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Abstract

Let G = (G, o) be a signed graph, where G is its underlying graph and o is its sign function (defined on the edge set E(G) of
G). Let A(G) be the adjacency matrix of G. The polynomial 7 (G, ) = per(z — A(®)) is called the permanental polynomial
of G, where I is the identity matrix and per denotes the permanent of a matrix. In this paper, we obtain the coefficients of
the permanental polynomial of a signed graph in terms of its structure. We also establish the recursion formulas for the
permanental polynomial of a signed graph. Moreover, we investigate the permanental sum PS(G) of a signed graph G, give

the recursion formulas for the permanental sum PS(G), and show that the equation PS(G) = PS(G) holds for trees and
unicyclic graphs, where PS(G) is the permanental sum of the underlying graph G of G.
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1. Introduction

The permanent of an n x n real matrix A = (a;;), with ¢,j € {1,2,...,n}, is defined as
per(A) =Y T} a5r(:)

where the sum is taken over all permutations 7 of {1,2,...,n}. Let A(G) be the adjacency matrix of a graph G = (V, E)
with n vertices. The polynomial

O(G,x) =det(z] — A(G)) = ia;@ﬂc”_k7 (1)
k=0

is called the characteristic polynomial of G, where [ is the n x n identity matrix. The polynomial
m(G,x) = per(z] — A(G)) = Z b ", (2)
k=0

is called the permanental polynomial of G [7]. The characteristic polynomial and the permanental polynomial are important
among the well-studied graph polynomials. Valiant [9] has shown that computing the permanent of matrices is fP-complete
even when restricted to (0, 1)-matrices. It is difficult to compute the permanental polynomials of graphs. Numerous
works were done on the adjacency permanental polynomials of graphs, including the relations between the adjacency
permanental and characteristic polynomials of graphs, the coefficients and roots of the adjacency permanental polynomial
of a graph [1-3,16-18]. It was shown that the coefficients of the characteristic and permanental polynomials of graphs are
related to graphs’ structures [3,4, 7].

A linear graph (or a Sachs graph) is a graph in which each component is a single edge or a cycle. A linear subgraph
of a graph G is termed as a subgraph whose components are cycles or single edges. A linear subgraph with k vertices is
denoted by Uy. Then

ap = Z (_1)p(Uk)2C(Uk)(1 <k< n)’ (3)
UpCG
and
by = (_1)k Z 2C(Uk)(1 <k<n), (4)
U, CG

where the summations range over all linear subgraphs Uy, of G, p(Uy) is the number of components of Uy and ¢(Uy) is the
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number of cycles of Uy. For a bipartite graph G, b,, is equal to the square of the number m(G) of perfect matchings of G [6],
ie.
b, = m?(Q).

Leto : E(G) — {+, —} be amapping defined on the edge set of G and G= (G, o) asigned graph, where G is its underlying
graph and o is its sign function (or signature). Hence, signed graphs are sometimes treated as weighted graphs, whose
(edge) weights belong to {1, —1}. An edge e is positive (negative) if o(e) = 4 (resp. o(e) = —). If all edges in G are positive
(negative), then G is denoted by (G, +) (resp. (G, —)). A cycle of G is said to be balanced (or positive) if it contains an even
number of negative edges, otherwise it is unbalanced (or, negative). A signed graph is said to be balanced if all its cycles
are balanced; otherwise, it is unbalanced.

Let G be a signed graph on n vertices. The adjacency matrix of G is A(G) = (ag;) with af; = o(vivj)ai;, where (a;;) is
the adjacency matrix of the underlying graph G = (V, E) with V = {vy,vs,...,v,}. Then

O(G,x) = det(zl — A(G)) = _epa™F, (5)
k=0

is the characteristic polynomial [5] of G, ¢; = 1 and
cr= Y (~LPEFURei) = N (Ut UhgelUn)(1 < | < ), (6)
UpCa UpCG

for any k(1 < k < n), where s(Uy) is the number of negative edges in cycles of Uy, p(Uy) is the number of components of Uy,
¢(Uy) is the number of cycles of Uy and ¢~ (Uy) is the number of negative cycles of Uy.
Similarly, we introduce the permanental polynomial of signed graph G defined as

7(G,z) = per(z] — A(Q)) = Z sk -
k=0
and its permanental sum PS(G) as
PS(G) =) |skl-
k=0

In this paper, we investigate the permanental polynomial of a signed graph and obtain its coefficients in terms of the
graph structure, and establish the recursion formulas for the permanental polynomial and the permanental sum PS(G)
of signed graph G, and show that PS(G) = PS(G) for trees and unicyclic graphs, where PS(G) is the permanental sum of

its underlying graph G introduced in [12].

2. The coefficients of the permanental polynomial of a signed graph

In this section, we give a graphical interpretation of the coefficients of the permanental polynomial of a signed graph using
its linear subgraphs.

Let Abe an m x n matrix. If S C {1,...,m} and T' C {1,...,n}, then A[S|T] denotes the submatrix of A determined by
the rows corresponding to S and the columns corresponding to 7.

Lemma 2.1 (see [8]). If Ais an nxn matrix and per(z] — A) = Y71 _ bya™ ", then by = 1 and by, = (=1)" 3=, _, per(A[T|T))
for 1 <k <n.

Theorem 2.1. Let G be a signed graph with n vertices and n(G,x) = S h_, skx" " be its permanental polynomial. Then
so=1land
Sp = Z (71)k+c_(U;‘,)2c(Uk) (8)
U,C@

for 1 < k <n, where ¢~ (Uy) is the number of negative cycles of Uy and c¢(Uy) is the number of cycles of Uy,.

Proof. Let A = A(G) be the adjacency matrix of G. Clearly, s, = 1. By Lemma 2.1, we have s, = (—=1)¥ 3, ,_ per(A[T|T])
for 1 < k < n. We first prove that
sn = (—1)"per(A) = Y (—1)vte Un)gelln),
U,CG

Let 7 = mm...m, be a permutation of {1,2,...,n}. Then per(A) = > I ,a;,,, where the sum is taken over all
permutations 7 of {1,2,...,n}. The term vanishes if a; ,, = 0, i.e., {v;,v,,} is not an edge of G for some i € {1,2,...,n}.
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Thus, if the term corresponding to a permutation 7 is non-zero, then 7 can be expressed uniquely as the composition
of disjoint cycles or some K,. Each K, corresponds to the factors a; ja;,, which in turn signifies a single edge v;v; in
G. Each cycle (pgr...t) of length greater than two corresponds to the factors ApgQqr - - - G1p, and signifies a simple circuit
Up, Ugs - - -, Vg I G. Consequently, each non-vanishing term in the permanent expansion gives rise to a linear subgraph U,
of G with V(S) = V(G). The number of such 7’s — arising from a given U, is 2°(U»), since there are two ways of choosing
the corresponding cycle in 7 for each circuit in U,. Thus, each U,, contributes (—1)¢ (U»)2¢(Un) to the permanent of A, and
we have that
sn = (—1)"per(A) = Y (—1)rte Un)gelln),
U.CG
Similarly, we can deduce
$p = Z (—1)k+e W) 9e(U)
ULCG

for1<k<n-1. ]

Theorem 2.2. For a graph G on n vertices, there is a signed graph G of G with |s;| = |by| if and only if the number of
negative cycles in any linear subgraph with k vertices has the same parity.

Proof. First, b, = 0if and only if no linear subgraph U, with k vertices exists in G, which is the case if and only if no linear
subgraph U, with k vertices exists in G. Thus, it is trivial for the case b, = 0. Next, we consider the case by, > 0.

If the number of negative cycles in any linear subgraph U, with k vertices has the same parity, then (—1)¢ (Ux) =1
(resp. —1) for all Uy. So, we have

lsk| = | Z (_1)k‘+67(Uk)26(Uk)‘ — Z 9c(Uk) — Z 9¢(Uk)
UxCG U,CG U.Ce

and

ol = (=1 32 200 = 37 2,

UrCG UrCG

So we have |si| = |bg|.
On the other hand, if |si| = |bk|, then all the linear subgraphs Uy, satisfy

Z 2C(Uk) _ Z 2C(Uk) _ Z (_1)07(Uk)2c(Uk)

UpCG U,CG UrCG
or
Z 9¢(Ur) — Z 9cUk) — _ Z (_1)07(Uk)20(Uk).
UrLCG U, CG UrCG
This means that the number of negative cycles in any linear subgraph U, with & vertices has the same parity. O

By the definition of balanced signed graph and Theorem 2.2, we can get the following results.
Corollary 2.1. Let a graph G on n vertices and its signed graph G is a balanced signed graph. Then s, = by, 1 <k < n.
Corollary 2.2. Let T be any signed graph of a tree T. Then per(zI — A(T)) = per(zI — A(T)).

Let G be a bipartite graph with n vertices. We know b,, = m?(G) in [6]. From Theorem 2.2, we can obtain

Corollary 2.3. For a bipartite graph G on n vertices, there is a signed graph G of G with |s,| = m?(G) if and only if the
number of negative cycles in any linear subgraph with n vertices has same parity.

Corollary 2.4. There is a signed graph G of the bipartite perfect matching n order graph G with s, = m?(G) if and only if
the number of negative cycles in any the linear subgraph with n vertices is even.

Proof. Let n = 2p. Since G has a perfect matching, pK is a linear subgraph U,, of G and the number of negative cycles of
pK5 is zero. By Corollary 2.3, the result holds. O

We know that the perfect matching of a tree is unique if it exists.

Corollary 2.5. Any signed tree T of the perfect matching n order tree T with s, = per(A(T)) = per(A(T)) = 1.
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3. Recursion formulas for the permanental polynomial of a signed graph

The relationships between the permanental polynomial of a signed graph and the ones of its subgraphs are discussed in
this section. Let G be a graph with a vertex subset S C V(G). Denote by G — S the graph obtained by deleting all the
vertices in S from G together with all edges incident with S. In particular, if S = {v} with v € V(G), we write G — {v}
simply by G — v.

Theorem 3.1. Let e = (u,v) be an edge of a signed graph G and CE(G’) the set of cycles in G containing e. Then
(G, z) = (G —e,z) + (G —u—wv,z) + QECGCC(G)(—l)lv(c)‘“(c)ﬂ(é - V(0),x), (9)
where r(C) = 1 when C is negative in G, and r(C) = 0 when C is positive.

Proof. Let W(G, z) = Y ._,skx" *. By Theorem 2.1, the coefficient s;, can be expressed in terms of the linear subgraphs
of G. We show that if a linear subgraph U}, contributes to s; on the left side of (9), then there is a linear subgraph that

contributes a corresponding amount to one of the terms on the right. Suppose that Uj, contributes m to the coefficient sy,

n—=k

of x on the left. We consider the following cases of Uy.

Case 1: ¢ ¢ U,. Let W = Uy, then W, is a linear subgraph of G — e and it contributes m to the coefficient of z"~* in
(G — e, ).

Case 2: e = uv is a component of U,. Let Wy_o = U, — u — v, then Wj_, is a linear subgraph of G—u—nw. By (8), Wi_»

contributes
(_l)k—2+c7(Wk,2)2c(Wk,2) — (_1)k+ci(Uk)2C(Uk) =m

to the coefficient of "% in n(G — u — v, z).

Case 3: ¢ = uv belongs to a cycle C of U,. Then W¢ = U, — V(C) is a linear subgraph of G — V(C). In this case, W®

contributes
(1)~ VIO (W) ge(W) _ (1 )kl V(O)lte™ (W) ge(Ui) =1

to the coefficient of "% in n(G — V(C), z). If C is negative in G, then

(_1)kf\V(C)|+c_(WC)QC(WC) _ (_1)kf|V(C)\+c_(Uk)712c(Uk)71 _ %(—1)‘V(C)|+lm.

If C is positive in G, then

1

(—1)F VORIV 9eW) — (VO UeUn =t = (1) VOl

Thus, W*¢ contributes m to the coefficient of 2" in 2(—1)IV(OH7(C)x(G — V(C), x), where r(C) = 1 when C is negative in
G, and r(C) = 0 when C is positive.
By all the above cases, the result holds. O

Similarly, we can get the following result.

Theorem 3.2. Let v be a vertex of a signed graph G and C,(G) the set of cycles in G containing v. Then
(G, x) = am(G = 0,2) + Sumo (G —u—0,2) + 250 oy (=) OO (G -V (C), 2), (10)

where r(C) = 1 when C is negative in G, and r(C) = 0 when C is positive.

4. Permanental sum PS(G) of a signed graph

Some works were done on the permanental sum of graphs [10—15]. The permanental sum PS(G) of signed graphs is
discussed in this section. By definition of the permanental sum PS (G) of a signed graph ¢ and Theorem 2.1, we have

PS(G) = lsel = | 32 ()M @i = 3 7] 37 (-1 020,
k=0 k=0 y,cd k=0 y,ca

and

PS(G) = per(I + A(G)).

By Theorem 2.2 and definition of the permanental sum PS(G) of a signed graph G, we have the next result.
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Theorem 4.1. Let G be a signed graph. If the number of negative cycles in any linear subgraph U, with k vertices has same
parity for 1 < k < n, then PS(G) = PS(G).

In [12], Wu and Lai showed that the permanental sum of a graph satisfies the following identities.

Lemma 4.1 (see [12]). (i) Let G and H be two vertex disjoint connected graphs. Then
PS(GUH) =PS(G)PS(H).
(ii) Let e = uv be an edge of graph G. Then

PS(G)=PS(G—e)+PS(G-v-u)+2 » PS(G-V(C)).
CeC. (@)

(iii) Let v be a vertex of graph G. Then

PS(G)=PS(G-v)+ > PS(G-v-u)+2 Y PS(G-V(C)).
u€ENG (v) CeCy(G)

Next, we will consider that the recursion formulas for the permanental sum PS (G‘) of signed graph G.
Theorem 4.2. (i) Let G and H be two vertex disjoint connected balanced signed graphs. Then
PS(GUH) = PS(G)PS(H).
(ii) Let e = uv be an edge of signed graph G. Then

PS(G)=PS(G—e)+PS(G-v—u)+2 Y (-1)DPSG-V(C)).
CGCG(G))

(iii) Let v be a vertex of signed graph G. Then

PS(G)=PS(G-v)+ Y  PS(G-v-u)+2 > (-1)"DPSG-V(C)).
UEN4(v) CeC,(G)

where r(C) = 1 when C is negative in G, and r(C) = 0 when C is positive.

Proof. (i) Each linear subgraph with k vertices in G U H consists of a linear subgraph with ¢ in ¢ together with a linear
subgraph with k — ¢ vertices in H, where 0 < ¢ < k. Since G and H are connected balanced signed graphs, by Theorem 2.1,
we have
S(GUH) Z\sk (GUH)| = ZZ@ Ysu—i(H)| = PS(G)PS(H).
k=0 k=0 t=0

Now, let L, denote the collection of all linear subgraphs of G with i vertices.

(ii) Let e = uv € E(G) be a given edge, and L,(G,e) ={H € L; : e € E(H)} and L/ (G,e) ={H € L; : e ¢ E(H)}. Then,
|LY(G,e)| = |s;(G — uv)|. For each H € L;(G,e), either e = uv itself is a component of H, or ¢ lies in a cycle of H. It follows
that |[{H € L;(G,e) : eis a component of H}| = |s;_2(G — u —v)|, and

[{H € L;(G,e) : e lies in a cycle of H}| = 22
k=0

S () (G- V(CK)|.

CrEC(G))

Thus,

15:(G)| = |5:(G — uv)| + |si_2(G —u—v|+22

k=0

ST (1) s (G- V(C)] -

Cr€C(G))

for all positive integers i. It follows that

PS(G) |5:(G)l

M 1D

(|s4(G — uv)| + |si—o(G fuva?ZI S ()5 (G- V)

k=0 ¢cpec.(@))

ES
Il
o



Z. Tang, Q. Li, and H. Deng / Discrete Math. Lett. 10 (2022) 14-20 19

=PS(G-e)+PS(G-v—-u)+2 Y (~1)DPSG-V(C)).
CeC. (&)
(iii) Let v € V(G) be a given vertex, and L}(G,v) = {H € L, : v € E(H)} and LY (G,v) = {H € L; : v ¢ V(H)}. Then,
|LY(G,v)| = |s:(G — v)|. For each H € L;(G,v), either v is an endpoint of some single, or v lies in a cycle of H. It follows
that |[{H € L;(G,v) : v is an endpoint of some single ¢ = uv of H}| = |s;_2(G —u — v)|, and

{H € L)(G,v) : v1iesin a cycle of H}| = ZZ
k=0

Y (D)W (G-V(Cw)

Ck‘ ecv (G))

Thus,

[5:(&)] = I5i(G = v)] + |si-2(G —u—0)[ 423
k=0

Y (1) (G- V(C)

CrECL(Q))

Substituting this into the definition of PS(G) yields

PS(G)=PS(G-v)+ > PS(G-v-u)+2 Y ()" DPSG-V(C)).
uENg (v) CEC,(G)

From Theorem 4.2 the next two corollaries immediately follows.
Corollary 4.1. (i) Let ¢ = uv be an edge of signed graph G. If all cycles containing e are positive (or negative), then

PS(G)=PS(G—e)+ PS(G—v—u)+2 >  PS(G-V(C)).
CEC.(B))

(ii) Let v be a vertex of signed graph G. If all cycles containing v are positive (or negative), then

PS(G)=PS(G-v)+ Y PS(G-v-u)+2 Y PSG-V(0)).

uENg(,) CeC,(G)
Corollary 4.2. (i) Let G be a signed graph and e an edge of G. Then PS(G’ —e) < PS(G).

(it) Among all signed graphs with n vertices, the graph nK, and the balance complete signed graph K, have, respectively,
minimum and maximum permanental sum.

We know PS(K,) = PS(K,) = 2. From Theorem 4.2 the next result immediately follows.
Corollary 4.3. If G is a tree or a unicyclic graph, then PS(G) = PS (G) for any signed graph G of G.

Wu and Lai [12] determine the largest and smallest permanental sums among unicyclic graphs (trees). Denote by F'(n)
the n'"* Fibonacci number.

Lemma 4.2 (see [12]). (i) Let G be a tree with n vertex, then
n < PS(G) < F(n+1),
where the left equality holds if and only if T = S,,, and the right equality holds if and only if T = P,.
(ii) Let G be a unicyclic graph with n vertex, then
2n < PS(G) < 6F(n—2)+2F(n — 3),

where the left equality holds if and only if T = S} (the graph obtained by adding a new edge to the star S,), and the right
equality holds if and only if T = D3 ,_3 (the graph obtained from the disjoint union of a cycle Cs and a path P, _3 by
identifying one end of P,,_3 with one of the vertices of Cs).

By Corollary 4.3 and Lemma 4.2, we have
Corollary 4.4. (i) Let G be a tree with n vertex and G a signed graph of G, then

n < PS(G) < F(n+1),

where the left equality holds if and only if G = S,,, and the right equality holds if and only if G = P,,.
(ii) Let G be a unicyclic graph with n vertex and G a signed graph of G, then

2n < PS(G) <6F(n—2)+2F(n — 3),
where the left equality holds if and only if G = S;t, and the right equality holds if and only if G = D5 ,,_s.
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