Discrete Mathematics Letters Discrete Math. Lett. 12 (2023) 138-144
www.dmlett.com DOI: 10.47443/dml.2023.051

Research Article
Two series which generalize Dirichlet’s lambda and Riemann’s zeta functions at positive
integer arguments

Lubomir Markov*

Department of Mathematics and Computer Science, Barry University, Miami Shores, Florida 33161, USA
(Received: 20 March 2023. Received in revised form: 9 June 2023. Accepted: 18 August 2023. Published online: 25 August 2023.)

© 2023 the author. This is an open-access article under the CC BY (International 4.0) license (www.creativecommons.org/licenses/by/4.0/).

Abstract

The series > .7, % and > 7, Hf,\c’,fk) are considered, where G (k) and Hy (k) are the Borwein-Chamberland sums
appeared in the expansions of integer powers of the arcsine reported in the paper [D. Borwein, M. Chamberland, Int. <J.
Math. Math. Sci. 2007 (2007) #1981]. For 3 < r € N, representations for these series in terms of zeta values are derived,
extending a theorem proved in the paper [J. Ewell, Canad. Math. Bull. 34 (1991) 60-66]. Several corollaries (especially for

the case r = 3) are obtained, extending some known representations, including Euler’s famous rapidly converging series for

¢(3). The technique can be applied to the case r = 2 and it yields generalizations of the formulas > 7> | m = % and
oo 7\'2

D her 1%2 = 6
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1. Introduction

Let A(s) and ((s) be the Dirichlet lambda and the Riemann zeta functions, respectively; i.e., the functions initially defined
for R(s) > L as \(s) = 232, @rroye- ((5) = X232, 7+ and then extended to all complex s # 1 by analytic continuation. An
active area of recent research has been the study of zeta and associated functions that are themselves expressed in terms
of zeta values. A substantial collection of such results may be found in the book by Srivastava and Choi [12], or in the
research-expository article [11]. Historically, the first example of a series in terms of values of the Riemann zeta function
was given by Euler [4]. In contemporary notation that series is

(oo}

_ An? ¢(2k)
@) = _‘f?’2§%(2k4-1x2k-+2)2ww

which was rediscovered by Ewell [5]. The above sum converges more rapidly than Y -, k%, itself, and exemplifies the

interest in such representations.
The aim of the present work is to study two interesting sums arising from the Maclaurin expansions of integer powers
of arcsin(z), discovered in 2007 by Borwein and Chamberland [3]. These expansions are as follows: for odd powers, one has

= G (k) (2kk) 2k+1

arcsin®N T (z) = (2N +1)! S (1)
k=0
where )
Golk) =1, Gn(k) = Sf R ..Tfiff B @
’ - " - m1=0 (2m1 + 1)2 ma=0 (2m2 + 1)2 mn=0 (ZmN + 1)27
for even powers there holds
o0 k
arcsin®V (z) = (2N)! Z H]\;(]§24 2k 3)
o G
where )
PRICIEERYINITI S S B S N . @
' 4’ A 4 my1=1 (2m1)2 ma=1 (2m2)2 my=1 (2mN)2'
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Let 3 < r € N. We consider the series >~ , gk"jrf and Y -, HNT(k), which generalize A(r) and ¢(r). We shall derive
representations in terms of zeta values for these series, generalizing and extending several known results, including Euler’s
representation of ((3) mentioned above. Additionally, we investigate a set of sums also motivated by Euler’s work, the

simplest example of which is the following representation:

) k—1
SAY L = - e + x@a).

k=1 *m=1

2. Main results

The reader is referred to [1,12] for all preliminaries. In what follows, [¢]5; shall denote the Pochhammer symbol (rising
factorial): for £ € C,define [&]lo =1; [y =&E+1)---(§+ M —1), VM € N. We also set Ny = NU {0}. Throughout
the paper, B, (n € Ny) shall denote the Bernoulli numbers. Our first result is a generalization of the main theorem from
Ewell’s 1991 paper [6].

Theorem 2.1. For each m € Ny, r € N, and for every N =0,1,2,..., define the coefficients As,,(r, N) as follows:

(211 QZT)BQZl e BZir
(2 +2N + 1) (24 + -+ 25,1 + 2N + 1)’

Ao (1, N) = 2m+1]an - Bom, Aom(r,N) = 2m+ 1]an Z

where the sum is over all (i1,1s,...,1,) € Nj such that i1 +is + - - - + i, = m. Then, for every integer r > 2, it holds that
o0 o0
Gy (k) 1 T\ 2N+2 2m
= — —1)™A,, —2,N)———————.
1;) 2k + 1) (2N+1)!(2) mZ::O( ) Az (r =2, N) oSN ) ®)

When N = 0, Theorem 2.1 reduces to [6, Theorem 1.2]. For the proof of Theorem 2.1, one needs the following lemma
(cf. [6, Lemma 2.1]), which is stated here in a slightly improved form:

Lemma 2.1. For every n € N, it holds that

%) 2k+n

¢ (arcsint)” 22k By, (arcsint)
\MSIT) g — S (1)
/ r= 3

7 - @k 2k+n

Proof. The result is easily obtained upon integration from 0 to arcsin ¢ of the identity

n _ S 1 k 22kBQk‘ 2k+n—1
u-cotu = kX::O(— ) WU
and changing the variables in the integral on the left-hand side. O

Proof of Theorem 2.1. We prove by induction over r > 3 that

2m+2N+1
00 (%) p2k+1 0 ) ( arcsin :1:)

(2N +1)! - )™M A, (r—2 N 6

+ 22: (2k + 1)r—1 m:O( ) 2m(r ) (2m 4 2N + 1)! ©)

Indeed, take the expansion of arcsin>V*1(t), divide both sides by ¢, integrate both sides from 0 to z, and apply Lemma 2.1:

) 2N+1
oo GN 2k) p2k+1 x (arcsm t)
(2N +1)! = -2 dt
+ z% 2k +1)? /0 i
2i+2N+1

o0 92ip,. (arcsin x)
= —1) :

g( ) (29)! 2i+ 2N +1
= i(—l)i 2By [2i+ Lan (arcsin ;r> s
Iy (26 + 2N +1)! ’ ’

establishing (6) for » = 3.
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Now, take the last relation, divide both sides by x, integrate both sides from 0 to z, and apply Lemma 2.1 again:

arcsint

) 2i+2N+1

dt

>® G 2k 2k+1 0 92ip,. 1
v+ iy SG) B e
— (2k +1)3 —~ (20)! 2i+2N +1

> L 92ip,. 1

= > (-
=0

2i+2j . .
i+j 2 I Byi BQJ

(20)! 2i+2N +1 4

Ia

(-

1

1)7

t

2i+2j+2N+1
92j Ba; ( arcsin 33)

(27)!  2i+2j+2N +1

2i4+2j+2N+1
( arcsin I‘)

(20)!(25)!

22771
2m + 2N +1

22m
(2m+2N +1

( arcsin x

214+2N +1

I ( arcsin x)

( arcsin x

) 2m+2N+1

2427+ 2N +1
N Bo;Ba;j 1

iJg:: (20)1(25)! 20 + 2N + 1

2m+2N+1 (7 '5;) B2iBa;

om + 1
S2mt 1oy ;: %+ 2N + 1

Jj=m

) 2m+2N+1

Z (_1)m 92m A2m(2> N)

m=0

Thus (6) is true also for » = 4. Suppose now that there holds

oo

=Y (-1

0

t2k+1
k1)

(2N +1)! i Gy Tk) ()

k=0

m=

(2m 4+ 2N + 1)!

)m QQmAZm (7"

2m+2N+1
(arcsin t)

—3,N
3 ) (2m + 2N + 1)!

Repeating the above steps of dividing both sides by ¢, integrating both sides from 0 to z, and applying Lemma 2.1 yields

2k+1 &

arcsint

) 2[+2N+1

dt

=2

oo GN (2k)
!
(2N +1) kZ:O Gy

(20 + 2N + 1)!

221,421 (r—3,N) /L (
0

t

. 242j4+2N+1
_ i l 22lA21 7,. -3, N i 22]B2 (arcsm 1’)
— (21 4+ 2N + 1)! = 204+2j4+2N +1
o . 2m+2N-+1
_ i 1y 2 (arcsmx) i Ay (r — 3,N)By, 1
P 2m+2N+1 A (+2N+ D22+ 2 +2N +1
) . 2m4+2N+1 ,
_ i(_l)m 2 (arcsmx) 1 i (21+2N,2j) Ao (r —3,N)By;
P 2m+2N+1  (2m)l o= 2N +120+2j+2N +1
o . 2m+2N+1 ,
_ i 1y 2 (arcsm x) 2m 4 1] i (2l+2N,2j) Agi(r — 3, N)Bgy;
Pt (2m + 2N +1)! N (Ao 22N + 120+ 2) +2N +1
2m+2N+1
o 22m ( arcsin 33)
= —1)m Agi(r—2,N
m:o( ) (2m + 2N +1)! 2(r=2,N),

and thus (6) is established. Now, put 2 = sin # in (6) and integrate both sides from 0 to 7:

oo

jus

- Zk) 1 H 1 2
2N 1 | ind 2k+1d0 _ -1 m22mA m —_9 N —/ 92m+2N+1 do
+ Z% (2k + 1)r—1 /0 (sin6) m:o( ) n(r =2 N) G TN 1) ),
T\ 2N+2 X2 m 2m
=(3) X0 e -2 Ny

In the last equation, the Wallis integral / sin 0)2**14d0 is equal to

k

1
(Qkk) 2k +1

, and hence the required result follows.

O
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The following companion result to Theorem 2.1 is obtained if the even-power expansions (3) are considered:

Theorem 2.2. For each m € Ny, r € N, and for every N =1,2,3,..., define the coefficients Ds,,(r, N) as follows:

(211, 72ZT)B2711 : 'BQi,‘
27/1+2N) (221+.”+2i’r‘—1+2N),

Do (1, N) = 2m + 1]an—1 - Bom, Dom(r,N) = 2m+ 1]oan_1 Z(

where the sum is over all (iy,iz,...,i,) € Nj such that i + iz + - - - + i, = m. Then, for every integer r > 2, it holds that
= Hy(k) 272 s\ 2N & m2m
- T 1) Do (r — 2, N) . 7
L g (2N)!(2> Z=O< )" Dam(r ) Gm o+ 1 @

Proof. The proofis very similar to that of Theorem 2.1, so we only sketch it. Beginning with the expansion (3) and applying
the same steps as in the previous proof, one shows by induction that

( ) )2m+2N
(QN)' e HN k,)4k .er > ) arcsin x
= —1)"™ 2" D, —-2,N
or—2 D (%) K 2. (1) em(r =2, ) (2m + 2N)! ®
k=1 k m=0

Setting = = sin 6 in (8) and integrating both sides from 0 to 7 yields

(2N)! o~ Hy(k)4% 1 /’5 N2k S 2 2m 2N

— - (sin@)="dh = (=1)™2*"Dop(r —2,N) ———— 9 m de
22 k=1 (Qkk) ke 0 g::o (2m + 2N
T\ 2N+2 X . r2m
- (5) m:o(_l) Dam(r =2 N) 5o SN T
= (%)
In the last equation, the Wallis integral / (sin 0)**df is equal to — R and therefore (7) follows. O
0
3. Corollaries of the main results
Upon setting » = 3 in (5) and (7), respectively, and making use of Euler’s formula
-1 m+lB m ’
¢(2m) = (>72(277)2’”, 9)

2(2m)!
the following corollary is obtained:

Corollary 3.1. The following fast-converging-series formulas:

Gn(k) -2 2N+2 ((2k)
A). ];)(Qk—&—l)?f - (2N+1)!<§) kzz()(Zk+2N+1)(2k+2N+2)22k’

— Hny (k) —4 (z)w - ¢(2k)

k=0
hold for N =0,1,2--- ,in (A), and N =1,2,3--- ,in (B).

We note that the series given in Corollary 3.1 are themselves generalizations of two well-known results: setting N =0
in Corollary 3.1(A) gives

_ AT ¢(2k)
@ =— kzzo(2k+1)(2k+2)22k

(first example of such series, given in 1772 by Euler [4]; rediscovered in 1990 by Ewell [5]); setting N = 1 in Corollary
3.1(B) gives

o2 ¢(2k)
¢@) = —2r kzzo 2k + 2)(2k + 3)2%F

(Zhang and Williams [13], 1993).

Regarding Theorems 2.1 and 2.2, it may be mentioned that with an application of (9), the coefficients As,,(r, N), and
also Do, (r, N), can be rewritten in terms of ((2i1) - - - ((2i,) instead of By, - - - Ba;.. After some manipulations, an extension
of Corollary 2.2 from Ewell [6] will be obtained, with a similar result arising from Theorem 2.2.
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Next, we turn our attention to two other interesting representations of the series

— Gn(k o~ Hy(k

WIS 1)
k=0 k=1

respectively — representations which involve finite sums of zeta values. They are obtained by eliminating the rapidly

convergent sums which appear in Corollary 3.1, with the help of two formulas given by Srivastava in [10].

Recall that Euler considered sums of the form

271 1 1 1
"h@vt):Z[F*z*s*“'*(k_l)s I

which are now called Euler sums, and discovered (without proof) that o (s,t) can be evaluated in terms of the {-function

when s+t is odd (see [2] and the references therein). The series (10) are interesting Euler-type sums that generalize
on(2,3), with

B Z
k=1 k=1

being exactly o (2, 3).

Corollary 3.2. We have

S _ Y 2N+ (—DNHL QR (2%~ 1) . ‘
(A). ];) 2k+ = Sivys (V+1) (2293 — 1] ¢(2N +3) + VT 2 By s C2N — 25 +2)¢(2j + 1),

— Hn (k) _ (=it 2N N = J (25 - 1) (2 1) . .
(B). §_ = e [(2]\/—1)2 —2N}g(2N+ 24N . § 2N—2J+1)BQN —C@N =22+ 1),

for N =0,1,2--- ,in(A)and N =1,2,3--- ,in (B).

Proof. The following equations, valid for n € N, are known: (see [10, Equations (3.31) and (3.32)]):

o = (2n)! [(271(%)12)7;% ~2n] .

[2712(—1)3' @?_ ;) @j)ég;j_l)cm +1) - 22 T 2n)(gfi)2n - 1)2%] . (12)
Setting n = N + 1 in (ll)gives 7
(2N +3) = (zz\(rjtlg)vl((zzgf)jri 1)

é(_l)j (22711> %3;1) C@j+1) -2 ki) ok + 2N + 1§E2k)+ 3N + 2)2%1 (13)

Solve (13) for y ;- , g +1§((2211§12 N7oyzer and substitute it in the formula from Corollary 3.1(A); also use Equation (9) to

eliminate the even powers of 7. Part (A) then follows after some simple manipulations. The proof of Part (B) is similar,
with a utilization of the second Srivastava formula (12). O
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Setting N = 0, 1,2, in Corollary 3.2(A) gives:

1 7
Zm = §<(3)7

g

1

S 1 31 9
Z{ Z 2m—|—1 }(2k+1)3 = _@4(5) + 33@(2)“3)7

k=0 n=0

3

00 k—1 m—1 1 381 15

k=0 ~m=0 :0

Setting N = 1,2, in Corollary 3.2(B) gives:

> = <) and Z{Z b = 0 + K@)
=1

m=1

3

Note that the last relation (in which the left-hand side is 04 (2, 3)) is in agreement with the formula

2 n—1
on(2,2n—1) = — wd% +1) 4+ C@)C2n—1) + 3 2k¢(2k + 1)¢(2n — 2k)
k=1

given by Borwein, Borwein and Girgensohn [2].

4. Two extensions of the Basel series

The simplest application of the Borwein-Chamberland expansions is obtained upon setting z = sinf in (1) and (3), re-

spectively, integrating both sides of the resulting equations from 0 to 7, and applying the two Wallis formulas already

mentioned; this will result in the two series:

> GN 1 7\ 2N+2 — Hy(k) 1 m\ 2N
kZ:O 2k + 2 - (2N+2)!(§> and LR T (2N+1)!(§) ’

which are extensions of the classical formulas

2

> 1 ™ =1 72
- _ T d - -
Z(2k+1)2 g ;m 6

k=0

respectively.

5. Some notes regarding two related papers

In this section, we give credit to the paper by Muzaffar [8] and to the one by Nimbran, Levrie and Sofo [9], which are closely
related to our investigation, with some minimal intersection of results (see below). Both of them utilize similar methods to
the ones presented herein, most notably the expansions of powers of arcsine combined with the two Wallis formulas. In [8]
the expansions of (arcsin z)9, with 1 < ¢ < 4, are used to obtain explicit formulae for the sums of several interesting series,

and also exact values are calculated for several integrals of type j /2 gm csc 0 df. Tn [9] various sums are obtained which
involve harmonic/odd harmonic numbers and central binomial coefficients, again by utilizing the expansions of powers of

. . o ) 1 (arcsinx)P
the arcsine. Certain definite integrals are solved, for example ones having the form fo —_

dz for various p, ¢ < 6.
A host of series and integrals are evaluated in terms of zeta, beta, polylogarithm, polygamma and Clausen functions, and
basic constants.

Several special cases of our results have appeared in [8] and [9]. They are as follows: (i) Lemma 2.1 (originally given by

Ewell [6]) with ¢t = 1 is the first half of Theorem 1 in [9]. (Unfortunately, the paper [9] has no mention of Ewell’s important

contributions.) (ii) Corollary 3.2(A) with N = 1, i.e., the formula > 7  { Zm 0 m}m = —3{(5) + %¢(2)¢B3)
appears in [9, p. 11]. (iii) An equivalent of the formula Sy Hzf) = & (’27) is given in [8, Eqgs. (4.4)] and also in [9, eq.

is given in [8, Eqgs. (4.3)] and in [9, p. 11].

(5.16)]. (iv) The formula ;- (Gl(k) =1 (w)4 z

2k+1)2 — 4I\2
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6. Concluding remarks

Recently, we gave (see [7]) two interesting representations which express the series > -, g,ﬁrl)g and Y2, HN(k) in terms

of Euler-type integrals (log-sine integrals). As particular cases, there follow very simple proofs of Euler’s equatlon

o272

€(3) = =%

16 (2
log2 + = / zlog(sinx) do
0

and of the similar formula
22

9
A fitting conclusion to the present work is the following question which we pose as an open problem: is it possible to find a
closed-form evaluation of the sums Z;io (;kfjﬁw and ZOO HZZ,(,L for every m € N? It is clear that the two series given in
Section 4 are the first step in that quest. If such evaluations should be found, they would be generalizations of the famous

¢(3) = log2 + 16 /2 22 log(sinz) dur.
3 Jo

formula (9) given by Euler.
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