer. Then

ag =1+ zby, a1 = zby + zag, a; = zb; + za;_1+ zag, i > 2,

bo = zaq, bl = Zbo + zag, b1 = 20541 + Zbi,1 + Zbo, ) Z 2.

These recursions can be derived from Figure 4. As before, we introduce

A(u) = Zuiilai, B(u) = Zuiflbi‘

i>1 i>1
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Figure 4: Graph to recognize S-Motzkin paths with catastrophes from right-to-left.

We compute in a similar fashion as before

A(u) = ay + Zuiflai =a; + Zzuifl[bi + a;—1 + ao)

i>2 i>2
=a1+ =z Z Wl + 2 Z W la; 1+ 2 Z u'lag
i>2 i>2 i>2
Zu
= a1 + zB(u) — zby + zuA(u) + . ao
—u

and

B(u)=by+ Y w' b =b +2Y_ uaz +bi_1 + bo]

i>2 i>2
=by + zZuFlaiH + ZZuiflbiq + zZui71b0
i>2 i>2 i>2
z ~ z zu
=b+ — 'Gi11 — —ay — B b
1+u;ua+1 ual zas + zu (u)+1_u0
z z z
= aA(u) ! + zuB(u) + T bo.
We rewrite this system in the form
A(u) = zuA(u) + 2B(u) + (u), P(u) =ay — 2b; + 1zu ag,
—u
z z z
Bu)=-A B v U(u) =—— bo.
(1) = 2 AGu) + 2uBu) + W(w), W) = a1 + by

The solution is

2(zuby — zuag — zay + zuay + uag) 2(—zu®by — zulay + aju + bou + zuai + zag — ay)
Au) = 53 5 , Blu)=
(22u3 — 2zu? +u— 22)(1 —w) (22u3 — 2zu? +u — 22)(1 —u)

Recall that if
Z t— 244t — 3t2 t—2— /4t — 3t2
up = — Uy = —2 Uz = —2 ;
LT 2 20—1)2 3 20 —t)2

then

1 1 1
22u3722u2+u—22:22(u7—)(u7—)(u——);
U7 u9 us

this can be checked directly, compare also [7]. Since - = £ ~ 22, the factor (u— ;) is ‘bad’ and must cancel out. Plugging
inu= ﬁ into the numerators, we must get 0. Dividing out the factor v — 5, the solutions now look like

2(zbo + za1 — uzap — apt + ag)
22 (u— u%)(u - 7%3)(1 —u)

z(—zubg + za; — zuay + a1 + by — thg — taq)

Alu) = 2(u— ) u- 1)1 w

B(u) =

Note that

Now we can plug in u = 0 to get

z(zbo + ag — apt)
212+

2(zbg + za; — agt + agp)
(1—-1)? ’

A(O) = a1 = and a; =
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z2(22bg +1 —t — ztbo)

z(za1 + a1 + bo — tbo — tal)
—22 +1— 2t + 2 '

(1—1)

Since ag = 1 + zbg, we get a1 = . We also get B(0) = b, =

From by = za; we find

2
z%(zbg + ag — aot) t(1—1) —t+z— 2zt
07 T2 2412tz 20t 4 a2 a0 =1+ zbo = fo Ttz 2zt 212

In principle, one could also write formulae for general a; and b, by using partial fraction decomposition. Since the results
look very complicated and do not provide extra insight, we refrain from giving such explicit results.

A brief comment about asymptotics: Since the denominators are the same as in the left-right instance, we get again
an exponential behaviour, with the same rate as before. The concept of open end does not make sense here since there are
infinitely many such paths of a given length n > 1.

While one might be tempted to attack the current question using some bijective tricks, it is worthwhile to note that our
approach is very flexible, and, e. g., subsets of the catastrophes may be considered, with little extra efforts.

4. S-Motzkin paths and air pockets

Now, we move to another model popularized by Baril et al., namely introducing air pockets, see [4]. These are maximal
chains of downsteps, but this time only counted as one step. Since the main issue of S-Motzkin paths to keep the pattern
flat, up, flat, up, flat, up, ...alive, the downsteps live their own live, and we managed to construct a graph with 4 layers
of states, describing all possible scenarios. Note that the wavy edges represent transitions without reading a symbol. The

0 1 2 3 4

Figure 5: Four layers of states. Only blue edges bring us to the next level, red wavy lines and black lines stay at the same
level, only dashed grey arrows represent down-steps, this time by and amount, not necessarily down to the x-axis.

generating functions for the four layers, as seen in Figure 5, reaching level i, can be read off from the diagram; note that
the wavy edge is labelled by 1, not by z, since there is no step done. As in the theory of finite automata, such edges where
no symbol is read, could be avoided in principle, but we found it convenient to use such transitions. There is no ambiguity
here, since for each Motzkin-like path in our context there is exactly one path in the automaton, and the transitions without
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reading a symbol (represented by the wavy lines) will be ignored when considering the relevant path.
a():l, ai:zdi_l, 221, b¢:a¢+zZaj,
7>1
Ci:Zbi, di:Ci+ZZCj.
J>1
The bivariate generating functions are A(u) = 3,5, u'a;, B(u) = 35,5 u'bi, C(u) = 3,5 u'c;. Summing the recursions
over all possible values of i, we find the system

A(u) =14 zuD(u), B(u)= A(u) + - [A(1) — A(u)],
Clu) = =Bu). D) = Cu) + ——[C(1) - C(w)]
The system can be reduced to two equations
Clw) = 2A() + A1) - A(w)],
AW L o+ o) - o)

and so, by solving,

—22uC(1) + 22u?A(1) — 1+ 2u + 2*uA(1) — u? + 22u2C(1) — 23uA(1)
—1 4+ 2u —u? + 22u — 222u? — 223u + 22ud + 223u? + 2%u
(22u?C(1) —u? — zu+ 2u + zA(D)u + 22uC (1) — 22uC(1) — 1 + z — zA(1)) 2

—1 4 2u — u2 + 22u — 222u2 — 223u + 22u? + 223u? + z%u '

Alu) =

)

O(u) =

Plugging in u = 1 gives the void equations A(1) = A(1) and C(1) = C(1). Therefore the denominator has to be investigated.
We find that
—142u —u? + 22u — 22%u® — 223 + 2%ud + 2230 4 2t = 22 (u — p)(u — o) (u — 7);

the explicit forms provided by Maple are useless, but fortunately gfun (in Maple) allows manipulations with the relevant

series:

p=2"2—22-22 - 21 —22° — 625 — 427 — 1525 — 2227 — 33210 — 862! — 115212 — 25623 — 4862 — 80420 — 17832'C
—30742'7 — 604928 — 121042 — 2190222 — 4491822 — 85235222 — 165124223 — 3311372%* — 6317402%° — 1261785226
— 2477694227 + -

The other roots are ugly but we compute the simpler (v — o)(u — 7) = u? + Ku + L with

K =—-222-22° - 20— 227 — 628 — 429 — 15210 — 22211 — 332'2 — 86213 — 11521 — 25621° — 48621¢ 4 - - - |
L=22422°42"45284+22% 4+ 14219+ 162" + 27212 + 74213 + 86214 4+ 22221° + 395216 ... |

So, we must divide this term out from the numerator and denominator. Therefore

22A(1) 4+ 22C(1) -1 _220(1) -1
A('LL) = Zz(u — p) y and C(U) = m,
and by v = 1 and solving,
_ —14+p _ 1
A(l)7—22(_14_104_2)27 and C<1)77z(—1+p+z)'
Since these values are known, we find
Aw) = —L— and C(u) = 1=p

S p-u 2(L=p—2)(p—u)’
where the identity 1 — 2p + p? — 2%2p + 222p? + 223p — 22p% — 223p? — 2%p = 0 was used for simplification. One sees A(0) = 1,
which is clear from combinatorial reasons. Further
. . 1-
ap = [uF]A(u) = p~* and ¢ = [WF]C(u) = ﬁp‘k_l.

The other quantities are then b, = ¢, and dj, = Lay1, for any k > 0.

We leave the analysis of this air pocket model from right to left, as well as other parameters, to the interested reader.
The factorization (v — p~!)(u — 071)(u — 771) will play a role here, and only one factor is bad, namely (u — p~1).

It is possible to consider catastrophes and air pockets at the same time; we leave such considerations to enthusiastic
young researchers.
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