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Abstract

For an edge coloring of a connected graph G of order 3 or more with positive integers, the chromatic mean of a vertex v of G
is the sum of the colors of the edges incident with v divided by the degree of v. Only edge colorings c are considered for
which the chromatic mean of every vertex is a positive integer. If adjacent vertices have distinct chromatic means, then ¢
is a proper mean coloring of G. The maximum vertex color in a proper mean coloring c of G is the proper mean index of ¢
and the proper mean index (G) of G is the minimum proper mean index among all proper mean colorings of G. The proper
mean index is determined for complete graphs, cycles, stars, double stars, and paths. The non-leaf minimum degree 6*(7)
of a tree T is the minimum degree among the non-leaves of 7'. It is shown that if T is tree with 6*(7") > 10 or a caterpillar
with 6*(T) > 6, then p(T) < 4. Furthermore, it is conjectured that x(G) < u(G) < x(G) + 2 for every connected graph G of
order 3 or more.
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1. Introduction

For every connected graph G of order 3 or more, there are edge colorings ¢ with positive integers that induce an integer
vertex coloring cm defined for each vertex v of G by

ZeEEU c(e)

, where F, is the set of edges incident with v.
degv

cm(v) =

Edge colorings with this property are called mean colorings. The induced vertex color cm(v) of a vertex v of G is called
the chromatic mean of v. Consequently, only edge colorings ¢ are considered for which cm(v) is a positive integer for every
vertex v of Gi. For a vertex v in a graph G with a mean coloring c, the chromatic sum of v is defined as cs(v) = > . c(e).
Therefore, cs(v) = degv - cm(v) and the sum of the chromatic sums of all vertices in a graph satisfies the identity below.

Observation 1.1. If cis a mean coloring of a connected graph G, then }_ .y ) cs(v) =23 .cp(q) cl(e).

If distinct vertices have distinct chromatic means, then the edge coloring c is called a rainbow mean coloring of G. This
concept was introduced and studied in [2] where it was shown that every connected graph of order 3 or more has a rainbow
mean coloring. For a rainbow mean coloring ¢ of a graph G, the maximum vertex color is the rainbow mean index rm(c)
of c¢. That is, rm(c) = max{cm(v) : v € V(G)}. The rainbow mean index rm(G) of G itself is defined as

rm(G) = min{rm(c) : cis a rainbow mean coloring of G}.
The following is an immediate observation.
Observation 1.2. If G is a connected graph of order n > 3, then rm(G) > n.

A mean coloring of a connected graph G of order 3 or more is defined to be a proper mean coloring of G if every two
adjacent vertices of G have distinct chromatic means. The maximum vertex color in a proper mean coloring c is the proper
mean index ;i(c) of ¢ and the minimum proper mean index among all proper mean colorings of G is the proper mean index
u1(G) of G. Since every such graph has a rainbow mean coloring, each such graph has a proper mean coloring as well.
Furthermore, the proper mean index of a graph G is at least its chromatic number x(G). Therefore, x(G) < u(G) < rm(G)
for every connected graph G of order at least 3. As an illustration of these concepts, Figure 1 shows proper meaning
colorings of the cycles C5 and Cg. In fact, 4(C5) = 4 = x(C5) + 1 and p(Cs) = 4 = x(Cs) + 2.

While x(G) = 2 for every nontrivial connected bipartite graph G, u(G) # x(G) for every bipartite graph G. Indeed,
u1(G) # 2 for every connected graph G of order at least 3. In order to verify this fact, we first present a useful observation.
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Figure 1: Proper mean colorings of C5 and Cg.

Observation 1.3. Let G be a connected bipartite graph with partite sets U and W. If c is an edge coloring of G, then

Z cs(u) = Z cs(w).

uelU weW
For a positive integer n, it is useful to let [n] = {1,2,...,n}.

Proposition 1.1. If G is a connected graph of order at least 3, then u(G) > 3. Furthermore, if ¢ is a proper mean coloring
of G with u(c) =3, then {cm(v) : v € V(G)} = [3].

Proof. We show that if ¢ is a proper mean coloring of G, then the resulting vertex coloring cm uses at least three distinct
colors. Assume, to the contrary, that cm uses only two distinct colors a,b € [3]. Then G is a connected bipartite graph.
Let U and W be the partite sets of G. We may assume that cm(u) = a for each v € U and cm(w) = b for each w € W.
Since ),y cs(u) =a) oy degu =alE(G)|and Yy cs(w) = b, oy degw = b|E(G)|, it follows by Observation 1.3 that
a = b, which is a contradiction. Consequently, u(G) > p(c) > 3. Furthermore, if 1i(c) = 3, then cm must use all three colors
in [3]. O

2. The proper mean index of some well-known graphs

In [2] the rainbow mean indexes of complete graphs were determined. Since p(K,,) = rm(K,,) for each integer n > 3, we
have the following result.

n if n >4and n # 2 (mod 4)

Th 2.1. F h int >3, W(Ky) =rm(K,) =
eorem or each integer n > 3, u(K,) = rm(K,) {n+1 ifn — 3 orn =2 (mod 4)

Theorem 2.1 also shows that there are graphs G for which u(G) = x(G). We now determine the proper mean index of
all paths and cycles, beginning with paths.

3 ifnisodd

Theorem 2.2. For each integer n > 3, u(P,) = { 4 ifnis even

Proof. First, suppose that n is odd. By Proposition 1.1, it suffices to show that there is a proper mean coloring ¢ such that
p(c) = 3. Let P = (uy,ua,...uy). For each integer i with 1 <i < n, define

1 ifeisincident with u; for i = 1 (mod 4)
cle) = e . ,
3 ifeisincident with u; for i = 3 (mod 4).

Then the vertex color cm(u;), 1 < i < n, is given by

1 ifi=1(mod4)
cm(u;) =< 2 ifi=0,2 (mod 4)
3 ifi =3 (mod4).

Since cm is a proper coloring of P,, it follows that ;(c) = 3. Therefore, 1(P,) = 3 for every odd integer n > 3.

Next, suppose that n is even. We show that u(P,) = 4. First, we show that u(P,) > 4. Assume, to the contrary, that
there is a proper mean coloring ¢ of P, with u(c¢) = 3. By Proposition 1.1, there is a vertex v in P,, such that cm(v) = 1.
Hence, each edge incident with v is colored 1, which implies that c(e) is odd for all e € E(P,). Suppose that there is an
edge e such that ¢(e) = 5. If e is a pendant edge of P,, then u(c) > 5, which is a contradiction. Thus, we may assume that e
is adjacent to two edges e; and ey of P,. Since c(e1) # c(e2) and ¢(e1) and c(ez2) are both odd, at least one of ¢(e;) and ¢(es)
is 3 or more. However then, cim(u) > 4 for at least one vertex  incident with e, which is a contradiction. Thus, all edges
are colored 1 or 3. We may assume, without loss of generality, that ¢c(ujus) = 1. This implies that c¢(e) = 1 if e is incident
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with u; where i = 1 (mod 4) and c(e) = 3 if e is incident with u; where i = 3 (mod 4). Since n > 4 is even, it follows that
cm(up—1) = cm(uy) € {1,3}, which is a contradiction. Therefore, u(P,) > 4.

To verify that u(P,) < 4, it remains to show that there is a proper mean coloring ¢ with 1(c) = 4 for each even integer n >
4. For the path P,,_; = (v1,v2,v3,...,0,_1), Where n—1 > 3 is odd, let ¢ be the proper mean coloring of P, _; with u(co) =3
defined in Case 1. Subdividing the edge vsv3 of P,,_;, we obtain the path P, = (v1,ve,w,vs,...,v,—1) of order n. Now,
define the edge coloring c of P, by c(vow) = 5, ¢(wvs) = 3, and c¢(e) = co(e) if e is not incident with w. If we denote P, by
(u1,us,...,u,), then the vertex color cm(u;), 1 < i < n, is given by

1 ifi=1lori=2(mod4)fori+#2
2 ifi=1,3(mod4)for5<i<n-1
3 ifi=2o0ri=0 (mod4)

4 ifi=3.

cm(u;) =

Since cm is a proper coloring of P,, it follows that p(c) = 4. Therefore, u(P,,) = 4 for each even integer n > 4. O

3 ifn=0(mod4)

Theorem 2.3. For each integer n > 4, u(C,) = { 4 ifn#0 (mod4)

Proof. Let C,, = (u1,us,...,un, upt1 = uy) be a cycle of order n > 3, where e; = w;u; 41 for 1 <1i < n. First, suppose that
n > 4 and n = 0 (mod 4). By Proposition 1.1, it suffices to show that there exists a proper mean coloring ¢ with u(c) = 3.
Define the edge coloring ¢ by

(1)

1 ifeis incident with u; where i = 2 (mod 4)
cle) = o e . .
3 ifeisincident with u; where i = 0 (mod 4).

Then the vertex color cm(u;), 1 < i < n, is given by

1 ifi=2(mod4)
cm(u;) =< 2 ifiisodd
3 ifi =0 (mod 4).

Since the vertex coloring cm is proper, it follows that u(c¢) = 3 and so 1(C,,) = 3 if n = 0 (mod 4).

Next, suppose that n # 0 (mod 4). First, we show that u(C,,) > 4. Assume, to the contrary, that there exists a proper
mean coloring ¢ of C,, with p(c) = 3. By Proposition 1.1, there is a vertex v such that cm(v) = 1. Hence, each edge incident
with v of C,, is colored 1, which implies that ¢(e) is odd for all e € E(C,,). First, suppose that there is an edge e such that
c(e) = 5. Let e; and es be the two edges adjacent to e. Since c(e1) # ¢(e2) and ¢(e1) and c(es) are both odd, at least one
of ¢(e1) and c¢(ez) is 3 or more. However then, cm(u) > 4 for at least one vertex v incident with e, which is a contradiction.
Hence, we may assume that each edge of C,, is colored 1 or 3. Since the resulting vertex coloring cm is proper, no edge is
adjacent to two edges having the same color. Without loss of generality, we may conclude that the edges incident with wu;
with i = 1 (mod 4) are colored 1 and the edges incident with u; with i = 3 (mod 4) are colored 3. This, in turn, implies that
n = 0 (mod 4), a contradiction.

It remains then to show that there is a proper mean coloring ¢ of C,, with u(c) = 4. We consider three cases.

Case 1. n =1 (mod 4). Thenn — 1 = 0 (mod 4) and so u(C,—1) = 3. Let ¢y be the proper mean coloring of C,,_; =
(u1,ug,...,uy—1,u1) defined in (1) with p(cg) = 3. Now, let C,, be obtained from C,,_; by subdividing the edge w,,_ju; with
the vertex u,,. We now extend the coloring ¢, to a proper mean coloring c of C,, by defining ¢(u,,—1u,) = 3 and ¢(u,ui) = 5.

Case 2. n = 2 (mod 4). Then n — 1 = 1 (mod 4). Let ¢; be the proper mean coloring of C,,_1 = (uy,ug,...,up—1,u1)
defined in Case 1 and let C,, be obtained from C,,_; by subdividing the edge u,,_ou,,_3 with the vertex w. We now extend
the coloring ¢; to a proper mean coloring ¢ of C,, with p(c) = 4 by defining ¢(u,,_sw) = 3 and ¢(wu,_3) = 5.

Case 3: n = 3 (mod 4). Then n — 3 = 0 (mod 4) and so u(C,_3) = 3. Let ¢y be the proper mean coloring of C,,_3 =
(u1,us, ..., uy—3,u1) defined in (1) with p(cp) = 3. Now, let C,, be obtained from C,,_3 by replacing the edge uju,_3 (a 2-
path) by the 5-path (u1, uy, tn—1,Un—2,u,—3). We now extend the coloring ¢, to a proper mean coloring ¢ of C,, with u(c) = 4
by defining c(uju,) = 3, c(uptun—1) =5, c(up—1un—2) = 1 and c(up—_ou,—3) = 3. O

Next, we determine the proper mean index of all complete bipartite graphs.

3 if stiseven

Theorem 2.4. For positive integers s and t with s +t > 3, u(Ks,) = { 4 ifstisodd

Proof. Let G = K, with partite sets U = {u1,us,...,us} and W = {wq, ws, ..., w;}. First, suppose that st is even. We
may assume that s is even. Then s = 2a for some positive integer a. By Proposition 1.1, it suffices to show that there is a
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proper mean coloring ¢ : F(G) — N such that p(c) = 3. For each w € W, define

) — 1 ifl<i<a
A= 3 ifa41<i<2a

Then cm(u;) =1for 1 <i <a, cm(u;) =3 for a +1 < i < 2a, and cm(w) = 2 for each w € W. Since cm is a proper coloring
of G, it follows that p(c) = 3. Therefore, ;1(G) = 3 if st is even.

Next, suppose that st is odd. We may assume that 1 < s <¢. Then s = 2a + 1 and ¢t = 2b + 1 for some integers a and b
with 0 < a < band b > 1. First, we show that there is a proper mean coloring ¢ of G with pu(c) = 4. If a = 0, then define

1 if1<i<b+1
cluyw;)) =¢ 3 ifb4+2<i<2b
4 ifi=2b+1.

Then cm(uy) =2, cem(w;) = 1for 1 <i<b+1, cm(w;) = 3 for b+ 2 < i < 2b, and cm(wgp) = 4. If a = 1, then define

1 ifi=1,2
cwiw) =3 4 ri—s

Then cm(uy) = cm(uz) = 1, cm(ug) = 4, and cm(w) = 2 for each w € W. If @ > 2, then define

1 ifi<i<a+1

c(uzw) = 3 ifa+2<i<2a

4 ifi=2a+1.
Then cm(u;) =1for 1 <i <a+1, cm(u;) = 3 for a + 2 < i < 2a, cm(ugqt1) = 4, and cm(w) = 2 for each w € W. Therefore,
(@) < 4.

It remains to show that u(G) # 3. Assume, to the contrary, that there is a proper mean coloring ¢ of G with u(G) = 3.

Thus, {cm(v) : v € V(G)} = {1,2,3} by Observation 1.1. First, suppose that s = 1. Since cm(u;) # 1, it follows that

cm(uy) =2 or cm(ug) = 3.

* First, suppose that cm(u;) = 2. Thus, cm(w) € {1,3} for each w € W. Let = be the number of the vertices w € W such
that cm(w) = 1. Then there are 20+1—x vertices w € W such that cm(w) = 3. By Observation 1.3, -1+ (20+1—2)-3 =
2(2b + 1). However then, 2z = 2b + 1, which is impossible.

* Next, suppose that cm(u;) = 3. Thus, cm(w) € {1,2} for each w € W. Let x be the number of the vertices w € W such
that cm(w) = 1. Then there are 20+ 1—x vertices w € W such that cm(w) = 2. By Observation 1.3, -1+ (2b+1—x)-2 =
3(2b + 1). However then, 2b + 1 + 2 = 0, which is impossible.

Next, suppose that s > 3. We may assume that cm(u;) = 1 (as the argument for cm(w;) = 1 is similar). Hence, there is
u € U such that cm(u) # 1; for otherwise, c(e) = 1 for every edge e of G and so cm(v) = 1 for every vertex v of G. Since G is
a complete bipartite graph, it follows that cm(u) # cm(w) for every v € U and w € W. Thus, either {cm(u) : v € U} = {1,2}
or {cm(u) :uw e U} ={1,3}.

*x If {cm(u) : w € U} = {1,2}, then cm(w) = 3 for each w € W. Let = be the number of the vertices v € U such that
cm(u) = 1. Then there are 2a + 1 — = vertices v € U such that cm(u) = 2. By Observation 1.3,

z(2b+1)- 14+ (2a+1—2)(2b+1)-2=(2b+1)(2a+ 1) - 3.
However then, 2a + x + 1 = 0, which is impossible.

* If{em(u) : w € U} = {1, 3}, then cm(w) = 2 for each w € W. Let = be the number of vertices u € U such that cm(u) = 1.
Then there are 2a + 1 — x vertices u € U such that cm(u) = 3. By Observation 1.3,

226+ 1)1+ (2a+1—2)(2b+1)-3=(2b+1)(2a + 1) - 2.

However then, 2a + 1 = 2z, which is impossible. O

In each of the examples we’ve seen, the proper mean index of a graph has not exceeded its chromatic number by more
than 2. This leads to the following conjecture.

Conjecture 2.1. For every connected graph G of order 3 or more, x(G) < u(G) < x(G) + 2.
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3. Trees

In the case of trees, Conjecture 2.1 states that u(7') = 3 or u(T) = 4 for every tree T of order at least 3. We thus turn our
attention to investigate this conjecture for various classes of trees. By Theorems 2.2 and 2.4, Conjecture 2.1 is true for
paths and stars. It can also be shown that if the edges of a star are subdivided in any manner, then the proper mean index
of the resulting tree is at most 4. Hence, Conjecture 2.1 is true for all trees having at most one vertex of degree greater
than 2. In fact, those subdivided stars having proper mean index 3 (equivalently 4) have been characterized in [4]. We
now show that Conjecture 2.1 is true as well for trees all of whose non-leaves have sufficiently large degree. The non-leaf
minimum degree 6*(T) of a tree T of order 3 or more is the minimum degree among the non-leaves of 7.

Lemma 3.1. Let x be a vertex in a tree T such that degx > 10.

(a) There exists a coloring of the edges of T incident with x using colors from [4] such that cm(x) = 2, where (i) exactly one
edge incident with x is colored 2 or (ii) no edges incident with x are colored 2.

(b) There exists a coloring of the edges of T incident with x using colors from [4] such that cm(x) = 3, where (i) exactly one
edge incident with x is colored 3 or (ii) no edges incident with x are colored 3.

Proof. We begin with (a). First, suppose that x has even degree. Then degx = 10 + 2k where k& > 0. For (i), we color k + 5
edges incident with x by 1, one edge by 2, k + 3 edges by 3, and one edge by 4. For (ii), we color k + 6 edges incident with x
by 1, k + 2 edges by 3, and two edges by 4. If (i) occurs, then z is referred to as a Type 2.1 vertex; while if (ii) occurs, then z
is referred to as a Type 2.2 vertex. It is convenient to represent these colorings of the edges incident with x as follows:

FA5[1TR+3[1) oo oo [FF+O6[0[k+2]2
1 2] 3 ypeLL 9 3[4

Type 2.1:

Next, suppose that = has odd degree. Then degxz = 11 + 2k where k& > 0. The following colorings of the edges incident
with = have the desired properties (i) or (ii). Here, the vertex z is referred to as a Type 2.3 vertex if (i) occurs or as a Type 2.4
vertex if (ii) occurs.

F6[1[k+2]2] o o, [K+6[0[k+4]1
1 |2 3 [4] YPea* 1 127 3 |4

Type 2.3:

Next, we verify (b). First, suppose that = has even degree. Then degx = 10 + 2k where k& > 0. The following colorings
of the edges incident with x have the desired properties (i) or (ii) and the vertex x is referred to as a Type 3.1 vertex if (i)
occurs or as a Type 3.2 vertex if (ii) occurs.

11 k+3]|1|k+5 2|k+2|0|k+6

Type 3.1: T 3 3 7 Type 3.2: i 5 3 7

Next, suppose that = has odd degree. Then degx = 11+ 2k where k > 0. The following colorings of the edges incident with «
have the desired properties (i) or (ii). Similarly, the vertex x is called a Type 3.3 vertex if (i) occurs or a Type 3.4 vertex if (ii)
occurs.

2[k+2[1[k+6] q o, [1[k+4][0][k+0
1 2 (3] 4 | YPe® a1 o 3] 1 |

Therefore, (a) and (b) both hold. O

Type 3.3:

Theorem 3.1. If T is a tree with §*(T) > 10, then pu(T) = 3 or u(T) = 4.

Proof. Since u(T) > 3 by Proposition 1.1, it suffices to show that ;(7T) < 4. By Theorem 2.4, the statement is true if T is
a star. Hence, we may assume that 7" is not a star. Let v be a vertex of T that is not a leaf. Thus, degv = d > 10. Let T
be a tree rooted at v, where V; = {u € V(T) : d(u,v) = i} fori = 0,1,...,e(v), where e(v) is the eccentricity of v. Hence,
Vo ={v}, Vi = N(v),and V; # 0 for 0 < i < e(v). Furthermore, for each vertex =z € V;, where 1 < i < e(v), there is exactly
one vertex y € V;_; such that zy € E(T). Next, we construct a proper mean coloring ¢ of T recursively such that u(c) = 4.
Let Vi = {v1,v9,...,v4}. Since T is not a star, at least one vertex of V; has degree 10 or more. By Lemma 3.1, we can
color the edges incident with v so that v is a Type 2.2 vertex if v has even degree or a Type 2.4 vertex if v has odd degree.
Thus, cm(v) = 2 and no edge incident with v is colored 2. Hence, if v; € V;, 1 < i < d, is a leaf, then cm(v;) # 2. On
the other hand, one or more vertices in V; has degree 10 or more. Let v; € V;, 1 < j < d, such that degv; > 10. Then
c(vvy) € {1,3,4}. If ¢(vv;) € {1,4}, then we color the edges incident with v; so that v; is a Type 3.2 vertex if degv; is even
or color these edges so that v, is a Type 3.4 vertex if degv; is odd. If c(vv;) = 3, then we color the edges incident with v;
so that v; is a Type 3.1 vertex if degv; is even or color these edges so that v; is a Type 3.3 vertex if deg v; is odd. In either
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case, cm(v;) = 3 and for any leaf = (necessarily in V;) adjacent to v,, it follows that cm(z) # 3. We perform such a coloring
for each vertex v; € V; of degree 10 or more such that cm(v;) = 3 where no edge joining v; and a vertex in V5 is colored 3.
Next, suppose that y is a vertex in V5 such that degy > 10. Let = be the vertex of V; such that zy € E(T). Then
c(zy) € {1,2,4}. If c(zy) € {1,4}, then we color the remaining degy — 1 edges incident with y so that y is a Type 2.2 vertex
if degy is even or color these edges so that y is a Type 2.4 vertex if deg y is odd. If ¢(zy) = 2, then we color the remaining
degy — 1 edges incident with y so that v; is a Type 2.1 vertex if degy is even or color these edges so that y is a Type 2.3
vertex if deg y is odd. In either case, cm(y) = 2 and cm(z) # 2 for all leaves ~ € V3 adjacent to y. We perform such a coloring
for each vertex y € V5 of degree 10 or more such that cm(y) = 2 where no edge joining y and a vertex in V3 is colored 2.
Proceeding in this manner for each vertex x in V; for 3 < i < e(v) — 1 with degx > 10, we arrive at a proper mean
coloring ¢ of T with u(c) = 4. Therefore, u(T) < 4. O

If the tree T being considered is a caterpillar (the removal of all leaves produces a path, called the spine of T'), then a
result similar to Theorem 3.1 can be obtained with a weaker hypothesis. Once again, we begin with a lemma.

Lemma 3.2. Let x be a vertex in a caterpillar T such that degx > 6.

(a) There exists a coloring of the edges of T incident with x with colors from [4] such that cm(z) = 2, where (i) exactly one
edge incident with x is colored 2 or (ii) exactly two edges incident with x are colored 2.

(b) There exists a coloring of the edges of T incident with x with colors from [4] for which cm(z) = 3 such that no edges
incident with x are colored 3.

Proof. We begin with (a). First, suppose that = has even degree. Then degx = 6 + 2k where k£ > 0. For (i), we color k + 3
edges incident with x by 1, one edge by 2, k£ + 1 edges by 3, and one edge by 4. For (ii), we color k + 2 edges incident with x
by 1, two edges by 2, and k + 2 edges by 3. If (i) occurs, then z is referred to as a Type 2a vertex; while if (ii) occurs, then z
is referred to as a Type 2b vertex.

E+3|1]k+1|1 k+2|2]k+2|0

Type 2a: i 5 3 1 Type 2b: 1 5 3 1T

Next, suppose that = has odd degree. Then degx = 7+ 2k where k > 0. The following colorings of the edges incident with «
have the desired properties (i) or (ii). Here, the vertex z is referred to as a Type 2c vertex if (i) occurs or as a Type 2d vertex
if (ii) occurs.

k+3|1]k+3|0 k+3|2|k+1|1

Type 2c: 1 5 3 7 Type 2d: 1 3 3

Next, we verify (b). If z has even degree, then degx = 6 + 2k where k > 0. The following coloring of the edges incident
with x (labeled Type 3a) has the desired properties and the vertex z is referred to as a Type 3a vertex. If x has odd degree,
then degx = 7 + 2k where k£ > 0. The following coloring of the edges incident with x (labeled Type 3b) has the desired
properties and the vertex x is referred to as a Type 3b vertex.

O|k+3|0|k+3 11 k+2]0|k+4

Type 3a: T 3 3 7] Type 3b: T 5 3 7]

Therefore, (a) and (b) hold. O
Theorem 3.2. If T is a caterpillar with §*(T) > 6, then u(T) = 3 or u(T) = 4.

Proof. By Proposition 1.1, it suffices to show that u(T) < 4. Let (v1,vs,...,v4) be the spine of T. Since the statement is
true if T is a star, we may assume that d > 2. With the aid of Lemma 3.2, we construct a proper mean coloring c of T such
that u(c) = 4.

First, we color the edges incident with v; so that v, is a Type 2a vertex if v; has even degree or a Type 2¢ vertex if v; has
odd degree where v;vs is colored 2. Thus, cm(v;) = 2 and no leaf incident with v, is colored 2. Next, we color the remaining
deg vy — 1 edges incident with vs so that v, is a Type 3a vertex if deg v, is even or color these edges so that v, is a Type 3b
vertex if deg vy is odd. If d > 3, then vov3 is colored 2. Thus, cm(ve) = 3 and no leaf incident with v, is colored 3.

We now proceed to vs if d > 3. First, suppose that d = 3. Since c¢(vov3) = 2 and v3 is adjacent to deg vz — 1 leaves, we
color the edges incident with v3 so that vs is a Type 2a vertex if v3 has even degree or a Type 2c vertex if v3 has odd degree.
Thus, cm(vs) = 2 and no leaf incident with vs is colored 2. Next, suppose that d > 4. We color the remaining degvs — 1
edges incident with v3 so that v3 is a Type 2b vertex if v3 has even degree or a Type 2d vertex if v3 has odd degree. If d > 4,
then v3v, is colored 2. Thus, cm(v3) = 2 and no leaf incident with v is colored 2.
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We now proceed to vy if d > 4. Since ¢(vsv4) = 2 and cm(v3) = 2, we color the remaining deg v, — 1 edges incident with v,
so that v, is a Type 3a vertex if degvy is even or color these edges so that v, is a Type 3b vertex if deg v, is odd so that
cm(vy) = 3 and no leaf incident with v, is colored 3. Furthermore, if d > 5, we color the edge v,v5 by 2.

In general, if 7 is odd and 5 < ¢ < d, then we color the remaining degv; — 1 edges incident v; in the same manner as
the coloring of the edges incident with v3; while if ¢ is even and 6 < i < d, then we color the remaining degv; — 1 edges
incident v; in the same manner as the coloring of the edges incident with v,. Proceeding in this manner, we arrive at a
proper mean coloring ¢ of T with p(c) = 4. Therefore, u(7T) < 4. O

If the caterpillar T being considered has small diameter, then it can be shown that n(7") < 4 regardless of the non-leaf
minimum degree of 7.

Theorem 3.3. If T is a caterpillar of diameter 4, then u(T) = 3 or u(T) = 4.

Proof. Let T be a caterpillar of diameter 4 whose spine is (u,v,w). Since u(T) > 3 by Proposition 1.1, we show that
w(T) < 4. We may assume that 2 < degu < degw. We consider two cases, according to the parities of the degrees of u
and w.

Case 1. Both degu and degw are odd. First, suppose that T is one of the trees T’ and 7" shown in Figure 2. Since
each of 7’ and 7" has a proper mean coloring with proper mean index 3 (as shown in Figure 2), it follows that u(7) = 3
if T e {T",T"}. Next, suppose that ' ¢ {T”,7"}. Then T contains either 7" or 7" as a subtree. We show that the proper
mean coloring of 7" or of 7" in Figure 2 can be extended to a proper mean coloring ¢ of T' such that u(c) = 3.

Figure 2: Proper mean colorings of 77 and T".

* If degv > 4 is even, say degv = 2 + 2k for some positive integer k, then we begin with the coloring of T’ and color each
of the additional & pairs of pendant edges at v by 2 and 4. If degv > 5 is odd, say degv = 3 + 2k for some positive
integer k, then we begin with the coloring of 7" and color each of the additional & pairs of pendant edges at v by 2
and 4.

* If degu > 5 or degw > 5, say degu = 3 + 2¢ for some positive integer ¢, then we begin with the coloring of T (if degv
is even) or the coloring of 7" (if deg v is odd) and color each of the additional ¢ pairs of pendant edges at u by 1 and 3.

Since the resulting coloring ¢ of T is a proper mean coloring with p(c) = 3, it follows that p(7T) = 3 if both degu and degw
are odd.

Case 2. At least one of degu and degw is even, say deg u is even. There are two subcases, according to whether degu = 2
or degu > 4.

Subcase 2.1. degu = 2. First, suppose that T is one of the seven caterpillars 77, T5, ..., T of diameter 4 shown in
Figure 3. Since each of these seven caterpillars has a proper mean coloring with proper mean index at most 4 (as shown
in Figure 3), it follows that u(7;) <4for1 <i < 7.

Next, suppose that T # T; for 1 <i < 7. Then T contains T; as a subtree for some i € [7]. We show that the proper mean
coloring ¢; of T; in Figure 3 can be extended to a proper mean coloring ¢ of T' such that pu(c) = u(c;).

* Suppose that deg v and degw are both even. Then degv = 2 + 2k and degw = 2 + 2/ for some nonnegative integers k
and ¢. Since T # T1, it follows that max{k, £} > 1. Beginning with the coloring of T, we color each of the additional &
pairs of pendant edges at v (not in 7}) by 2 and 4 and color each of the additional ¢ pairs of pendant edges at w (not
in 77) by 1 and 3.

* Suppose that degv and degw are both odd. Then degv = 3 + 2k and deg w = 3 + 2¢ for some nonnegative integers k
and ¢ with max{k, ¢} > 1 (since T # Tg). Beginning with the coloring of Tg, we color each of the additional k pairs of
pendant edges at v (not in 7;) by 2 and 4 and color each of the additional ¢ pairs of pendant edges at w (not in T§) by 1
and 3.
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Figure 3: Proper mean colorings of T; for 1 < i < 7.

* Suppose that deg v is even and degw is odd. Then degv = 2 + 2k and degw = 3 + 2¢, where k > 1 and ¢ > 0. If £ = 0,
then we may assume that k& > 2 (since T # Ty, T7). Beginning with the coloring of 7>, we color each of the additional
k — 1 pairs of pendant edges at v (not in 75) by 2 and 4. If ¢ > 1, then we begin with the coloring of T3, color each of the
additional k pairs of pendant edges at v (not in 73) by 1 and 3, and color each of the additional ¢ — 1 pairs of pendant
edges at w (not in 73) by 2 and 4.

* Suppose that deg v is odd and degw is even. Then degv = 3 + 2k and degw = 2 + 2¢ where k,¢ > 0. If K = 0, then we
may assume that ¢ > 1 (since T # T,). Beginning with the coloring of Ty, we color each of the additional ¢ pairs of
pendant edges at w (not in 7;) by 2 and 4. If k£ > 1, then we begin with the coloring of T, color each of the additional
k — 1 pairs of pendant edges at v (not in T5) by 1 and 3, and color each of the additional ¢ pairs of pendant edges at w
(not in T5) by 2 and 4.

In each situation, the resulting coloring c is a proper mean coloring of 7' with p(c) < 4.

Subcase 1.2. degu > 4 is even. Let degu = 2 + 2p for some positive integer p. Then T is obtained from a caterpillar T, of
diameter 4 of Subcase 2.1 by adding 2p pendant edges at u. We begin with the coloring ¢ of Tj as described in Subcase 2.1.
Then cm,, (u) € {2,3}. If cm,, (u) = 2, then we color each of the additional p pairs of the pendant edges at « (not in 7p) by 1
and 3; while if cm,, (u) = 3, then we color each of the additional p pairs of the pendant edges at u (not in Tp) by 2 and 4. In
each case, the resulting coloring c is a proper mean coloring of T with cm(c) = em(c) < 4. O

For caterpillars of diameter 3 (that is double stars), the proper mean index has been determined exactly. Since the proof
uses an approach similar to that employed above, we state this result without proof. For integers a and b with 2 < a < b,
let S, denote the double star of order a + b whose central vertices have degrees « and b.

3 ifa#£b

Theorem 3.4. If a and b are integers with 2 < a < b, then u(Sy) = { 4 ifab
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