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Abstract
Let G = (V,E) be a finite and simple graph of order n and maximum degree A. A signed total strong Roman
dominating function on G is a function f : V — {-1,1,2,...,[A/2] 4 1} satisfying the conditions: (i) for every vertex

v of G, ZueN(“) f(u) > 1, where N (v) is the open neighborhood of v, and (ii) every vertex v satisfying f(v) = —1 is adjacent
to at least one vertex u such that f(u) > 1+ [ |N(u) NV_1|/2], where V_; = {v € V | f(v) = —1}. The signed total strong
Roman domination number of G, v, z(G), is the minimum weight of a signed total strong Roman dominating function. In
this paper, some bounds for this parameter are presented.

Keywords: signed total Roman domination; signed total strong Roman domination.

2020 Mathematics Subject Classification: 05C69.

1. Introduction

Let G = (V, E) be a graph without isolated vertices with vertex set V' and edge set E. The order of G is n = n(G) = |V|.
The open neighborhood of a vertex v € V is the set N(v) = Ng(v) = {u € V(G) | wv € E}. The degree of vertex v € V is
d(v) = dg(v) = [N(v)|. The maximum and minimum degree of G are denoted by A = A(G) and 6 = §(G), respectively. We
write P, for the path of order n and C,, for the cycle of length n.

A (total) dominating set in a graph G is a set of vertices S C V(G) such that any vertex of V' — S (V) is adjacent to at
least one vertex of S. The (total) domination number v(G) (1:(G)) equals the minimum cardinality of a (total) dominating
set in G.

Let f : V(G) — {0,1,2,...,k} be a function and let (Vj, V1, Va,..., Vi) be the ordered weak partition of V = V(G)
induced by f, where V; = {v € V | f(v) = i} fori € {0,1,...,k}. There is a 1-1 correspondence between the function
f:V —={0,1,2,...,k} and the ordered weak partition (Vp, V1, Va,..., Vi) of V, so we write f = (Vo, V1, Va,..., Vi).

A signed total Roman dominating function (STRDF) on a graph G is a function f : V(G) — {—1,1,2} such that f(N(v)) >
1 for every v € V(G), and every vertex u satisfying f(u) = —1 is adjacent to a vertex v for which f(v) = 2. The weight of
a STRDF [ on G is w(f) = X cv () f(u). The signed total Roman domination number ~5r(G) is the minimum weight of
a STRDF on G. The concept of signed total Roman domination was introduced by Volkmann [7] and has been studied by
several authors (see for instance [6,8]). Some variants of signed Roman domination have been studied in [1-3,9,10]. For
more details on Roman domination and its variants we refer the reader to [4, 5].

A signed total strong Roman dominating function (STStRD-function) on G is a function f : V — {-1,1,2,..., [A/2] +1}
satisfying the conditions: (i) for every vertex v of G, >, . Ny S (u) > 1, and (ii) every vertex v satisfying f(v) = —1 is
adjacent to at least one vertex u such that

f0) 2 1+ 5 IN@n vl

where V_; = {v € V| f(v) = —1}. The weight of a STStRD-function f is the value w(f) = f(V(G)) = }_,cv(q) f(v). The
signed total strong Roman domination number v _;(G) is the minimum weight of a STStRD-function on G. In this article,
we are interested in establishing some bounds for ~!_,(G).

The next result immediately follows from definitions.

Observation 1.1. For any connected graph G with A(G) < 2, 9! ,(G) = vr(G).

The next corollaries are direct consequences of Observation 1.1 and Examples 5 and 6 of [7].
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Corollary 1.1. For n > 3,

g if n=0 (mod4),

to(P) =
’YSSR( ) n+3 .

5 if n=1,2,3 (mod 4).

Corollary 1.2. Forn > 3,
g if n=0 (mod4),
3
Yesr(Cn) = n—2|— if n=1,3 (mod4),
n—2|—6 if n=2 (mod4).

2. Main results

In this section, we present some bounds on the signed total strong Roman domination number in graphs.
Theorem 2.1. Let G be a connected graph of order n. Then the following statements hold.

1 4 p(G) <n.

2. If §(G) > 3, then v! x(G) <n— 1L

3. YL g(G) > 29%(G) —n—1.

Proof. 1. Clearly, assigning the weight 1 to every vertex of G produces an STStRD-function of G of weight n which implies
that 7%, (G) < n.

2. Let x and y be two adjacent vertices. Define the function f : V(G) — {-1,1,...,[A/2] + 1} by f(x) = -1, f(y) = 2
and f(z) = 1for z € V(G) — {z,y}. Since §(G) > 3, we observed that f is an STStRD-function on G of weight n — 1 and thus
t
ryssR(G) <n-1

3. Let f be a 7%,z (G)-function. If V; = 0, for each 2 < i < [A/2] + 1, then V = V), and we have 7! ,(G) = w(f) = n.
Hence we may assume that |V;| > 1 for some 2 < i < [A/2] + 1. Since

[A/2]+1

Vol =n— Z Vil

i=1
and U{fl/ 21TV is a total dominating set for G, we have

[A/2]+1
Vr(@) = Y Vil = [V

i=1

[A/2]+1

= ) G+DVil-n

i=1

[a/2]+1
> 2 > Vil]-n

=1

Y

27(G) — n.
Thus, 7! z(G) > 2%(G) —n — 1. O
Theorem 2.2. If G is a graph of order n > 3 with maximum degree A and minimum degree § > 1, then

1or(G) > max{l+ A —n, 6 +4—n}.



M. Hajjari and S. M. Sheikholeslami / Discrete Math. Lett. 10 (2022) 41-44 43

Proof. Let g be a 7%, ,(G)-function. If V_; = 0, then V = V; and so 7. ,(G) = n > max{l + A —n,d + 4 — n}. Hence, we
assume that V_; # 0. First we show that 7! ,(G) > 4+ 6 — n. Let u € V_;. Then there exists a vertex w € N(u) with
g(w) > 2, and it follows that

V(@) = gw)+gNw)+ > glx)

z€V(G)—NJw]

> 241+ > g(@)
z€V(G)—N[w]

> 3-(n—dw)—-1)

> 44+6—n.

To prove 7! p(G) > A+ 1 —n, let v be a vertex of maximum degree and let X = V(G) — N[v]. By definition we have

’7§sR(G) = Z g9(z)

zeV(G)

= g+ > gl@)+ ) glx)

€N (v) zeX

—1+1+ ) g(x)

zeX
~1+1+(A+1-n)

= A+1-—n,

Y

v

as desired. O
By Corollary 1.2, we have 7! ;(C4) =2 =4+ §(Cy) — n(Cy).

Theorem 2.3. If G is a connected graph of order n > 3, then
. )
’YSSR(G)Sn_é_‘_ 1 + 1.

Proof. The result is immediate for 6(G) < 2 by Proposition 2.1-(1). Assume that 6(G) > 3 and §(G) = r (mod 2). Let v be a
vertex with minimum degree §(G) and let N(v) = {vi,v2,...,v5)}. If r = 0, then define the function

f:v(@Q) = {-1,1,2,...,[A/2] + 1}
by f(v1) = =1, f(va) = 2, f(v;) = (1) for 3 < i < §(G), f(v) = [2] + 1 and f(z) = 1 otherwise. If r = 1, then define
the function f : V(G) — {-1,1,2,...,[A/2] + 1} by f(v;) = (=1)ifor 1 <i <5 -1, f(v) = [(6 —1)/4] + 1 and f(z) = 1
otherwise. In either case, it is easy to verify that f is STStRD-function on G of weight at most n — § + [6/4] + 1 and hence
Vi r(G) <n—6+[6/4] + 1, as desired. O

A set S C V(G) is a 2-packing of the graph G if N[u| N N[v] = 0 for any two distinct vertices u,v € S. The maximum
cardinality of a 2-packing in G is the 2-packing number, denoted by p(G).

Theorem 2.4. If G is a graph of order n, minimum degree § > 1 and packing number p, then v! (G) > p(6 +1) — n.

Proof. Let {v1,vs,...,v,} be a 2-packing of G and let f be a 7! ,(G)-function. Take A = [J/_, N(v;). Since {vy,v2,...,v,}
is a 2-packing, we have |A| = Y?_, d(v;) > pd. Thus,

Yer(@) = Y fl@)

zeV(G)

= D W)+ Y fl)
i=1

zeV(G)\A
p+ Y. fl)
€V (G)\A
p—n+l|A]

v

Y

v

p—mn+pd
p(0+1)—n.
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