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Abstract

In this paper, it is proved that the Kneser graph K(t, 2) is Class 1 for t ≡ 1 (mod 4) ≥ 9. This result proves the conjecture
posed in [C. M. H. de Figueiredo, C. S. R. Patrão, D. Sasaki, M. Valencia-Pabon, J. Combin. Optim. 44 (2022) 119–135].
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1. Introduction

All graphs considered here are simple and finite. We denote the complete graph and the complete bipartite graph byKn and
Kn,n respectively. For a graphG and S ⊆ V (G), the subgraph ofG induced by S is denoted by 〈S〉. Similarly, for E′ ⊆ E(G),

the subgraph of G induced by E′ is denoted by 〈E′〉. The complement of a graph G is denoted by G with V (G) = V (G) and
two vertices in G are adjacent if and only if they are not adjacent in G.

An r-factor of a graph G is an r-regular spanning subgraph of G. A graph G is said to be 1-factorable if E(G) can be
partitioned into perfect matchings. A 2-factorization of G is a partition of E(G) into edge-disjoint 2-factors. The union of
two graphs G1 and G2 is a new graph G with V (G) = V (G1) ∪ V (G2) and E(G) = E(G1) ∪ E(G2). In other words, the
resulting graph G contains all the vertices and edges of both G1 and G2 without duplicating any common elements. Let G
be a bipartite graph with bipartition (X,Y ), where X = {x0, x1, . . . , xr−1} and Y = {y0, y1, . . . , yr−1}. If G contains the set
of edges Fi(X,Y ) = {xj yj+i | 0 ≤ j ≤ r−1}, 0 ≤ i ≤ r−1, where addition in the subscript is taken modulo r, then we say that
G has the 1-factor of jump i from X to Y. Note that Fi(X, Y ) = Fr−i(Y, X). Clearly, if G = Kr,r, then E(G) =

⋃r−1
i=0 Fi(X,Y ).

Let E(X, Y ) denote the set of edges of G having one end in X and the other end in Y , where X, Y ⊂ V (G) and X ∩ Y = ∅.
A circulant graph Γ = C(n; L) is a graph with V (Γ) = {1, 2, . . . , n} and E(Γ) = {i i+ ` | 1 ≤ i ≤ n and ` ∈ L}, where
L ⊆ {1, 2, . . . , bn2 c} and the addition is taken modulo n with residues 1, 2, . . . , n. The elements of L are called the distances
of the circulant graph Γ and L is called the set of distances. Let GP (n, j) denote the generalized Petersen graph with vertex
set {u1, u2, . . . , un, v1, v2, . . . , vn} and edge set {uiui+1, vivi+j , uivi | 1 ≤ i ≤ n}, where the addition in the subscripts are
taken modulo n with residues 1, 2, . . . , n. A proper k-edge coloring of a graph G is a function f : E(G)→ {1, 2, . . . , k} such
that adjacent edges receive distinct colors. The smallest integer k for which graph G has a proper k-edge coloring is called
the edge-chromatic number or chromatic index of G. It is denoted by χ′(G). The Vizing theorem proved by Vizing [17] and
independently by Gupta [10] states that ∆(G) ≤ χ′(G) ≤ ∆(G) + 1, where ∆(G) denotes the maximum degree of G. If
χ′(G) = ∆(G) (respectively, ∆(G) + 1), then the graph G is said to be Class 1 (respectively, Class 2). The line graph of a
graph G, denoted by L(G), is the graph with V (L(G)) = E(G) and the edge e1e2 ∈ E(L(G)) if and only if both the edges e1
and e2 of G incident at a vertex. Let Pk(t) be the set of all k-element subsets of a t-element set. The Kneser graph K(t, k)

is defined as follows: V (K(t, k)) = Pk(t) and E(K(t, k)) = {AB |A,B ∈ Pk(t) and A ∩ B = ∅}. Note that, when k = 1,

K(t, k) ∼= Kt and the graph K(t, 2) is isomorphic to L(Kt). Definitions which are not given here can be found in [3]. The
Kneser graph was introduced by Kneser, see [12]. Initially, Kneser conjectured that if t ≥ 2k, then the chromatic number
χ(K(t, k)) = t − 2k + 2. This conjuncture was settled using different proof techniques, see [4, 9, 12, 15, 16]. Other coloring
parameters of Kneser graphs have been studied by many authors, see [1,2,8,11].

In 1983, Leven and Galil [14] showed that the proper edge coloring problem is NP-complete even for regular graphs of
degree at least 3. Cao et al. [5] presented a detailed survey on edge coloring of graphs. Recently, de Figueiredo et al. [7]
showed that K(t, 2) is Class 1 for t ≡ 0 (mod 4) and posed a conjecture for t ≡ 1 (mod 4).
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Conjecture 1.1. [7] For t ≥ 9, the Kneser graph K(t, 2) with t ≡ 1 (mod 4) is Class 1.

We state the following theorem for our reference.

Theorem 1.1. [13] Every bipartite graph is Class 1.

2. Proof of Conjecture 1.1

In this section, we present the proof of Conjecture 1.1.

Theorem 2.1. For t ≥ 9, the Kneser graph K(t, 2) with t ≡ 1 (mod 4) is Class 1.

Proof. Let t = 4k + 1, k ≥ 2. Consider the complete graph Kt with vertex set {1, 2, . . . , t}. Clearly, Kt =
⋃2k
i=1 C(t; {i}),

where C(t; {i}) is the circulant graph with distance set {i} and vertex set {1, 2, . . . , t}. For 1 ≤ i ≤ 2k, let Vi be the
2-element vertex subset of K(t, 2) that corresponds to the ends of the t edges of C(t; {i}), that is,

Vi = {{1, 1 + i}, {2, 2 + i}, {3, 3 + i}, . . . , {t, t+ i}},

where the addition is taken modulo t with residues 1, 2, . . . , t. Clearly, P2(t) =
⋃2k
i=1 Vi = V (K(t, 2)) and

E(K(t, 2)) =

{
2k⋃
i=1

E(〈Vi〉)
}
∪

 ⋃
1≤i<j≤2k

E(Vi, Vj)

 .

Since V (K(t, 2)) = P2(t) and E(K(t, 2)) = {X Y |X,Y ∈ P2(t) and X ∩ Y = ∅}, that is, they share no points, on the other
hand, two vertices in the L(Kt) are adjacent by an edge if they share a common endpoint in Kt, but such edge is not
in L(Kt). Therefore, K(t, 2) ∼= L(Kt) = L(∪2ki=1C(t; i)), each of the subgraphs 〈Vi〉, 1 ≤ i ≤ 2k, of K(t, 2) is isomorphic to
〈E(Kt)−E(C(t; {i}))〉. It is easy to check that the edge induced subgraph 〈E(Vi, Vj)〉, 1 ≤ i < j ≤ 2k, ofK(t, 2) is isomorphic
to Kt, t − {F0(Vi, Vj) ∪ Fi(Vi, Vj) ∪ Ft−j(Vi, Vj) ∪ Ft+i−j(Vi, Vj)}, where the addition in the subscript of F is calculated
modulo t, see Figure 1.
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Figure 1: Graph 〈E(Vi, Vj)〉, 1 ≤ i < j ≤ 2k. Observe that the vertex {i, i+ j} is same as {t+ i, i+ j}.
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Consider the complete graph K2k with V (K2k) = {v1, v2, . . . , v2k}. Let {F1, F2, . . . , F2k−1} be a 1-factorization of K2k.

Corresponding to each of these 1-factors of K2k, we associate a regular spanning subgraph of K(t, 2) as follows: let

H1 =

 ⋃
vivj ∈E(F1)

〈E(Vi, Vj)〉

 ∪
{

2k⋃
i=1

〈Vi〉
}

and letHi = {⋃vrvs ∈E(Fi)
〈E(Vr, Vs)〉}, 2 ≤ i ≤ 2k−1. Clearly,K(t, 2) = H1∪H2∪· · ·∪H2k−1. Since the subgraph 〈E(Vi, Vj)〉

is a t−4 = (4k−3)-regular bipartite graph, it is Class 1 by Theorem 1.1. As each Hi, 2 ≤ i ≤ 2k−1, is the union of k vertex
disjoint (4k − 3)-regular bipartite graphs 〈E(Vi, Vj)〉, it is Class 1 by Theorem 1.1.

To complete the proof, it is enough to obtain a 1-factorization of H1, and also graph H1 is going to be analyzed in
several Class 1 subgraphs. It is clear that for each edge vivj ∈ E(F1), i < j, of K2k, there corresponds a component
Hij = 〈Vi〉 ∪ 〈Vj〉 ∪ 〈E(Vi, Vj)〉 in H1. Now our aim is to obtain a 1-factorization of Hij . Let Xi

a (respectively, Y jb ) denote the
circulant graph isomorphic to C(t; {a}) (respectively, C(t; {b})) contained in 〈Vi〉 (respectively, 〈Vj〉). As pointed out earlier,

〈Vi〉 ∼= Kt − E(C(t; {i})) =

2k⋃
j=1, j 6= i

E(C(t; {j})),

that is, 〈Vi〉 = {⋃2k
a=1X

i
a} − E(Xi

i ) and 〈Vj〉 = {⋃2k
b=1 Y

j
b } − E(Y jj ). Recall that

〈E(Vi, Vj)〉 = Kt, t − {F0(Vi, Vj) ∪ Fi(Vi, Vj) ∪ Ft−j(Vi, Vj) ∪ Ft+i−j(Vi, Vj)} =

4k−3⋃
r=1

Fαr (Vi, Vj),

where α1, α2, . . . , α4k−3 is the arrangement of the integers in {0, 1, 2, . . . , 4k}\{0, i, t−j, t+ i−j} in the increasing order.
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Figure 2: One of the copies of the prisms in H ′s is shown here.

First, we obtain a 1-factorization of Hij for i 6= 1 (i = 1 will be considered later). Let Hij be the graph defined above. To
each s ∈ {1, 2, 3, . . . , 2k}\{1, i, j}, consider the subgraphH ′s = Xi

s ∪ Y js ∪ Fαs(Vi, Vj) ofHij (the values of s = 1, i and j will
be considered later). Observe thatXi

s (respectively, Y js ) is a 2-factor of 〈Vi〉 (respectively, 〈Vj〉) havingm cycles each of length
t
m ,wherem = gcd(t, s).Consequently,H ′s is isomorphic to the union ofm disjoint copies of the prism over the cycle of length
t
m ,where the prism over a cycle length t

m is the cubic graph obtained by taking two disjoint copies of the cycleC t
m

and joining
their corresponding vertices, see Figure 2. As the prism over a cycle is hamiltonian, H ′s is 1-factorable. The edges of Hij

which are not on theH ′s, s ∈ {1, 2, 3, . . . , 2k}\{1, i, j}, are the edges ofE(Xi
1) ∪E(Xi

j) ∪E(Y j1 ) ∪E(Y ji ) and the edges of the
1-factors of jumps Fα1

(Vi, Vj), Fαi
(Vi, Vj), Fαj

(Vi, Vj), Fα2k+1
(Vi, Vj), Fα2k+2

(Vi, Vj), . . . , Fα4k−3
(Vi, Vj), as Xi

i (respectively,
Y jj ) is not in 〈Vi〉 (respectively, 〈Vj〉), Xi

1, X
i
j , Y

j
1 and Y ji can not be in the above H ′s and the 1-factors (from Vi to Vj) in Hij

which are not listed here are inH ′s. Now consider two subgraphsXi
1 ∪ Y ji ∪ Fα1(Vi, Vj) andXi

j ∪ Y j1 ∪ Fαi(Vi, Vj) ofHij . By
the definition of Xi

1, it is a cycle of length t; Y ji is a 2-factor of 〈Vj〉 having ` cycles of length t
` , where ` = gcd(t, i). Further,

Fα1
(Vi, Vj) is the 1-factor of jump α1 from Vi to Vj . Clearly, Xi

1 ∪ Y ji ∪ Fα1
(Vi, Vj) ∼= GP (t, i) and Xi

j ∪ Y j1 ∪ Fαi
(Vi, Vj) ∼=

GP (t, j), see Figure 3.
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Figure 3: A part of the subgraph of Xi
1 ∪ Y ji ∪ Fα1

(Vi, Vj) = GP (t, i), where Y ji is the union of three disjoint cycles shown
in normal edges, bold edges, and broken edges.

The generalized Petersen graphsGP (t, i) andGP (t, j) admit Tait colorings, and hence they are 1-factorable, see [6]. The
remaining edges of Hij are the edges of the 1-factors of jumps Fαj (Vi, Vj), Fα2k+1

(Vi, Vj), Fα2k+2
(Vi, Vj), . . . , Fα4k−3

(Vi, Vj)

and they are 1-factors of Hij .

Finally, we obtain a 1-factorization of Hij for i = 1. As above, consider the subgraph H ′s = X1
s ∪ Y js ∪ Fαs

(V1, Vj) of H1j

for each s ∈ {1, 2, 3, . . . , 2k} \ {1, j}. As discussed above, each H ′s is 1-factorable. Thus

E(H1j)− E(∪2ks=2, s 6= jH
′
s) = E(X1

j ) ∪ E(Y j1 ) ∪ Fα1
(Vi, Vj) ∪ Fαj

(Vi, Vj) ∪ {∪4k−3r=2k+1Fαr
(Vi, Vj)}.

Now we consider the subgraph X1
j ∪ Y j1 ∪ Fα1(Vi, Vj) of H1j ; (here Y j1 is a cycle of length t). This subgraph is isomor-

phic to the generalized Petersen graph GP (t, j) and hence it is 1-factorable, see [6]. The remaining edges of H1j are
{⋃4k−3

r=2k+1 Fαr
(Vi, Vj)} ∪ Fαj

(Vi, Vj); this is the edge disjoint union of 2k − 2 1-factors of H1j . This completes the proof.

3. Conclusion

Basic necessary condition for the Kneser graphK(t, 2) to be Class 1 is t ≡ 0 or 1 (mod 4). In [7], de Figueiredo et al. proved
that Kneser graphK(t, 2) is Class 1 when t ≡ 0 (mod 4) and posed the case t ≡ 1 (mod 4) as a conjecture. In this paper, we
proved that K(t, 2) is Class 1 when t ≡ 1 (mod 4), which completely settled the conjecture of de Figueiredo et al. [7]. Thus,
our result (Theorem 2.1) together with the result of de Figueiredo et al. [7] proves that K(t, 2) is Class 1 for all possible
t except t = 5, because when t = 5, K(t, 2) is isomorphic to Petersen graph, which is Class 2. These results significantly
advance our understanding of Kneser graphs and their properties.
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