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Abstract

In this review, we present the main results related to bargraphs from the enumerative point of view. We consider several
geometrically motivated statistics in combinatorial families: compositions, words, set partitions, permutations and integer
partitions, when such families are presented as bargraphs. The review contains presentation of main results of each consid-
ered paper. The main discussion is preceded by short historical notes. Methods used throughout the review are discussed
briefly. The review includes an up-to-date bibliography.
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1. Introduction

The interest in bargraphs comes mainly from two different directions: enumeration of polyominoes and enumeration of
compositions of a natural number. The enumeration of polyominoes has been closely related to some works in physics,
percolation theory, computational science, recreational mathematics, etc. In regard to the second direction, compositions
(as well as other combinatorial families: words, set partitions, permutations, integer partitions, etc.), when presented as
bargraphs, create the possibility to consider them as geometric objects and to look for their geometric properties, such as
area, perimeter and so on.

In this review, we will focus in the second direction, i.e. enumeration of compositions (words, set partitions, permuta-
tions, etc) presented as bargraphs, according to geometrically motivated statistics.

1.1 Polyomiones

By a cell, we will mean the interior and the boundary of a unit square, whose vertices belong to integer lattice. A poly-
omino is a finite connected collection of cells, such that its interior is also connected. Depending on the number of cells,
polyominoes are classified as monomino - 1 cell, domino - 2 cells, tromino - 3 cells, tetromino - 4 cells, pentomino - 5 cells,
etc. In Figure 1, we present all of the polyominoes that have three cells, i.e. all trominoes.

Figure 1: Trominoes.

A column (resp. row) of a polyomino is the intersection between the polyomino and any infinite vertical (resp. horizontal)
strip of unit squares.

The word polyomino was used for the first time by Golomb in 1953 [60], although therein, it is mentioned that pentomi-
noes date back from antiquity. The first polyomino (pentomino) problem was posed in the book Canterbury Puzzles [47].
Gardner [57] contributed to the popularization of the term ’polyomino’ as well as to the problems related to polyominoes.
For a brief historical review on polyominoes, we refer the interested reader to [62].

The enumeration of polyominoes did not cope with its popularization and it was not easy at all as one may have the
impression in the beginning. To give some account on the difficulty of the problem, let P(n) denote the number of polyomi-
noes with n cells. From Figure 1 we conclude that P(3) = 6. It is easy to see that P(1) = 1 and P(2) = 2. The sequence
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P(n) looks like: 1,2,6,19,63,216,760,2725,9910, 36446, 135268, 505861, . . . and it stops after few more terms, and to be more
precise the latest known term is P(56) = 69150714562532896936574425480218 and it is due to Jensen [65]. The sequence
P(n) corresponds to the sequence A001168 in OEIS (see [96]).

Despite a lot of effort this “simply stated” and “elementary looking” enumeration problem, in general case, remains
unsolved. However there are algorithms to generate polyominoes inductively, and this can be easily seen from the simple
fact that each polyomino of order n + 1 can be obtained by adding a square to a polyomino of order n. The earliest method
used to enumerate polyominoes is from [60]. As described there, to each polyomino in the list of polyominoes of order n,
one adds squares in all possible positions in such a way that the resulting polyomino of order n + 1 is not a duplicate of one
already found. A more advanced method is due to Redelmeier [93]. His method besides the enumeration of polyominoes
with n+1 cells also provides an upper bound on their number and it is worth mentioning that when looking for polyominoes
of order n + 1 it does not require to store the polyominoes of order n.

The most modern algorithms for enumerating fixed polyominoes are due to Conway [36] and Jensen [66], with the
second one being an improvement of the first one. The common of those algorithms is that they both are exponential in
n and both use the Transfer-matrix method. They count the number of polyominoes with a given certain width. Then,
clearly the number for all widths is the total number of polyominoes.

Moving into asymptotic aspects of polyomino enumeration we refer to [68]. It is conjectured that

Pln) ~ X

n
where \ = 4.0626 and ¢ = 0.3169. However, the results of this conjectured estimate are not ’close’ to the best known results.
It is proved the existence of the following limit

nlgr;o P(n)=» = A
The best-known lower bound for X is 4.00253 and is due to [11]. The best known upper bound is A < 4.65 and is due to [70].

The enumeration of polyominoes has motivated some works in physics [55, 62,90, 92], in percolation theory [61, 97],
computational science [67], recreational mathematics [87], etc.

Since the enumeration of polyominoes in general case appeared to be out of reach at present, the research was focused
in studying some large subclasses of polyominoes. These subclasses have been enumerated with respect to various prop-
erties of the polyominoes. The most often considered properties that a polyomino has, include its area and its perimeter.
Naturally, the area of a polyomino is the number of cells and the perimeter is the length of the border. For example, given
a family of polyominoes under consideration, one might ask for the number of such polyominoes with a fixed area, or the
number of polyominoes with a fixed perimeter.

In the next few lines, we present a family of polyominoes, known as convex polyominoes [30,99]. A polyomino is said
to be horizontally convex (vertically convex) if each of its rows (columns) is a single contiguous block of cells. In Figure 2
(leftmost and middle) it is shown an example of a horizontally convex and a vertically convex polyomino. A polyomino is said

Figure 2: A horizontally convex (left), vertically convex polyomino (middle), and a convex polyomino (right).

to be convex if it is both vertically and horizontally convex. In Figure 2 it is shown an example of a convex polyomino. We
remark that horizontally (vertically) convex polyominoes sometimes are refereed to as row (column) convex polyominoes.
A surprising simple result, proved by Delest and Viennot [41] shows that the number of convex polyominoes of perimeter
2n + 8 equals (2n + 11)4" — 4(2n + 1) ().
In this review, we will consider one of the very well known family of nonconvex polyominoes - bargraphs. We will begin
with a few equivalent definitions of bargraphs (see Figure 3).

Definition 1.1. A bargraph is a vertically convex polyomino, whose lower edge lies on the horizontal axis.
An alternative definition of the bargraph is the following one:

Definition 1.2. A bargraph (or a skyline polyomino) is a lattice path in N3, where Ng = {0,1,2,...}, that starts with (0,0)
and ends upon their first return to the x-axis (sometimes, we require that after the first return to the x-axis the progression
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ends at (0,0)). Each step is an up step (0, 1), a down step (0, —1), a right horizontal step (1,0), or a left horizontal step (—1,0).
The first step has to be an up step, the right horizontal steps must all lie above the x-axis, and the left horizontal steps must
all lie on the x-axis. An up step cannot directly follow a down step and vice versa. Clearly, the number of down steps must
equal the number of up steps.

Figure 3: A bargraph (left) and its lattice path (right).

In Figure 3 it is presented an example of a bargraph as a lattice path. A semi-perimeter of a bargraph = is half of the
perimeter of 7, while the perimeter of 7 is the number of steps in the border of 7. For instance, the semi-perimeter and the
perimeter of the bargraph in Figure 3 are 18 and 36 (including the steps on the z-axis), respectively.

We remark that a bargraph can be described as a sequence (called composition, see below) of columns ¢ = cics...cp,
such that the jth column (from the left) contains c; cells or unit squares, where m denotes the number of horizontal steps
of the bargraph. That is, a bargraph with m columns (horizontal steps) can be described as a composition with m parts.
For example, the sequence 24123612 corresponds to the bargraph in Figure 3.

1.2 Compositions

A composition of a positive integer n is a sequence o = o105 ...0,, of positive integers such that oy + --- + 0, = n. The
o1,...,0, are called the parts, and m denotes the number of parts of . We refer to n as the order of the composition. For
example, the compositions of 3 are 111, 12, 21 and 3.

In the following few lines, we provide very brief information on compositions and refer the reader for more details to a
recent book [63]. The study of compositions can be traced back to Percy Alexander MacMahon, who in 1893, published his
work, entitled Memoir on the Theory of Compositions of a Number [72], which later on would become influential. Therein
compositions are described as partitions in which the order of occurrence of the parts is essential. Several results related
to compositions were derived. We mention here, for example, the total number of compositions, the number of compositions
with a given number of parts, presentation of a composition as a graph and so on. He was also able to provide answers to
some of the questions he tackled, by using simple combinatorial arguments. After MacMahon’s work [72] there was a long
break in research in enumerative combinatorics, with sporadic works, mainly on partitions and permutations, partially
influenced by [72]. The break was even longer in relation to compositions since till the late 1960s, there were only individual
studies on various aspects of them, but this constituted neither focused nor systematic research.

The situation changed positively in the 1970s when several groups of authors developed new research directions. The
study of compositions and words, besides enumerating the total number of those objects, also involved certain of their
characteristics (statistics). Several generalizations of previous results and the introduction of new concepts have appeared
in the last decade. In particular, the research on pattern avoidance in words and compositions has followed earlier very
active research on pattern avoidance in permutations.

In this review, we consider all the known studies on the enumeration of bargraphs according to some statistics. Due to
the geometric nature of bargraphs, we will mainly focus on those statistics having a geometric flavour.

In the following example, we show some interactions of the same objects: compositions - bargraphs, by giving situations
where statistics on bargraphs are easy to be expressed compared to analogue statistics on compositions and the other way
around.

» &« » o« » «

Example 1.1. See below the statistics “perimeter”, “site-perimeter”, “water cells”, “number of pushes”, etc.

Figure 4 presents the all bargraphs with one, two and three cells. Clearly, to the these bargraphs correspond the
following compositions 1,11,2,111, 21,12, 3.

It is very common to encode the steps in a lattice path with letters as following: “up step” — “u”, “down step”™—“d”,
“horizontal step”-“h”. Using this notation the bargraphs in Figure 4 will be encoded as: uhd, uhhd, uuhdd, uhhhd, uvuhdhd,

uhuhdd and uuuhddd, respectively.



T. Mansour and A. Sh. Shabani / Discrete Math. Lett. 2 (2019) 65-94 68

O [DH IIII_II_E

Figure 4: All the bargraphs with one, two or three cells.

1.3 The structure of the paper

The structure of the paper is as follows. We begin the next section by introducing the notations for the further sections,
listing all the statistics that we will cover through the review and providing some preliminary results. At the end of the
section, we will emphasize, without many details, the methods and techniques that will be used throughout the review.
From Section 3 and afterward, in the beginning, we will introduce some definitions and notations.

We consider Bargraphs in Section 3. We begin this section with the table presenting the time line of research for
bargraphs. We continue the work by presenting the main results for most important statistics on bargraphs, in most
of the cases each of them occupying a subsection. We will cover the following statistics: number of horizontal steps,
number of up steps, perimeter, site-perimeter, lattice paths (with focus on Dyck paths and Motzkin paths), inner-site
perimeter, height, width, walls, descents, up steps, levels, peaks, water cells, protected cells, corners, interior vertices and
edges, depth, durfee squares and counting bargraphs (bargraphs in bargraphs). Other statistics appearing throughout the
paper, although not as individual sections include the number of cells in the rightmost column, horizontal half-perimeter,
vertical half-perimeter, the position of the first level, height of the first level, position of the first peak, the distance between
leftmost and rightmost peaks, the height of the first column, double rises, peaks/valleys of width ¢, corners of type dh and
uh, horizontal segments, horizontal segments of length ¢, length of the first descent, number of columns of height A, least
column height, the width of the leftmost horizontal segment, occurrences of UHU, length of the initial staircase, area,
initial u steps, final d steps, sum of heights of valleys, grounded squares, bargraph c of one column, bargraph 11...1 of one
row, bargraph c1, bargraph cd, border cells, and tangent cells.

We consider Words in Section 4. After the table presenting the time line of research for words, we present the main
results for the most important statistics on words. We will cover the following statistics: perimeter, site-perimeter, water
cells and shedding light.

In Section 5 we consider Set partitions. As in other previous sections, we begin with the time line of research for set
partitions. Then we present the main results for the most important statistics on set partitions. We will cover the following
statistics: area and up steps, perimeter, site-perimeter, interior vertices, water cells, corners, 1 x 2 rectangles and 2 x 2
squares.

Statistics on Permutations presented as bargraphs are covered in Section 6. After the time line of research for permu-
tations, we present the following statistics: descents and up steps, site-perimeter, water cells and pushes.

In Section 7, we cover statistics: perimeter and corners in integer partitions presented as bargraphs.

We end the review with Section 8, in which we present several extensions and generalizations for bargraphs. More
precisely, we consider xz-bargraphs, cylindrical bargraphs, superdiagonal bargraphs, symmetric bargraphs, weakly alter-
nating bargraphs and ¢-bargraphs, bargraphs and a topological index.

We end the paper by presenting an updated bibliography of research covered in the review and related either directly
or indirectly to bargraphs.

2. Notations, preliminaries, statistics and methods

Let N denote, as usual, the set of all nonnegative integers. For n € N denote by [n] the set of integers {1,2,...,n}. We
denote the set of all bargraphs (including the empty bargraph) by B, the set of all bargraphs with n cells by 55,, and the set
of all bargraphs with n cells and m columns by B,, ,,,. Clearly, B = U,,>0B,, and B,, = U}, _(Bp.m.

A combinatorial class F is a set such that each element in it has a size in N. In this context the size of element f € F is
denoted size(f). A statistic st is a function from F to N. For given statistics stq, sto, ..., sty on F, we define the generating
function By, st,,... sty (t, 1,2, . .., xq) Where t marks the size and z; marks st; forall i = 1,2,...,d. That is,

d

2 size(m I | sti(m)
Estl,stg,...,std(t7Ilyz%"-7Id) = t () L; ' .
TeF =1

We are not only interested in finding an explicit formula for this generating function, but would also like to find the expected
value of a given fixed statistic. The expected value of the statistic st; (for example) on all members of 7 having size n is
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given by
[t”]a@quthstzw..,std (ta q, 1a 17 ey ) ‘q:1
[tn]F§t17St27.“,Std (t7 1a la ety )

We will use this observation throughout the paper, where F can be either set of bargraphs, set partitions, k-ary words,

permutations, or set of integer partitions (see below).
The aim of this paper is to review all the known results up to today in the area of statistics on bargraphs. Below we list
most of the statistics (in alphabet order) that this paper covers. For B € B, we define the following statistics:

e #I denotes the number of occurrences of the word L. e Length of first descent in B is the number of first con-
For example, #u is the number of up steps, #h is the secutive d steps.

number of horizontal steps, etc. e Length of the longest initial staircase in B is the length

e Border cell of B is a cell inside of B that has at least of the longest initial sequence of the form uhuh--- in
one edge in common with an outside cell of B. B.

e Corner of B is a point of intersection of an u step or a e Level in B is a pair of consecutive columns with the
d step with a h step. same size.

e Corner of type dh in B is a point proceeded by d step o Number of cells in the rightmost column in B is the size

and followed by 7 step. of the rightmost column of B.

e Corner of type uh in B is a point proceeded by u step o Number of double rises in B is the number of triples of

and followed by h step. consecutive columns such that the size of the columns

is increasing.
e Depth of a cell cin B, denoted by dep(c), is the minimum
number of horizontal or up steps to exit B starting from o Number of double falls in B is the number of triples of
c. The depth of B is defined as dep(B) = max.dep(c),

where the maximum is over all cells c of B.

consecutive columns such that the size of the columns
is decreasing.
Peak in B i f uhid f P> 1.

e Descent in B is two consecutive columns such that the ¢ Fearm 1S an oceurrence of u or some j =
size of the left column is greater than the size of the e Peak of width { in B is an occurrence of uh‘d.

right column. e Perimeter of B is the length of its border.

e Edge visiting is a horizontal step of the bargraph which e Rise in B is formed by two consecutive columns such

lies on the z-axis. that the size of the left column is smaller than the size

e Height of a peak /valley of B is the y-coordinate of its h of the right column.

steps. e Shedding light cell is a cell whose edge facing north or
e Height of B is the maximum of y-coordinate that it the edge facing west or both is hit by the ray of light
under the assumption that a light source at infinity in

the North-West direction sheds parallel light rays onto

reaches, that is, the size of the highest column in it.

e Height of a column in B is the size of the column. the bargraph. It is also called a lit cell.

e Horizontal half-perimeter of B is the half of #h in the o Site-perimeter of B is the number of nearest-
perimeter of B. neighboring cells outside the boundary of B.

e Horizontal segment in B is an occurrence h’ in B with e Tangent cell of B is a cell inside of B which is not a bor-
j maximal, where j > 1. der cell of B and that has at least one vertex in common

ith tside cell of B.
e Horizontal segment of length ¢ in B is an occurrence h’ with an outside cett o

in B with ¢ maximal. e Valley of B is an occurrence of dh’u for some j > 1.
o Inner site-perimeter of B is the number of cells inside B e Valley of width { of B is an occurrence of dh‘u.
that have at least one edge in common with an outside

e Vertical half-perimeter of B is the half of #u in the

cell. perimeter of B.

e Interior vertex of B is a vertex that is adjacent to ex- o Vertex visiting is a point on the bargraph which lies on
actly four different cells of B. the z-axis.

e Interior edge of B is an edge that is formed from inte- e Water cells or Water capacity of B is the number of cells

rior vertices. that keep the water after it falls through bargraph.
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Before we start to discuss specific counting problem on bargraphs, we present several general methods and techniques
that were used in deriving the results.

Wasp-waist decomposition: Bousquet-Mélou and Rechnitzer [30] and Prellberg and Brak [92] decompose the graphs
into two smaller bargraphs at a special column. They called it the Wasp-waist decomposition, and it depends on the leftmost
column of height 1. More precisely, any nonempty bargraph = is decomposed as either r = 1, 7 = 17/, r =7/, r = 7'l or
7 = w'17”, where the size of each column in 7’ is at least two and 7/, 7"’ are nonempty bargraphs.

Scanning-element algorithm or Column by column: The Scanning-element algorithm has been suggested by Firro
and Mansour [53] to study the number of permutations of length n that satisfy a certain set of conditions. Then it is used
by Heubach and Mansour in [63] to study the number of compositions of n according to a fixed statistic. The main idea of
this algorithm is to scan each composition/bargraph letter by letter (column by column) either from left to right or from
right to left. In each step, we try to see if our set with the letters that have been scanned is in bijection with another set
with less scanned letters.

Adding a slice: Sometimes, instead of removing, it is more convenient to add a column to the structure, for instance,
see Example II1.22 in [54]. This method is introduced while studying some combinatorial problems which were suggested
in statistical mechanics, see [98].

Maximal column: The main idea in this method is to consider the column of maximal size, which is to consider the
set of all bargraphs of B such that each column has size at most d. Denote such set by B(Y). Then each bargraph B € B(®
can be written as B(©dBWd... B6=DdB®) for some s > 0, where BU) ¢ B¢~ for all j = 0,1,...,s. This factorization
gives a recursive relation between the number of bargraphs of B(?) and those bargraphs of B(“~1). This method is used a
lot in counting occurrences of “subword patterns”, for example, see [63].

Note that instead of looking at the column with maximal size, we can consider the column with minimal size, which is
to write each bargraph in B as BO1BMW1... Bc~D1B®) for some s > 0, where each column of B\) € B has size at least 2,
for all j =0,1,...,s. Clearly, considering the column with the minimal size is equivalent to Wasp-waist decomposition.

3. Statistics on bargraphs

By the obvious bijection between the set of bargraphs with n cells and compositions of n, we have that the number of
bargraphs with n cells is given by 2" ~! (see [63]). Such a bijection implies that a given generating function for the number
of compositions of n according to some statistics st; (see [63]), is the same generating function for the number of bargraphs
according to the area (number of cells) and statistics st;. Therefore, from now on, we will not be interested in counting
bargraphs according to the area and statistics st;, unless these statistics are not considered on compositions. To give an
example, the problem of counting the number of bargraphs according to the area and perimeter is not discussed in [63],
however, in this section, we will present a complete answer for it (see Theorem 3.3).

3.1 Counting bargraphs

Let S, » be the number of bargraphs from (0,0) to (m,0) with m horizontal steps and n up steps. Clearly, the perimeter
of a bargraph in S,, ,, is 2m + 2n (including the steps on the z-axis). Define the following generating function f(z,y) =
mezo Sm.nz™y™. Geraschenko [58] showed that f = f(x,y) satisfies

_ z 1 /
f_y<1z+(1:17)2.1_ff>'

l1—zx

Using the Lagrange inversion formula [99], we have the following result.

Theorem 3.1. [58] For all n,m > 0, Sy = Yoo N(n — 1,4) (m;LQ_igl), where N(n — 1,i) are the Narayana numbers
(see [101]).

Moreover, in [568] the above result is interpreted by constructing a bijection between Dyck paths and bargraphs, see
Subsection 3.4.
In this section, we describe the time line of the research on counting bargraphs according to some statistics (see Table 1).

3.2 Perimeter

Using Wasp-waist decomposition, we can state the following result.
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| Year [ Statistic, Reference | Theorem |
1982 || Perimeter, [45] 3.2
1990 || Perimeter, Area [91] 3.2,3.3
1993 || Perimeter, Area [90] 3.2,3.3
1995 || Perimeter [92] 3.2
1997 || Area[31,37,42] 3.8

2002 || Edge visiting, Vertex visiting [64]
2003 || Number of cells in the rightmost column, Horizontal half-perimeter, Vertical half-perimeter, || 3.4
Site-perimeter [30]

2015 || Horizontal and up steps [58] 3.1
Height [25] 3.11
Width [25] 3.13
Levels, Position of the first level, Height of the first level, [15] 3.18

2016 || Peaks, Position of the first peak, Height of the first peak, Distance between leftmost and right- || 3.17
most peaks [14]
Staircases [27]
Descents, Up-steps, Levels [16] 3.15, 3.16
2017 || Walls [12] 3.14
Height of the first column, Double rises, Peaks/Valleys of width ¢, Corners of type dh and uh, || 3.8
Horizontal segments, Horizontal segment of length ¢, Length of the first descent, Number of
columns of height i, Least column hight, Width of the leftmost horizontal segment, Occurrences
of UHU, Length of the initial staircase, Area [42]

2018 || Corners [82] 3.23
Water Cells [85], [17] 3.19, 3.20
Peaks, Valleys, Semi-perimeter, initial u steps, final d steps, Sum of heights of valleys [43] 3.7
Durfee squares, Grounded squares [7] 3.26, 3.27
Bargraph c of one column, Bargraph 11 --- 1 of one row, Bargraph c1, Bargraph cd [79] 3.29

2019 || Protected Cells [86] 3.21, 3.22
Interior vertices and edges [78] 3.24, 3.25
Inner site-perimeter [19,76] 3.10
Border cells, Tangent cells [76] 3.9
Perimeter [34,44] 8.1
Depth [23] 3.28

Table 1: Time line of research for bargraphs.

Theorem 3.2. [30,31,92] The generating function that counts all nonempty bargraphs is given by

l—z—y—ay— /(1 —z—y—ay)?— 42y

B -
(z,y) o

where x counts the number of horizontal steps and y counts the number of vertical up steps.

Thus, the generating function for nonempty bargraphs in terms of the semi-perimeter often called the isotropic gen-
erating function, is given by B(xz,z). Fereti¢, [49] derived again the expression for B(z,y). Moreover, in [49] it is found
the generating function for column-convex polyominoes according to the perimeter on the honeycomb lattice (A plane with
hexagonal tiles is called a hexagonal lattice and is also known as the honeycomb lattice).

The asymptotics of the coefficient of ™ in B(z, z) has been considered, and it is computed the dominant singularity p
which is the positive root of 1 — 4z + 222 + 2* = 0. Thus, by singularity analysis (for example, see [54]) we have

(2" B(x, z) ~ 1 ﬂp*” with p = L. P +2'/3(13 + 3v/33)'/3 ) ~ 0.295598 - - - €))
’ 2 mpn3 3 (13 + 3v/3)1/3 : :

Blecher, Brennan and Knopfmacher [16] by using Scanning-element method refined Theorem 3.2, by finding the generating
function for bargraphs according to the number of horizontal steps, number of up steps and area, where it is shown that

Theorem 3.3. [16] We have o1
i+2
o (y—1)'q\ 2
Y2izo Ty (1—¢9) [ (1—ya?)
1 rit(y-1igl3)
~ 2z 5 (=¢) ITj—, (1-ya?)

B#h,#u,area(ma Y, q) =

Moreover, in [16], by differentiating By, #y.areqa(2, ,q) With respect to ¢ and evaluating at ¢ = 1, it is found that

the average semi-perimeter of a bargraph with n cells is given by 52422 — 27n(1 + #). In the computation of the
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asymptotics, in [16] it is used singularity analysis (see for instance [54]) and showed that the average area for bargraphs
Vap®/2(2—p—p*)? n3/2

2(14p?)2(1—p—p?)3/2

The enumeration of bargraphs according to the perimeter (see Theorem 3.2) has been considered as “SOS” walks by

of semi-perimeter n is asymptotic to

as n — oo.

Oweczarek and Prellberg [90] (see also Penaud [91]), where has been derived the generating function for the number of
bargraphs according to the perimeter and the area (see [37,45] to find the motivation on perimeter and the area statistics).
In the case of counting column-convex and row-convex polyominoes according to the perimeter, we refer the reader to
[10,29,31,32,38,39,41,46,49-52,71] and references therein.

3.3 Site-perimeter

A staircase polyomino is a polyomino such that its perimeter contains only up and horizontal steps. Delest, Gouyou-
Beauchamps and Vauquelin [40] showed that the generating function for staircase polyominoes according to the site-
perimeter is given by

2
%(1—x2—2x3+x4—(1+m—x2)\/(1+x+w2)(1—3x+x2)).

The techniques used in deriving this generating function were quite close to the techniques used for deriving the generating
function B(z,x). Using the Wasp-waist decomposition of bargraphs, Bousquet-Mélou and Rechnitzerin [30] studied the
number of bargraphs according to the site-perimeter.

37‘/1347‘/1:57 e —Tr*—T —4x r—x
Theorem 3.4. [30] Let A(x) = % S I (L

bargraphs according to the site-perimeter is given by

Then the generating function for the number of

; (759
_$3Z_ _Alx\ 2
320 (ro=a®)i T, (=20 [, (—a T A%)
j+5)

Z Ajm( 2 (1—Axi+t1)(1—Azi+2)+ A222i+4(1—x)
320 (14z—a2)i [[I_,(1—2i) [[I_, (1—ai+2A2) (1—-Az7)(1-Azgith)

Moreover, the number of bargraphs with site-perimeter n is asymptotic to C£~"n~3/2 for some positive constant C, where

€ =0.45002. .. is the smallest positive root of the polynomial 1 — 2x — 222 + 423 — 2% — 2°.

By appending one or two columns at a time to a bargraph, in [30] it is shown the following result.

Theorem 3.5. [30] The generating function B(s,x,y,q) for the number of bargraphs according to the number of cells in the
rightmost column, horizontal half-perimeter, vertical half-perimeter and site-perimeter (marked by s, x,y, q) satisfies

B(s,z,y,q) = a(s) + b(s) B(1,2,y,q9) + c(s)B(sq, ,y,q) + d(s) B(sq, z,y, q),

where

a(s) = szyqt (s) = sxq((1 — syq)(1 — syq?) + s?xy?q* (1 — q)) e(s) = sx?yqt(1 — q)
1 —syq®’ (1—5)(1—syq)(1 — syq?) ’ (1 —yq)(1 = syq)(1 — syq?)’
_xg((1—yq)(1 = q)(1 + s*yq®) + sq((1 — ya) (1 + ya* — 2yq) + 2y¢*(1 — q)))
d(s) = ~ = = 5
(1 -yg)(1 —s)(1 - syq?)

In [30] is used the kernel method to solve the functional equation in the above theorem. It is shown the following result.

Theorem 3.6. [30] The generating function for the number of bargraphs according to horizontal half-perimeter, vertical
half-perimeter and site-perimeter (marked by x, vy, q) is given by

Py, Ajz?"q“(llfq)"(yq)(j;z)
Y9 24520 (1=yq)i (1+aa—2a2)) T1y (1—a") [Ty (1—qi 252 A2)

) Aia2g% (1—q) (yg) 2 ) (1= A(yg) ) (1= Aq(qu)i+ ) +v A% (yg) 5 +2 (1—q)
720 (1—yq)i (1+zq—2q2)d [TI_, (1—¢%) [T/, (1—qi+2y2 A2) (1-A(yq)))(1-A(yq)i+1)

where A is the unique power series in q which satisfies

(1—yq)(1 = A)(1 - Ayq®) = —zq((1 — yg)(1 — q)(1 + A%yq®) + Aq((1 — yq)(1 + yqg® — 2yq) + 2y°¢* (1 — q)))).
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3.4 Lattice paths

A Motzkin path of length n is a lattice path that starts at (0,0), ends at (n,0), remains weakly above the z-axis, and
consists of up steps U = (1,1), down steps D = (1,—1) and horizontal (or level) steps H = (1,0). A Dyck path of length
2n or semi-length n is a Motzkin path of length 2n that has no level steps. It is well-known that the number of Motzkin
paths of length n and Dyck paths of semi-length n is given by the nth Motzkin number and nth Catalan number %H (27:1),
respectively. Given P any Dyck path, a peak in P is an occurrence of UD, a valley in P is an occurrence of DU, and a return
in P is a down step that ends on the z-axis. The height of a peak in P is the maximal y-coordinate of its points. The height
of P is the maximal y-coordinate it reaches.

Dyck paths: Following results obtained by Deutsch and Elizalde [43], we establish a bijection ¢ between Dyck paths
and bargraphs, where the semi-length of a Dyck path becomes the semi-perimeter minus the number of peaks of the
corresponding bargraph. Here is the construction. Let P be any Dyck path, define the height of each step of P to be the
highest point of the y-coordinates of it. In this context, we denote the sequence of these y-coordinates by Y C(P). For
example, Figure 5 presents the Dyck path P = UDUUDUDDUDUD with YC(P) = 111222211111. We define ¢(P) as

| [ ]

Figure 5: A Dyck path and its corresponding bargraph.

il .. cdm where d; is the length of the ith maximal block of ¢; consecutive letters (here ¢ means the word cc- - - ¢ with
d occurrences of ¢). For instance, if P is the Dyck path in 5 then Y (P) = 111222211111, 80 ¢; = 3,d; = 1, ¢c3 = 4, ds = 2,
¢3 = b and d3 = 1, which implies ¢(P) = 12211 (see Figure 5).

Theorem 3.7. [43] The map ¢ exhibited above is a bijection between Dyck paths and bargraphs. Moreover, if P is any Dyck
path and B = ¢(P) is its corresponding bargraph, then:

e semi-length of P=semi-perimeter of B - number of peaks e Number of initial up steps in P=number of initial u
in B; steps in B;
o number of peaks in P=#h in B - number of valleys in e Number of final down steps in P=number of final d steps
B; S
s in B,

o sum of heights of peaks in P=area of B - sum of heights e number of returns in P=number of h steps at height 1

lleys in B;
of valleys in I; in B+ 1 — 0popheighiones Where dx is defined as 1 when X is

e height of P=height of B; true and 0 otherwise.

As a corollary of the above result, it is shown that the number of bargraphs B having semi-perimeter of B-number of
peaks in B=m is given by the mth Catalan number mﬁrl (2,7:) Moreover, in [43] it is shown that the generating function
G(I,, q) — anl Zﬂ-eBn qnumberofpeaksinﬂxsemi-perimeterofﬂ' Satlsﬁes x(l _ I)G2(df, q) _ (1 _ 3‘r + z2 + QIB)G(a:’ q) + qx2(1 _ CC) — O‘ Thus’

1 -3z + 22+ qa3 (1 -3z + 22 4 qa3)?

where C(z) = 1=¥1=1% j5 the generating function for the Catalan numbers. In particular,

2z
semi-perimeter of 7-#peaks in 7 1 2m m
Gl/a.q)= > 4q =Clg-1=) — q".

m+1\m
n>1nmeB, m>1 +

Note that Blecher et al. [25] established a bijection between Dyck paths avoiding UUDD and bargraphs. Let fj(x)
be the generating function for the number of Dyck paths avoiding UUDD with height at most 4. By the First return
decomposition of a Dyck path, in [25] is shown that f;,(z) = 1/(1 — z(fr-1(z) — z)) with fo(x) =1 and fi(z) = 1/(1 —x). By
induction on h, we see that

(1 —2)Up—2(t) = VaUp—3(1)

V(L= 2)Up—1(t) = VaUp-1 (1))’ 2)

fu(z) =
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where t = (1+2?)/(2y/z) and U, is the mth Chebyshev polynomial of the second kind (which is defined via the recurrence
relation U, (t) = 2tU,,—1(t) — U,n—2(¢t) with the initial conditions Uy(t) = 1 and Uy (t) = 2t, see [95]).

Motzkin paths: Janse van Rensburg and Rechnitzer [64] established a bijection between Motzkin paths and bar-
graphs. Using the Wasp-waist decomposition of a bargraph (as a path from (0,0) to (m,0)), therein it is found that the
generating function g(z, w) = Byuyt#ht4#d,.ev(Z, w) (ev is the number of horizontal steps on z-axis) is given by

wz + 22g(z,1) + wz3g(z,1)
1—wz —wz3g(z,1)

g(sz) =

Moreover, if h(z,v) = Byyt#h+4d,00 (%, w) (vv is the number of vertices of the path on z-axis), then

v2z +v222h(2,1) + v323h(z, 1)
1 —wvz+v223h(z,1)

h(z,v) =

For motivation and more details on these generating functions, we refer the interested reader to [64].

Following [64], Deutsch and Elizalde [42] noticed a bijection between Motzkin paths and bargraphs as follows. Given a
path in M, insert an up step at the beginning and a down step at the end, and then turn all the up steps U = (1, 1) into u,
all the down steps D = (1, —1) into d, and leave the horizontal steps H = (1,0) unchanged as h. By using this bijection, it
is derived the generating function B(zx,y) (as in Theorem 3.2). Moreover, it is shown the following result.

Theorem 3.8. [42] Let B,y = Byp 4u,st(T,y,q) be the generating function for the number of bargraphs according to the
number of horizontal steps, the number of up steps and occurrences of the statistic st.

o If st=height of the first column, then
(1—q(1 =z +y+zy) + ¢*y)Bst® — q(1 — y)(1 — 2 — qy — qy) Bt + ¢*wy(1 — y) = 0.

o If st=number of double rises, then *tB? — (1 — x — qy — vy)Bs + 2y = 0. Moreover, there exists a bijection between
bargraphs of semi-perimeter n + 1 with no double rises and secondary structures on n vertices (A secondary structure
is a simple graph with vertices [n] such that (i,i+ 1) is an edge for all i, every i is adjacent to at most one vertex j with
|7 —i| > 1, and there are no two edges (i, k), (j,1) with i < j < k < ).

o If st=number of valleys of width ¢, then (1 — (1 —q)(1 — 2)2* " H)Bst? — (1 —z —y —xy — (1 — )" 1y) By + 2y = 0.
o If st=number of peaks of width (, then zBst> — (1 —x —y — 2y — (1 — )z 'y) By + y(z — (1 — ¢)(1 — x)z*) = 0.

o If st=number of corners of type DH, then qzB?, — (1 —x —y + 2y — quy — 2y)Bs + vy = 0.

o If st=number of corners of type UH, then xB?, — (1 —x —y + 2y — vy — qxy)Bs + qry = 0.

o If st=number of horizontal segments, then qzB>, — (1 — x — y + 2y — 2qzy)Bs; + qry = 0.

o If st=number of horizontal segments of length 1, then

2(¢+z —qr)B3 — (1 - 2)(1 —y) — 22y(q + 2 — qx))Bst + 2y(q + = — gz) = 0.

o If st=length of the first descent, then

l—z—y—ay— /-y -2 -yl -y)(1+2)>

By =q(1-z-y) T

e If st=x-coordinate of the first descent, then

1+ (1-29)z—y—zy— /(1 —y)(l -2z —y— 22y + 262 — 22y)
2(1—q— (1= q)y+qlg — Dz + qzy)

By =qy

o If stn=number of columns of height h, then B, =

Yy _ y(atz) s
r(l-z—2Bst;, ) T with

(-2 —y—(2¢—-Dey—(1-2)y/0 -y -2 —y(-y)(1+2)

B, =
h 2z(1 — qx)
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o If st=least column height, then

l—z—y—ay—/(1—y)(1—=z)?—y(1l—y)(1+)?
2x(1 — qx) '

By = Q(l - y)

o If st=width of the leftmost horizontal segment, then

B, — =gy  (-2)?-y- Q=N - (1-2)yI -y -2 -yI -y +2)*
1—gqgx 2z(1 — qz)

o If st=number of occurrences of uhu, then tB% — (1 — 2 —y — qxy) By + xy = 0.

— —XT 127 2{1/’
o If st=length of the initial staircase uhuh ..., then By = 21’(1Eééx-QE;Qth%;zxyiqZ@]@)wQy)’ where A= (1—x)? —y+q(1 -
r+y)r? —Pr(1—y)y+(? + Py — D2y +q(1 —2¢*) 23y and B = (1 —y)((1 — 2)? — y(1 + x)?). Moreover, the generating

function for the number of bargraphs according to the number of horizontal steps, up steps, the number of odd-height

and number of even-height columns is given in [42].

o If st=area=number of cells, then

3.5 Inner site-perimeter

Let B be a bargraph. The inner site-perimeter is the number of cells inside B that have at least one edge in common with
an outside cell. A border cell of B is a cell inside of B that has at least one edge in common with an outside cell of B.
Clearly, the inner site-perimeter of B is the number of border cells of B. A tangent cell of B is a cell inside of B which is
not a border cell of B and that has at least one vertex in common with an outside cell of B. By decomposing each bargraph
regrading to columns of size 1, Mansour [76] showed the following result.

Theorem 3.9. [76] Let C(z,y,p,q) be the generating function for the number of bargraphs according to the area, width,
number of border cells and number of tangent cells marked by x, vy, p and q, respectively. Then the generating function
C(z,y,p,q) satisfies B

__ Clzpzy,p.q)
1 — pzyCl(z, py,p.q)’

C(z,y,p,q)
where C(x,y,p, q) satisfies

C(z,y,p,q) =1+ p*W(y) + p* (C(z,2y,p,q) — 1 — pW(y))

pry (1+ p*W (y) + pq (Clz, 2y, p,q) — 1 — pW(y)))
1 —pxy (14 pgW (y) + ¢ (C(z,zy,p,q) — 1 — pW (y)))

and W (y) = 2u

1—px*

By differentiating C(z, y, p, ¢) with respect to p or ¢ and evaluating at p = 1 or at ¢ = 1, we obtain the total number of
border and tangent cells.

Theorem 3.10. [19,76] The average number of border cells (inner site-perimeter) [ tangent cells over all bargraphs of B,, is
given by Zin+ 13 + O(n/2")/ &% — &5 + O(1/2"), respectively.

3.6 Height

Using the Wasp-waist decomposition of any bargraph, Blecher et al. [25], studied the generating function H} (z,y) for the
number of bargraphs with height at most », where = marks the total number of horizontal steps, y marks the total number
of up steps.

wy(ti —t}i)

- — = ——, where
" =t A—2) (g —y—2y) = (b —y—zy)t" Y’

Theorem 3.11. [25] The generating function Hy(x,y) is given by =
_ l-ztytayty/(I—ztytzy)?—4y
ty = 5 .

Using (1) and (2), in [25] is studied the average height of Dyck paths avoiding UU DD of semi-length n, and it is shown
the following result.
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Theorem 3.12. [25] The average height of Dyck paths avoiding UU D D of semi-length n and the average height of bargraphs

. . . . 1 nm
of semi-perimeter n is asymptotic to 5

p(I=p=p3)

Note that to find the average of the statistic under consideration over all bargraphs with semi-perimeter n, as n — oo,
we do the following steps: (1) Find a formula for the generating function By (z, y, w) (not necessary to be explicit), (2) Find
%Bsmt(a:, x,w) |w=1, () Using singularity analysis of (1), find the asymptotics of the coefficient of 2™ in %Bstm&(m, T, W) |w=1,
then at the end (4) we divide what we got from Step 3 by (1) (the asymptotic formula of the number of bargraphs with semi-
perimeter n, as n — o).

3.7 Width

By Theorem 3.2, we see that the generating function B(xy,y) counts all the bargraphs according to the width (marked by
x) and total semi-perimeter (marked by ). In [25] is studied the generating function B(zy, y) and it is shown the following
result.

(1=p)(A=2p=p*)n

) where pis defined

Theorem 3.13. [25] The average width of bargraphs of semi-perimeter n is asymptotic to
in (1).

3.8 Walls

A wall in a bargraph is a subword consisting of a maximal number of adjacent up steps. If a wall consists of precisely r
up steps it is called a wall of size r. In the latest case, it can neither preceded nor followed by another adjacent up step.
Referring to Figure 3, there are 3 walls of size 1; 2 walls of size 2 and 1 wall of size 3. The main results obtained by Blecher,
Brennan and Knopfmacher [12] include the generating functions for the number of bargraphs according to the number of
walls of size r, horizontal steps, and vertical steps and asymptotics for the total number of walls of size r. In deriving their
results, the authors used a variant of what is known as Wasp-waist decomposition. After they described the decompositions
and turned the problem into generating functions, they stated the following result.

Theorem 3.14. [12] The generating function for the total number of walls of size r over all bargraphs is given by

2' " ay(—1+y) (1 + z(—=1+y) +yvX)"
VX(~1+z—y—zy+VX) 7

where x counts horizontal steps, y counts vertical steps and X = (1 —y)(1+ 2%(1 —y) —y — 22(1 +y)). The average number

1—7r 2 2\1—7r
of walls of size r is asymptotic to 2 (17’1’)_”[)(_1;‘) ) "
4

is the positive root of polynomial 1 — 4z + 222 — 2*.

as n — oo, where p = 0.295598 . .. is the dominant singularity, which

3.9 Descents, up-steps, levels

Blecher, Brennan and Knopfmacher [16] studied the generating function for the number of bargraphs according to h steps,
u steps, number of descents (des), and area, and it is shown the following results.

Theorem 3.15. [16] We have

. (i1 X X .
5 1" 3) (py— 1) T, (1 ye? (- 1)/ (py—1))
Y 2uiz1 M (1-a) T, (1—ya?)
e i—1 (7-;1) i 7 '
1-3, zt(py—1)'"1q l'[_j=1{1—yq (p—1)/(py—1))
i1 M, (1—¢9) [1. L (1-ya?)

B#h,#u,des,area(-ry Y,p, q) =

Moreover, the average number of descents in bargraphs of semi-perimeter n is asymptotic to 2&@%&2)% as n +— oo.

By Theorem 3.15 it is shown that the average number of up steps in bargraphs of semi-perimeter n is asymptotic to
1—p—p>—p®
2(1—p—p3)

Theorem 3.16. [16] We have

n, as n — o0.

zig' i1 i j i
B (2.9.q.1) = Y2 st 1o L1 (e’ /(1 = ya?) = 1/(1 = ¢7) + w)
#h,#u,level,area\+Ly Y, {4, - zigt i—1 ; X ; .
1= s 2 (ve? /(L = yg?) — 1/(1 = ¢7) + w)

1-3p+p>+p°

A—p—p3) b @S N> 0.

Moreover, the average number of levels in bargraphs of semi-perimeter n is asymptotic to
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3.10 Peaks

We define a peak to be the set of horizontal steps in a sequence of the form uh*d with & > 1. We define the height of the
peak to be the y-coordinate of the horizontal step(s) of the peak (see [14]).
In all following theorems, related to above-mentioned statistics on peaks, p is defined in (1).

Theorem 3.17. [14] Let p as in (1).

e The generating function for the number of bargraphs according to the number horizontal steps, vertical up steps, and
the number of peaks is given by

(1—2)? —y(1 —wa?®) — V(1 —2)2 — y(1 — wa?))? — dwa?y(1 — z)?
2z(1 — x) ’

where x counts the number of horizontal steps, y counts the number of vertical up steps, and w counts the number of

peaks. Moreover, the average number of peaks in a bargraph of semi-perimeter n is asymptotic to %.

e The generating function for the number of bargraphs according to the number horizontal steps, vertical up steps, and

the number of horizontal steps in all the peaks is given by

(1 —wz)(1 —2)? —y(1 — wz — wa? + wa?) — VX
2z(1 —wz)(1 — x) ’

where X = —4wz?y(1—wz)(1—2)3+((1—wz) (1 —2)% —y(1 —wr —wz? +wz3))?, x counts the number of horizontal steps,
y counts the number of vertical up steps and w counts the number of horizontal steps in peaks. Moreover, the average

number of horizontal steps in all the peaks in the bargraphs of semi-perimeter n is asymptotic to %.

e The generating function for the number of bargraphs according to the number horizontal steps, vertical up steps, and

the height of the first peak is given by

2wy
(2= w)(1 = 2) —wy —way +wy/ (1 —y) (1 - 2)? —y(1 +2)?)

where x counts the number of horizontal steps, y counts the number of vertical up steps and w counts the height of the

first peak. Moreover, the average height of the first peak in the bargraphs of semi-perimeter n is asymptotic to %.

e The generating function for the number of bargraphs according to the number horizontal steps, vertical up steps, and
the position of the first peak is given by
2y(1— o) + 22y(1 - w)
I-—2)1—we—y—ay+3(-1+a+y+ay+/(1 -2 —y—ay)? —4?y))

where x counts the number of horizontal steps, y counts the number of vertical up steps and w counts the position of

the first peak. Moreover, the average position of the first peak in the bargraphs of semi-perimeter n is asymptotic to
8p* (3—10p+4p>+p*)
(1—p)(1—-2p—p?)* ~

e The generating function for the number of bargraphs according to the number horizontal steps, vertical up steps, and
the distance between the leftmost peak and the rightmost peak is given by

zy(l —x) L 2wzy(1 + wr(y — 1) +y —VY)
T2 -5\  (-o)-s@rulg-1)+y-vr))

where Y = (1 — y)(1 + w?2?(1 — y) — y — 2wz (1 + y)), = counts the number of horizontal steps, y counts the number of

vertical up steps and w counts the height of the first peak. Moreover, the average of the distance between the leftmost
4p°(3—=8p+4p°—20°+3p")n
1-3p+p?)(1-2p—p?)3(1—p—p3)"

peak and the rightmost peak in the bargraphs of semi-perimeter n is asymptotic to 1

3.11 Levels

A level in a bargraph is a maximal sequence of two or more adjacent horizontal steps denoted by A" where r > 2. It is
preceded and followed by either an up step or a down step. The length of the level is the number r of horizontal steps
in the sequence. The height of a level is the y-coordinate of the horizontal steps in the sequence. Using the Wasp-waist
decomposition, we obtain the following theorem which is due to Blecher, Brennan and Knopfmacher [15].
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Theorem 3.18. The generating function for the number of bargraphs according to the number of horizontal steps, up steps

and levels is given by

B ( ) 1—2z—y—ay+ 222y — 2w’y — 22V A
evels\T, Y, W) = )
Levels\ %, ¥ 2z(1 —  + wa)

where A = (1 —z —y—xy+ 222y — 2wz?y)? — y(1 — 2(1 — w))?, x counts the number of horizontal steps, y counts the number
of up steps and w counts the number of levels. Moreover, the average number of levels in bargraphs of semi-perimeter n is

1—4ptdp®—p* nas n — oo (see (1)).

asymptotic to S—pp)

Further, in [15] is obtained an explicit formula for the generating functions Bgiu:1(x,y, w) and Bgai(z, y, w), where
statl and stat2 represent statistics: the leftmost z-coordinate and the height of the first level, respectively.

3.12 Water cells

By a water capacity of a composition/bargraph we mean the number of cells which keep the water after it falls through
it. Sometimes, such a number is refereed to as the number of water cells. For example, if we let water to flow through
bargraph 276347175, see Figure 6, we find that its water capacity is 14.

Figure 6: The water capacity of bargraph w = 276347175.

Note that each composition with parts in [d] can be decomposed as either 7’ or n’dx” such that 7’ is a composition with
partsin [d — 1] and = a composition with parts in [d]. Using such a decomposition, Mansour and Shattuck [85] studied
the generating function for the number of bargraphs according to the number of water cells. More precisely, they showed
the following result. Let B? be the set of bargraphs of n where the size of each column is at most d. Define

famyip ) =14+ > [ Y yrPptestmguet | g

n>1 GB(d)

to be the generating function for the number of bargraphs of B\ with m columns, according to the number of descents
and the number of water cells (marked by p and ¢, respectively).

Theorem 3.19. [85] Forall d > 1,

d k-1

1 ar—1(z, yg; p7 y(1 — p))(am—1(x,yq;p, q))?
fa(z,y;p,q) = +Y oty H 2D am- )

1—ay ar(2, Y30, q (am(z,y;p,q))?

9

k=2 m=1

where ap(z,y;p,q) =1 — 2y Y7 ad g™ I, (1 — 2'y(1 — p)g™ ).
The water capacity of bargraphs is also studied by Blecher, Brennan and Knopfmacher [17]. More precisely, therein it
is shown the following result.
Theorem 3.20. [17] The water capacity generating function for all bargraphs B is given by
k i

Zzt<1+(x_£)x__zzxr_zr )Hz (1+ z;—_,:();—zl)>2

r=1

Moreover the mean water capacity in compositions of n as n — oo is given by

nlogy n ﬁ(37—4 3

n
A N
2 log 2 2)+210g22(°g2")+°(”)’

where v is Euler’s constant and () is a periodic function of period 1, mean zero and small amplitude, and it is given by
the Fourier series 0s(z) = 3 o(x + 3)T(=1 — xx)e**™**, where the complex numbers xj, are given by xj = ¢**™** /log 2.
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3.13 Protected cells

Assume it is given a bargraph B that contains m horizontal steps. It can be identified as a sequence of columns ¢(B) =
tite ...t such that the jth column from the left contains exactly ¢, cells. For a cell s of B, we denote its left (respectively,
right) neighbour by L(s) (respectively, R(s)). Further, let m be the number of columns of B and let b be the maximal height
of its columns. Then B defines uniquely a rectangle (m,b), denoted by R(B). A cell s in R(B) is called a protected cell
(respectively, empty cell, empty protected cell) of B if and only if the cells s, L(s) and R(s) lie in ¢(B) (respectively, if the
cells s, L(s) and R(s) lie in R(B) \ ¢(B)). Consider the bargraph 24123612 given in Figure 7. It has 7 protected cells (cells
marked with red lines), 21 empty cells and 13 empty protected cells (cells marked with blue lines). Clearly, the empty cells
are those cells of rectangle not contained within the bargraph. In our example there 6 - 8 — 27 = 21. Protected cells were

Figure 7: The bargraph B = 24123612 with protected cells and empty protected cells.

studied by Mansour, Schork and Yaqubi [86].

Theorem 3.21. [86] The generating function for the total number of protected cells in all bargraphs according to the number

Moreover, as n — oo the total number of protected cells in all bargraphs with n cells is

of cells is given by (1_21)2({”;)(1_%3).

given by 22"1,

A d-bargraph is a bargraph where the height of all columns is at most d and which has at least one column of height d.
The following result appeared in [86].

Theorem 3.22. [86] Let q; mark the number of empty cells in ith row of a given d-bargraph. The generating function for
the number of d-bargraphs according to the number of cells, the number of columns, and the number of empty cells in each

1+ %

d ; d—1 N\
d>1 (1 — YD iy Qit1Git2 - -Qdﬂ) (1 — YD iy Gir1Git2 - - le“>

row is given by:

Moreover the generating function for the number of d-bargraphs according to the number of cells and the number of empty
protected cells in the top row is given by

(1—(g—1)fa(x))?a?
(1= a5 — 2t + (g - Datfa(@)) (1 - g5

where fy(r) =x+222 + ...+ (d— Da? "t + (d — 1)ad + ... + 222473 4 2242,

3.14 Corners

A corner in a bargraph is a point of intersection of an up (u) or down (d) step with a horizontal (h) step. Considering
left-to-right orientation we distinguish four basic types of corners: up-horizontal (uh), horizontal-up (hu), down-horizontal
(dh), and horizontal-down (hd). Let cor,,(w) denote the number of corners of type uh in a bargraph =, and similarly
corpy(m), coran(m), corpq(m) for the corners of type hu, dh, hd, respectively. By symmetries, it is not hard to see that
coryn(m) = corpy(m) and corgp () = corpq(m) (see [82]). Referring to the example in the Figure 7, where it is presented the
bargraph m = 24123612, we have that cor,,(7) = 6 = corp,(7) and corg,(7) = 2 = corpq(m). Define

B(‘Ta%p; (I) = Z Z z"y™ Z pCOTuh(U)qCOTdh(U)'

n>0 m=0 0E€EBL,m

to be the generating function that counts bargraphs of 5, according to the number of columns, the number of corners of
types uh and the number of corners of types dh (marked by y, p and ¢, respectively). By the Scanning-element algorithm,
Mansour, Shabani and Shattuck [82] showed the following.
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Theorem 3.23. [82] The generating function B(x,y;p, q) is given by

m—1, m— gt Fim
1 —|—p(q - l)y Zle <(q - p) 1y ! Zo<i1<~-<i,n T, (—(1—p)z's y))

— _ pym—1,m—1 Zi1+ o +im
L=pyd 1 ((CI P Yoy << H%(l—(l—pwy))

Moreover, the total number of corners of type uh (hu) in all bargraphs of B,, n > 1, is given by

(3n+13)2" 2 —(—1)"
3 .

Also, Mansour, Shabani and Shattuck [82] studied the joint distribution for corners of type uh’ in bargraphs of B, ,,,.

3.15 Interior vertices and edges

A vertex is called an interior vertex if it is adjacent to exactly four different cells of a bargraph B, otherwise, it is called
a boundary vertex. A horizontal /vertical edge of a bargraph is called a d-h-edge/d-v-edge if it is formed from d interior
vertices. Let ehintd(B)/evintd(B) denote the number of horizontal/vertical edges in B formed from d interior vertices. By
the Scanning-element algorithm, Mansour and Shabani [78] showed the following result.

Theorem 3.24. [78] The generating function for the number of bargraphs in B, ,, according to the number interior vertices
is given by

1 (1=g)’ q(j)m(jtl)”y“
+ZJ>1 HJ 1 (1—qiazitl)(1—gitigitl)

—iadPF) i
1 Zj>0 ( (1—g)igq\2 yI

=g/ P 1a ) [T (1—gar T )(1—g T 12t 1)
where x marks n, y marks m and q marks the number of interior vertices. Moreover, the total number of interior vertices in
all bargraphs of B, is given by 2512m=2 4 L (94 (—1)").

In [78] is also found an explicit formula for the generating function for the number of bargraphs in B, ,,, according to
the number of horizontal d-edges, d = 0,1, 2. This leads to the following result.

Theorem 3.25. [78] Asymptotically, the total number of all horizontal 0-edges/1-edges [ 2-edges over all bargraphs of B,
is given by = 13n 52" [ 572" [ 552" as n — oo, and the total number of all vertical 0-edges /1-edges | 2-edges over all bargraphs of
B, is given by 2ngn [ non [ Bu2" as n — oo, respectively.

3.16 Durfee squares

A bargraph 7 is said to contain an s x s square if 7 contains s consecutive columns each of which has at least s cells.
Durfee squares are the largest squares that lie on the base of the bargraph representation of a given composition (in an
analogy to the classical Durfee square of an integer partition which is the largest square in the Ferrers diagram of that
partition, see [5]). We decompose any bargraph = using symbolic decomposition (see [54]) as m=m 7| ma7} ... 7, mq+1 Where
the compositions 7, are singletons of size less than or equal to s and the 7; are compositions of length 0,1,2,...,s with
parts of any size greater than s. Using such a decomposition, one has the following result.

Theorem 3.26. [7] The generating function for the compositions of n that avoid Durfee squares of size s is given by

(1—z)stt — (1 - a:)x52
(1 — )5+t — (1 — 2)s + a5 +1(1 — 25-1)

Note that Archibald et. al. [7] considered the asymptotics for compositions that avoid Durfee squares of size s. Therein,

it is studied the number of times an s x s grounded squares (namely the s x s squares, not necessarily maximal) occur on
the bottom row of a bargraph.

Theorem 3.27. [7] The generating function for the number of compositions of n with m parts according to the number of
grounded s x s squares, counted by q, is given by

r—1
Fy(z,y,q) ==

_1 -
( qy*X® y‘X‘—l) —yzs + 2y

qyrs+xr—1 yrs+r—1

where X = -£—. Moreover, the total number of grounded s x s squares of all bargraphs in B, is given by

n—s>+s—1 =y b2 n—s’+s—1-k
28T .
(T ey (T )

k=1

From the last relation it follows that the average number of grounded s X s squares in a bargraph with n cells is asymptotic

n+353

to —

as n — oQ.
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3.17 Depth

Let B be any bargraph. The depth of a cell ¢ in B, denoted by dep(c), is the minimum number of horizontal or up steps to
exit B starting from c. The depth of B is defined as dep(B) = max, dep(c), where the maximum is over all cells ¢ of B. An
alternative conception of the depth of B is given by the size of its Durfee square, see Section 3.16. Equivalently, the depth
of B can be understood as the number of times the inner site-perimeter can be recursively removed from B until nothing
remains. For instance, the depth of the composition 3454312 is three. Blecher et. al [23] characterized the set of bargraphs
with depth at most r in terms of “patterns”. In particular, they showed that a composition (bargraph) o satisfies dep(c) > r
if and only if it contains 7(") := r(r +1)---(2r — 2)(2r — 1)(2r — 2)--- (r + 1)r. To enumerate the compositions that avoid
(i.e., do not contain) 7(") for any given r, Blecher et. al [23] defined a directed graph and then by using the transfer matrix
found a determinantial formula. In particular, they showed the following result.

Theorem 3.28. [23] The generating function for the number of compositions of n that avoid 72 = 232 is given by

(1-z)?+23(1 —2) +a°
(1-2z)(1 —x)+23(1 —2x) + a5 — ab

and the generating function for the number of compositions of n that avoid 73 = 34543 is given by
(1—2)* 4+ 251 —2)3 + 2°(1 — 2)% + 213 — 214 4 16
(1-22)(1 —2)3 +25(1 —2)2 + 2°(1 — x) + 213) + 216(1 —z — 22)’

In general, they presented an explicit formula for the transfer matrix (the adjacent matrix of the directed graph).

3.18 Counting bargraphs

Let B and C be any two bargraphs. Following [79], we say that a vertex (z,y) of B is a C-vertex if C lies entirely in B
when positioned starting at (z,y). Let C'(B) denote the number of C-vertices of B, so C'(B) is the number of ways C can be
positioned within B so that its vertices coincide with those contained on or within B. We point out that the definition of
C-vertices is related to the generalized factor order in words (see, e.g., [69]), where we recall that the word o = o105 - - oy,
is a generalized factor order of the word 7 = mymy---m, at position j if o, < m;_14, forall s = 1,2,...,m. Thus our
C =CCy - Cp,-vertex at (a,b) in bargraph B = B; Bs - - - B,, corresponds to the word (C; +b)(C2+b) - - - (Cy, +b) which is a
generalized factor order of the word B,+1By+2 - - - Ba+m. For instance, if C' = 12, then the bargraph 23213 contains C' three
times, namely, the C-vertices are (0,0), (0,1), (1,0) and (3,0), which correspond to the factor 12 at position 1, the factor 23
at position 1, the factor 12 at position 2 and the factor 12 at position 1, respectively.

Let C be a fixed bargraph. Mansour and Shabani [79] studied the generating function Fo(x,y,q) for the number of
bargraphs with n cells (marked by x) and m columns (marked by y) according to the number of C-vertices (marked by ¢),
namely

Fo(z,y,q) = Z Z gyt B C(B)
n>0 BEB,
In [79] are studied the cases when C' = m is one column, C = 1¢ = 11---1is one row, C = cl, and C = cd.

Theorem 3.29. [79]
(1) Let C be a bargraph with c cells and one column. Then the generating function Fc(x,y,q) is given by

1
1 — z=ac z°yq °

l1—zx 1—xq

(2) Let C = 1¢ with ¢ > 1. Then the generating function Fo(x,y,q) is given by
1 qc—l
a($7y7Q)—' / 1 )
qry — c—
1/q°"
afz, gy, q) — 1
(gz)?

Yy — P
a(z, (qr)2y, q) — —L1—

(qz)3y— "

—1 piyd(1—gi—ct?
where a(x,y,q) = 25:0 %

(3) The generating function F.1(x,y,q) is given by

SR K

120 T{Zo (1—ait1g) (1 (zq) ' +1)

mc(fgl)qc(g) (1—q)iyd (y<(m.7+1q.7‘)c,,j+1q.7) 4 q1+cjzﬂ(1+.7)y>

i tlg—1 T (qu)i+l

1= 20 T (1= 1q") (1= (wq)+1)
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(4) Let ¢ > d > 1 and C = cd. Then the generating function F.q(x,y, q) is given by

2 jzo d’2?) H?:& (¢'z")
1-— ijo o (giad) f;é ﬁ(qixi)7

where

(1 _ q)xc—d+1yu(’ d+1 (1 _ q)xc—d+1yu(' d+1

1 _ d—1 =
o) =1 = (1 =yle)™) =y el g Pl = @10 =1 = qze)’
c—1 d—1
(1 —q)zyuc qryu’ ST
o ;xﬂyuj " (1 = zu)(1 — qru) Z R 1—qru B(U);qjx%uj.

Note the total number occurrences of C in a bargraph has been considered in [79], where C is either C =¢,C =11---1,
C = cl, or C = cd. We remark that Blecher and Mansour [27] established the generating function that counts the number
of times the staircase C = 1727 ... m* (which is bargraph with m columns such that the jth column has at least j cells)
fits inside a bargraph.

4. Statistics on words

We continue with another important combinatorial family - words. As described in the book [63], many statistics have
been considered in words over a finite alphabet, with a special attention given to those statistics characterized in terms of
“patterns”. In this section, we do not look at such statistics and instead we focus on statistics that are not easily formulated
in terms of patterns, but can be seen as geometric properties when the word is presented as a bargraph. In this regard
we emphasize that these statistics have not been considered in [63]. First we recall a definition of k-ary words. A word w
of length n over the alphabet [k] is an element of [k]™. It is also called a k-ary word of length n. For instance, the words of
length two over the alphabet [3] = {1, 2,3} are 11, 12, 13, 21, 22, 23, 31, 32 and 33. A word can be represented by a bargraph
such that the height of the ith column in the bargraph equals the number of cells in the corresponding part of that word.
Therefore these bargraphs have column heights less than or equal to k.

Let W, ... stu:k(2, Z1, . . ., zq) be the generating function Flycor sty ... 51, (%, 1, - . ., £q4) Where #col is the number of columns
in the bargraphs, and F is the combinatorial class of all k-ary words represented as bargarphs (including the empty word),
see Section 2.

In this section we describe, the time line of the research on counting k-ary words represented as bargraphs according
to some statistics (see Table 2).

| Year [ Statistic, Reference | Theorem |
2015 || Height [25] 3.11, 3.12
2017 || Perimeter [21] 4.1,4.2,4.3
Site-perimeter [22] 44,45
Shedding light [6] 4.8
2018 || Water cells [18] 4.6,4.7

Table 2: Time line of research for words.

4.1 Perimeter
Using the Wasp-waist method, Blecher et. al [21] showed the following result.

Theorem 4.1. [21] The generating function Wy (x,q) for the number of k-ary words of length n according to the perimeter
satisfies
xq' + q2(1 + xQQ)Wper;k(xv q)

1- $q2 - xqzwper;k’(x7 Q)

Wper;k+1($a q) =

with Wyera(z,q) = where the statistic per denotes the perimeter.

q T
1—xq?’
By the Scanning-element algorithm, the authors gave another form for the generating function W,.,.x(z, ¢).

Theorem 4.2. [21] We have

k . & )
W, (2.q) 1+ J:q2 ijl(ng _ 1) + Zj:z(l"qz)]%,jﬂ(q)
per;k 9 - : 7

1 — kl’qQ — Z§:2(xq2)j,}/k’j;2(q)
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where y.j:a(q) = Y 1<i, <iyecij<ho1 [T'_,(¢* — 1) and the statistic per denotes the perimeter.

Moreover, in [21], the authors presented another form for the generating function W,.,.x(x, q) by solving system of k
linear equation. After, they found three different forms for the generating function W.,.x(x, ¢), they calculated the average
of the perimeter over all k-ary words of length n. By finding the coefficient of 2" in da Werk (2, q) |g=1 and then dividing it
by k™ (the number of k-ary words of length n), it is shown the following result.

Theorem 4.3. [21] For n > 2, the average perimeter per words of length n over the alphabet [k] is i(?k2 +3k+ 1+ (k* +
6k — 1)n).

4.2 Site-perimeter

The site-perimeter has been investigated also for the case of k-ary words. By the Wasp-waist decomposition (see [30,92]), we
split the bargraph of any k-ary word into two smaller bargraphs at column of height 1 as follows: any nonempty bargraph
7 can be decomposed as 7 =1, 7 = 17", 7 = 7/, # = 7’1, # = «'17”, where the size of each column in 7’ is at least two and
7', 7" are nonempty bargraphs. Blecher et. al. [22] derived a functional equation for the generating function that counts
the number of k-ary words according to the size of the rightmost part, the number of parts, and the site-perimeter. In
particular, it is shown the following result.

Theorem 4.4. [22] Let |p|, |z| < 1 and

1 ~ 22V (1 — p2 2.2 5.2 .3 2, 1 2 4
R R R R TR L
(1—=s)(1—sp?) (1 —ps)(1—sp?)
sep(1 — (sp?)k a3 gkl (] 2 4 gt
Ho(S)z—p(—(zp)) Hy(s) = 22 2( L p)’
1=sp (1—p?) (1 — sp?)
pIS z°p*s x2p452(p2 1 —sk=1(1 — 5)p?)
Hi(s) = - B 2 2
1—s (1—s)(1—ps) (1=s)(1=p?)(1—sp?)
Define Ay (s) = 3 ,50(— 1)jH"‘(Iﬁ;)pF( G)(p *) where m = 0,1,3. Then
Ap(ri)Asz(r_) — Ag(r_)As(r
W) = ol Asr) = Ao(r ) At

Ay (ri)As(r-) — Au(r-)As(ry)’

gt+/92—4p?(zp>—pz—1)?
2p? (zp? —pzr—1)

where the statistic sp denotes the site-perimeter and 4 = with g = 2?p°® + xp* — 2xp> — p? + zp® — L.
Differentiating the generating function in Theorem 4.4 with respect to p and evaluating at p = 1, gives the following result.
Theorem 4.5. [22] Let n > 2. The average site perimeter of a k-ary word of length n is given by

2+3k+16k2+3k3n+ —2 4+ k + 8k% + 5k3
12k2 6k2 '

4.3 Water cells

The counting of water cells was extended to the case of k-ary words. By considering the Maximal column factorization of
k-ary word, the following result was found by Blecher, Brennan and Konpfmacher [18].

Theorem 4.6. [18] We have

1% —1+ Z oelmag) i g )
we; k(L = x - - ,
k@, q) 1—x—q—|—q1x , l—z—-q+q'z

where wc marks the number of water cells.

By differentiating W,,q(z, ¢) with respect to ¢ and evaluating at ¢ = 1, we obtain the average of the water cells over all
k-ary words of length n.

Theorem 4.7. [18] The total number of water cells of all k-ary words of length n is given by

N

B (4 (k= 1)~ AkH ) + (k= 1) (04 2k -2+ Y

i"(i(n — 2) — kn)
i—k ’

i=1

and the average number of water cells for k-ary words of length n is *5tn — 4k(H, — 1) + O(n(k — 1)" /k™), where H, is the
nth Harmonic number.
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4.4 Shedding light

Assume it is given a bargraph. We let the positive z,y-axis represent the East and the North, respectively. Further,
suppose that there is a light source at infinity in the North-West direction that sheds parallel light rays onto the bargraph.
Clearly, the ray of light will hit and also will miss some of the cells of a given bargraph. A cell is called Shedding light cell
or a lit cell if the ray of light hits the edge facing north or the edge facing west or both. For example, Figure 8 presents the
bargraph 24123612 with its lit cells.

Figure 8: The word 24123612 and its 9 lit (blue) cells.

The statistic /it has been studied by Archibald et. al. [6]. The generating functions techniques and matrix algebra were
used to study this statistic. Further a modification of an adding a slice method leads to the following result.

142600 4o (g—1) b, [ 2 + Loy

1—z Sk Aq
5 2va=1 Ja—1

, where lit marks the number of lit cells, and

Theorem 4.8. [6] We have Wi (z,q) =

A, zva_lg (ﬂ)j ﬁ(l —mq)(a_. 1>,

v m=0 J
a—1la—1-1 . I
- l a—1 Alxj(q_l)a 1—j—1
" lzg ]z:(:) a’_l<lajva_]-—j—l) ’Yl+] TL[O( +mq)

1 (k=) (*) (=145
and v =1+ x — xq. The average number of lit cells is asymptotic to nin, where n;, = % + % 21;211 %

5. Statistics on set partitions

Being closely related to the well known families of numbers, namely Stirling numbers of the second kind and Bell numbers,
the combinatorial family of set partitions and statistics related to it, always attracted a lot of research interest. Many
statistics in set partitions over finite alphabet, characterized in terms of “patterns” and “avoidance” were deeply described
in the book [73]. Here we review the geometrically described statistics on set partitions when the latest are formulated as
bargraphs. First we recall some definitions related to set partitions. A partition of a set or a set partition is a collection
of non-empty, mutually disjoint subsets, called blocks, whose union is the set. Let P, ; denote the set of partitions of
[n] = {1,2,...,n} having k blocks and P, = J;_,Pn. Note that |P, | = S(n,k) is the classical Stirling number of
the second kind and the number of set partitions of [n] is given by B,, the nth Bell number (see [73,77]). Further, let
m = Bi/By/--- /By € Ppyi. Then = is said to be in standard form if the blocks B; are labeled such that min(B;) <
min(Bs) < -+ < min(By). A set partition 7 in standard form can be expressed equivalently by the canonical sequential
form © = w7y ---m, wherein i € B,, for all i, which we will denote also by w. This sequence satisfies the restricted
growth property (see [73,77]), meaning that the first occurrence of ¢ always precedes the first occurrence of ¢/ + 1, that
is, mip1 < max(mme---m;) +1forall 1 < i < n —1. For example, if 7 = {1,6},{2,7,9},{3,4,8},{5},{10,11} € P15,
then 7 = 12334123255. We represent the restricted growth sequences associated with members of P, ; as bargraphs. For
example, the bargraph representation of 7 = 12334123255 is given in Figure 9 below. Table 3 shows the time line of the

Figure 9: Bargraph representation of the set partition 12334123255.

research on set partitions.
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| Year | Statistic, Reference | Theorem |

2017 || Area, Up steps [84] 51,52

2018 || Interior vertices [74] 5.6
Corners [82] 5.9,5.10
Water Cells [85] 5.7,5.8

2019 || 1 x 2 rectangles [33] 511
Perimeter [75] 53,54
Site-perimeter [75] 5.5

Table 3: Time line of research for set partitions.

In this section, we define Py, . s,.1(%, 1, ..., %d) = Figcol sty,...,st4 (T, T1, - - ., Ta), Where #col is the number of columns
in the bargraphs, and F is the combinatorial class of all set partitions with exactly k& blocks represented as bargarphs, see
Section 2. Moreover, we define Py, . o, (%, Y, %1,...,%d) = Y 5o Psty,.pstask (T, 1, ... ,zq)yk.

Throughout this section, we present several basic facts. -

The ordinary and exponential generating function for the Stirling numbers of the second kind is

k T _ 1\k
ZS (n, k)x i and ZS(n,k):c” = u.

= (1 —x)-- (1 —kx) = k!

The number of partitions of [n] is given by the n-Bell number, with exponential generating function ano Bn% =e
Asymptotically as n — oo we have

e—1
B,, ~n! 3)
2rk(k + 1)e”

loglogn

where « is the positive root of ke’ = n + 1, from which we get k = k(n) = logn — loglogn + O ( e

). In order to obtain
asymptotic estimates for the averages, we need an extension of (3), namely:

!
Boin = B, (n+ h)! 140 logn 7
nlkh n

uniformly for » = O(logn), as given in [35].

5.1 Area and up steps

The next results are due to Mansour and Shattuck. It studies the number of set partitions according to the number of cells
(area) and the number of up steps.

Theorem 5.1. [84] Let n > k > 1. The sum of the areas of all partitions of [n| having k blocks is given by

<k;1>5(n,k)+inilj <]+1> n—i—1,k).

n(n+1+k)

Moreover, the average of area over all partitions of [n] is asymptotic to 5

Theorem 5.2. [84]Ifn > k > 1, then the total number of up steps within all members of Py, i, is given by

kS(n, k) + <§> S(n—1,k) + i

Moreover, the average of up steps over all partitions of [n] is asymptotic to

n—

k— z+1 _
Z ] ) PRSP

n(n+1)—r2
6K

5.2 Perimeter

The perimeter statistic has been investigated also for the case of set partitions. Mansour [75], by using the Scanning-
element algorithm, has shown the following result.

Theorem 5.3. [75] Let 1 < k < n. The generating function for the total of the half of the perimeter over all set partitions of
[n] with exactly k blocks is given by
2’“: 12 + 3(i% — 5i + 2)a — i(i — 1)(2i — 7)a?
61_[?11_337 i=1 1=z .
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By translating this ordinary generating function to exponential generating function, we have the following.

Theorem 5.4. [75] The exponential generating function for the total of the half of the perimeter over all set partitions of [n)
(marked by x) with exactly k blocks (marked by vy) is given by

x

- ((6t — 5)y2e + 9(6t + 1)ye + 9(y? + 4t + 8)e! — y(dy + 9))e’® ~¥dt.

36
Moreover, the total of the half of the perimeter over all set partitions of [n + 1] with exactly k blocks is given by

n+4 5 36n + 53 1 n 1 1
——Snt2k — 3250 —nSn —Snt1k—2 — =Snk — 5Snk—3 — 7 Snk—2,
6 +2,k 36 +3,k 36 +1,k + 7ot Lk—2 6 k 9 k=3 T g onk—2
and the total of the half of the perimeter over all set partitions of [n + 1] is given by

n+4 5 18n + 31 6n + 13

7Bn _7Bn Bn -
6 2 g s 18 + 36

where S, i, denotes the Stirling number of the second kind and B,, denotes the nth Bell number.

B,

5.3 Site-perimeter

The site-perimeter statistic has been investigated also for the case of set partitions. Mansour [75], by using the Scanning-
element algorithm, has obtained the following result.

Theorem 5.5. [75] The exponential generating function g—;R(x, y) for the total of the site-perimeter over all set partitions
of [n] (marked by x) with exactly k blocks (marked by y) is given by

Hylley(e“”—l) (y2(9y +16) — 12(4y® + 3y — 24a — 72)e” + T2y(y* + 122 + 14)e + 4y?(102x + 5)e* + 3y> (122 — 11)e4w>.

Moreover, the total of the site-perimeter over all set partitions of [n + 2] with exactly k blocks is given by

n 109 11 in 65 n 47
(Z + 772 )Sn+37k - ZSSn+4’k + (? + T6)5n+2}]@ + Sn+2 k-2 + ( 72)Sn+1,/€
1 3 n
- =S, _3— -5, _ =S, —Sn _ fSn _3,
3 +Lk=3 T Ok 2+6 ,k+16 k 4-1-9 k—3

and the total of the site-perimeter over all set partitions of [n + 2] is given by

n 109 11 dn 73 n 31 n 25
4+ )Bnis— =B —+)B Z B ~)B
G+ 72)Buws = gBusa & (g F 1) Bura + (3 = ) B + (G + 157) B

where S, i, denotes the Stirling number of the second kind and B,, denotes the nth Bell number.

5.4 Interior vertices

A vertex in a bargraph = is called an interior if it is adjacent to exactly four different cells in 7, otherwise it is called a
boundary vertex. For instance, Figure 9 presents a bargraph with 8 interior vertices. Mansour [74], counted set partitions
of P, 1. according to the number of interior vertices. In particular, it is shown the following result.

Theorem 5.6. Fix k > 1. Then the generating function for the number of set partitions of P, . according to the number of
interior vertices is given by

1+ 23075 ag(@)(q+ 7 — 1)

ik (2, q) = aFg("2")
P ’k( q) q s 1171’(qﬂ 1+Z] 10‘“( ))f:c @I 1(27 1Oéa( )(qaijfl))

i

where iv denotes the number of interior vertices, and

0= o (o () (1)

m=1

In particular, the exponential generating function 3, >, <1 > iv(ﬂ)%yk for the total number of interior vertices in

TEPn. i
all set partitions of P, i, is given by

Blany) = B2 poryer—y 63413y ey 62419 o, A+ 07— 6 /T g gy W7 13y — 19

Y 9 36 36 36 A 36 '



T. Mansour and A. Sh. Shabani / Discrete Math. Lett. 2 (2019) 65-94 87

Moreover, the total number of interior vertices in set partitions of [n + 1] with exactly k blocks is given by

4 1 18n —1 1 1 1
”1; S(n+2,K) = —5—S(n+1,K) + 55(n,k) = 5S(n-+3,k) + 5 S(n,k —3) + 7 S(n, s — 2).
and the total number of interior vertices in set partitions of [n + 1] is given by
4 1 18n —1 1 1
"l o) = B gy T B ey i ts),

12 36 36 9
where S(n, k) is the Stirling number of the second kind and B(n) is the nth Bell number.

5.5 Water cells

In order to find the distribution of water cells on set partitions, Mansour and Shattuck [85] determined the distribution
on words of the form kn'(k + 1) and of the form k7', where 7’ is a k-ary word. This leads to the following result.

Theorem 5.7. [85] For all k > 1, we have

Py k(iﬂ D (]) — :Ck H;C;é(l - .1‘(1 - p)qj)k_l_j H:;:l1 fm(l‘q;p, q)
es,wc; s Py fk(x;p, q) H:;L_:ll(fm(xyp, q))Q )

where des, wc denotes the number of descents and number of water cells, respectively, and

m—2 m—1—j
puipa =1 =5 T a0
s=1
In particular, for p = 1, we have
1- —Dz\ 1)x
_ ..k
Pdes,wc;k(x7 ]-,q) =X (1_> ];[ )

As consequence of Theorem 5.7, in [85] it is found the total number of water cells over all set partitions of P,, ;.
Theorem 5.8. [85] Let n > k > 2. The total number of water cells over all set partitions of P, ), is given by

( )Zlk" =183, k) +kzlnzl(< )—1>j"—i—15(i,k).

j=1i=k

Moreover, the total number of water cells of all set partitions of [n] is given by

3 oan+ 11 6n+9 " /n+1
- B, By — B, B;B,_
2Bt 2 g, O +z( ) ) ;

= 717:21 ((2n + 11)k — 3n — 6 + 4kC — 6x7) B, (1 + O(logn/n)),

where C = 0.5963473622 - - -

Moreover, the study of water cells on non-crossing set partitions and non-nesting set partitions (see [73]) has been
investigated in [85].

5.6 Corners

Let f,gr) (,y;q1,---,4,) be the generating function for the number of set partitions of P, ; having k& blocks in which the
element n belongs to the rth leftmost block, according to the area and the number of corners of type uh’ for 1 < i < a (marked
by y and the ¢;, respectively). Define fi(z,y;q1,...,¢.) = Zle f,iT). By writing recurrence relations for f,iT) (9591, Ga),
Mansour, Shabani and Shattuck [82] stated the following formula.

Theorem 5.9. [82] Forall k > 1,

a—1 a
. m ...
fel@,yiqr, - qa) = LiLp—y - Lo | > (2 qrqe---q; + (y)lqlq;yqa ;
j=1
where
L — xyj(l — B;)
J mo —qyt
1—ayl —x(1— a2y B;) ( Z ( T)™ Y o<y <o i <1 yZSZIZS% | - Bis)

for2<j<kand B, =Y 'y iqiqa- - (1 — qiva).



T. Mansour and A. Sh. Shabani / Discrete Math. Lett. 2 (2019) 65-94 88

Moreover, if gy = ¢ and ¢; = 1 for all j # ¢, then Theorem 5.9 leads to an explicit formula for the total number of the
corners of type uh’.

Theorem 5.10. [82] The total number of corners of type uh® where { > 1 in all set partitions of P, is given by

k n—k—¢ .
kS(n — £+ 1,k) + Z ‘ it (;)S(n —i— 0 k).
j=2 =1
Similarly, in [82] it is shown that the total number of corners of type h‘d where ¢ > 1 in all set partitions of P,, ; is given
by
k+1

n—k—/{
2 j—

S @) S(n—i—£,k).

=1

S(n—z,k—1)+< )S(n—fz,k)+

k
Jj=2

Moreover, therein, are given combinatorial proofs for the total number of corners of types uh’ and hd.

5.7 1 x 2rectangles

A 1 x 2 rectangle is a rectangle that is composed of two horizontally adjacent cells. Caki¢, Mansour and Shabani [33], by
using the Scanning-element algorithm, have shown the following result.

Theorem 5.11. Let R(x,y;q;v) = Zkzo(zszl Ri(x; qla)v®)y*, where Ry(x;qla) is the generating function enumerating the
set partitions of Py, such that the element n belongs to the block a, according to the number of 1 x 2 rectangles. Then
z(R(z,y;¢;vq) — R(w,vy;:¢;9)) | (vgR(@,y;¢;1) — R(x, y;¢;vq))

R(z,y;q;v) = 1+ zR(z,vy;¢; 9) + 2vyR(z, vy;¢; q) + 1% + — :

Moreover, the exponential generating function E(xz,y) for the total number of 1 x 2 rectangles over all set partitions of P, j

satisfies

3 _ Y yet—yy,2 _1\.3z V.2 = 2

3 E(m,y)—%e (4y*(3z — 1)e® + 9y (62 — 1)e*® 4 36xe™ + 4y° + y).
X

The total number of 1 x 2 rectangles over all set partitions of P11 1 is given by

dn +1 1 18n +1 n 1 1
——5, - =S, — S, -5, —Sh ~Sh
12 +2k T gontdk + 36 +1,k + gk + gomk=3 + 1o mk=2

and the total number of 1 x 2 rectangles over all set partitions of [n + 1] is given by

dn +1 1 18n + 1 6n + 13
12 2~ gPnts T g 11 "5

The average of 1 x 2 rectangles in all the set partitions of [n] is asymptotic to

n? 1 logn
3(log(n) —loglogn) (1 ~ 3(logn — log logn)> (1 +0 ( n )) '

5.8 2 X 2 squares

Archibald et. al [8], using Column by column method from left to right, determined the generating function for the number
of set partitions of [n] with exactly k blocks according to the number of squares of size two. This leads to exact and asymptotic
formulas for the average number of 2 x 2 squares over all set partitions of [n].

Theorem 5.12. [8] The total number of squares of size 2 in all set partitions of [n] is given by

19 — 18n 4n —3 1 6n+7
B, B,., — -B, 2B ..
36 BT 17 g P2 T g !

Moreover, the average of the number of squares of size 2 over all set partitions of [n] is asymptotic to %, as n — oo.

6. Statistics on permutations

Permutations is the combinatorial family we discuss in what follows. For the non-geometric statistics in permutations we
refer to the following book [28], in which “patterns” and “pattern avoidance” are the main characters. As it is common for
this review we again focus on statistics that are formulated via geometric properties when one presents a permutation as
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Figure 10: Bargraph representation of 123,132,213 € Ss.

a bargraph. We point out that none of these statistics has been considered in [28]. We first recall some definitions related
to permutations.

A permutation of [n] :={1,2,...,n} is a bijection from [n] to itself. We denote the permutations of [n] by 7 = w72 ... 7,
and the set of all permutations of [n] by S,,. For example S3 = {123,132, 213,231,312,321}. As in the case of other combina-
torial families, a permutation 7 = w7, ..., can also be expressed as bargraph, in a such way that we have =; cells in the
jth column of corresponding bargraph. For example, the first three permutations of S; are shown in the Figure 10.

Table 4 shows the time line of the research on permutations.

| Year [ Statistic, Reference [ Theorem |
2016 || Site-perimeter [13] 6.3
2018 || Descent and up steps [83] 6.1
2019 || Water cells [26] 6.4

Table 4: Time line of research for permutations.

6.1 Descents and up steps

Letn>1and 1 <i < |[(n+1)/2]. We denote by A, ; the set of permutations of the multiset 12--- (n —4)(n — i+ 1)* such
that no two of the letters n — i + 1 are adjacent. For example, we have A, » = {1323,2313, 3123, 3132, 3213, 3231}. Note that
for i = 1, A, ; coincides with S,, - the usual set of permutations of [n].

A descent in a word w = wyws - - - w, € P, is an index i € [n — 1] such that w; > w; ;. Let des(w) denote the number of
descents in w, which is equivalently the number of runs of down steps in bargraph representation of the word w. Note that
up(w) = #u(w) and area(w) is simply the sum of the entries of w. For example, if w = 12334123255 (see Figure 9) then the
descents are at indexes 5, 8, thus des(w) = 2, up(w) = 9. We have the following results, due to Mansour and Shattuck [83],
regarding the up step statistic, where in the second one, are given the bounds for the up step statistic on members of A, ;.

Theorem 6.1. [83] The number of up steps within the bargraph representations of all members of A,,; is given by

;m—i)!(”f“) [(”;2> - @] A<i<[(n+1)/2).

In particular, the number of up steps within all bargraphs of S,, is given by (n — 1)! (”;ﬁ) forn > 1.
Theorem 6.2. [83]Letn>1land1<i<|(n+1)/2].

1. The maximum number of up steps in the bargraph representation of a member of A, ; is given by m(m + 1) — (;) if

2(m!)?
il

n = 2m and by (m +1)? — (1) if n = 2m + 1. Furthermore, these maximum values are attained by members of

A i if n = 2m and by M members if n = 2m + 1.

2. The minimum number of up steps in the bargraph representation of a member of A,,; is given by n + (igl), and it is
attained by 2"~2"T1(; — 1)! members of A, ..

6.2 Site-perimeter

Blecher, Brenan and Knopfmacher [13] considered the site-perimeter for the case of permutations when the latest are
presented as bargraphs. Actually, therein the authors only considered the total of site-perimeter over all permutations
of S,,, while the generating function for the number of permutations of S,, according to the site-perimeter statistic still
remains open. The main method for obtaining such a result is to construct the set of permutations of S, .1 by raising
the permutation from S,, by 1 and then appending the letter 1 at every position between the letters. Among other results
in [13] it is shown the following result.

; : ; S 3n2429n+14
Theorem 6.3. [13] Let n > 2. The average site-perimeter for permutations of S, is given by 2425412,
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6.3 Water cells

Let cap,, be the total capacity (water cells) of all permutations of S,,. Note that each permutation in S, ; can be obtained
from a permutation in S,, by adding one to each element and insert 1 somewhere between the letters. By using this simple
fact, Blecher et. al [26] showed the following result.

Theorem 6.4. For all n > 1, cap, = % (n(n +7) — 4(n + 1)H,,), where H,, = 2?:1 % the nth Harmonic number. Thus, the
average <°h* is asymptotic to % —2nlnn+ (7/2 — 2y)n — 21lnn when n — oo.

A permutation 7 in S, is said to have exactly d-dam if there exist only d disjoint connected areas of water containment,
that is, the water cells in 7 exist in exactly d different connected areas. The width of each connected area is called dam
width. In [26] it is shown that the total capacity of all one-dam permutations in Sy with dam width p, 1 < p < n — 2, is
given by %
of permutations in S,, with one dam are studied in [26].

Asymptotics expressions for the total capacity of all one-dam permutations in S,, and the number

6.4 Pushes

We recall that a weak left-to-right maximum is a part which is greater than or equal to all parts to its left. Assume that
the leftmost element in the permutation, which is not a weak left-to-right maximum, occurs in position i and has height
v(i). We call a push the process of shifting all cells which are to the left of i and of height greater than v(:) for one position
to the right. For example, by 4 pushes the word 322132, becomes 232132, 223132, 122332, and at end 122233. Blecher et.
al. [24] showed the following result.

Theorem 6.5. [24] Let H,, be the nth Harmonic number. Then
e the average number of pushes over all permutations of S,, is given by n — H,,.
e the average number of cells that do not move in all permutations of S,, is given by (n + 1)(H,11 — 1).
e the average number of fixed cells over all members of S, is given by +(n+1)(2n + 1).

Note that in [24], is also considered the case of multipermutations. For the case of k-ary words, we refer the reader to
Archibald et. al. [9].

7. Statistics on integer partitions

The last family under consideration is the family of integer partitions. A very good research reference for integer partitions
is [3] while for an introductory reference we refer to [5]. In this section we will consider several geometrically motivated
statistics in integer partitions when the latest are represented as bargraphs, using the same approach as explained in
the case of integer compositions. To do this, we first begin by recalling some definitions related to integer partitions. A
partition of a positive integer n is a finite non-increasing sequence of positive integers, whose sum is n. The number of
partitions of n is denoted by P(n) (where we define P(0) = 1). For example, integer partitions of 4 are the following:
4,31,22,211,1111.

A standard result is )

> P’ = M=)

j=0
Many studies had their focus on the number of integer partitions satisfying certain conditions (for example, see [1-4,

59,94, 100, 101] and references therein). For instance, if Q(n) is the number of partitions of n with distinct parts where
Q(0) = 1, we have the following generating function

> QG = [[(+a).

=0 =0

In [20] is defined the statistic corner for integer partitions. This is related both to descents and the number of occur-
rences of a part (of fixed size). We describe corners in terms of the associated Ferrers diagrams.

The Ferrers diagram is a useful tool for visualizing integer partitions, but not only. It is constructed by stacking left-
justified rows of cells, such that the number of cells in the ith row correspond to the size of the ith part. By rotating a given
Ferrers diagram by 90° counterclockwise gives its corresponding bargraph, see left and right side of Figure 11.
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7.1 Perimeter

It is not hard to see that the generating function P(¢, s, z) of the partitions of a nonnegative integer according to the sum
of parts, the number of parts and the largest part (marked by x, ¢

P(t,s,x) —1+Z

7>1

, s, respectively) is given by

=1 l—tJCJ)

(see [96, Sequence A211978]). By setting s = t = ¢, we obtain that the generating function for the partitions according to
the sum of parts and the semi-perimeter (of corresponding bargraphs) is given by

1+Z

1>1 j 1

z+1

P(q,q,x
(1—qai)

The sum of the semi-perimeters of the bargraphs of the partitions of n is also discussed in [96, Sequence A211978].

7.2 Corners

A corner of a partition 7 is a point of degree two in the corresponding Ferrers diagram. Let cor(m) denote the number of
corners of 7. For example, if 7 = 4422111, then cor(r) = 6, see Figure 11. Further let cory(7) denote the number of corners
at line y = k in the Ferrers diagram of 7, where the topmost horizontal line of the Ferrers diagram corresponds to the line
y = 0. For example, for the partition illustrated below, corg(w) = 2 (corners FE and F), cory(r) = 1 (corner B), and so on.
Blecher et.al. [20] defined several types of corners. A corner is of type (a,b) if it is at the bottom-right of a specific maximal
a x b rectangle (where a and b are the height and the length of rectangle, respectively). For such a maximal rectangle
there are no cells below it and no cells to its right. Thus corner B, is at the bottom-right of the 2 by 1 rectangle, at the cell
marked by X. So that B is a (2,1) corner. Therein were only considered corners at the bottom-right extremities of such b
by a rectangles. So for convenience, the 3 corners D, F and F' at levels x = 0 and y = 0 are ignored. Thus, the partition in
Figure 11 has corners C of type (2,2), B of type (2,1) and A of type (3,1).

E F

a
(o4

= [
Sy

DeBA

Figure 11: The 6 corners of m = 4422111, with A, B and C of type (a,b).

One easily finds that a corner of type (a,b) in the Ferrers diagram of = corresponds to consecutive parts ¢, ¢ — b in the
partition 7 such that the multiplicity of ¢ is exactly a and the last occurrence of ¢ is followed by a part of size ¢ — b. Other
types of considered corners are of type (a+,b); these are corners of type (j,b) for any j > a, and similarly, corners of type
(a+,b+). The size of corners of type (a,b) is defined to be a + b.

We summarize the main results due to Blecher et. al. [20] via the following theorem.

Theorem 7.1.

[20] We have

Type of corner Generating function for the Main term asymptotics for the
total number of such corners average number of such corners
All corners -3+ % @
i>1
P TIf, (1—a") albl/6n
((17 b) Hi>1(1;wi) ﬁf:grf(lff) 7r(a+b+1)!
2" Tl U—e) al(b—1)!Von
(a+,b) [, (1= 72 (1—a?) m(a+b)!
e TI=, (1—z?) (a—D)!(b—1)'"6n
(CH—7 b+) Mo xi) Hatb 1(>1 o) T w(aro—D)
. m— 1 R I D) 1\/671
size m Hl 1(1 z7) Z H:ntnl p+1(1 D) m+1 Z ( )
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8. Extensions, generalizations and connections on bargraphs

As we have seen from the previous sections, the interest for studying bargaph is growing. Besides bargraphs coming from
the representation of well known of combinatorial families, recently appeared some extensions of them. We end this paper
by presenting several such extensions related to the study of bargraphs.

e An z-bargraph is a bargraph remaining after removing the edges on z-axis, see Mansour [76]. Therein, it is shown
that the generating function for the number of z-bargraphs according to the number of border cells (inner site-
perimeter) is given by

14¢—3t2 4263 — V1 —2t — 92 + 613 + 9t% — 12¢5 + 4¢6
ot '

o A cylindrical lattice is a lattice with vertex set {W (a,b) : (a,b) € Z,, X Z}, whose edges are formed by transformations:

W(a,b) = W(a+1,b+1); W(a,b) = W(a—1,b+1),

naturally known as counterclockwise step and a clockwise step, respectively. For more on cylindrical lattices see [56].

Let m > 1 be an arbitrary fixed integer. Consider the map W : Z x Z — R? defined by W (a,b) = (Cos 2“7“, sin 27’7", )

By this map the lattice Z x Z simply wraps around the cylinder. To be more precise, we view the image of W as a
cylindrical lattice; which we call the m-cylinder.

A circular bargraph is a self-avoiding walk in a cylindrical lattice, starting at the origin and ending with its first
return to the zy-plane, which coincides with the starting point. In an analogy to regular bargraphs, there are three
types of steps: an up-step (0,0, 1), a down-step (0,0, —1), and a horizontal-step (0,1,0). Also it is natural to require
that an up-step cannot directly follow a down-step, and other way around, as well as that all horizontal steps must
lie strictly above the xy-plane. A circular bargraph can be presented as a sequence of columns = = 773 - - - 7, such
that the horizontal step of the jth column (from the left) lies on the horizontal line y = =;. It is straightforward to
see that the number of horizontal steps of the circular bargraph is m. Caki¢, Mansour and Shabani [34], showed the
following result.

Theorem 8.1. [34] The generating function for the number of circular bargraph according to the number of cells,
number of columns, and the perimeter is given by

X . X i+2
(q2_1)z+1q2(1+2)y1+21( 2 )

x‘z
1+ 5= 2i>0 A= 2) [[i_, (1—q2a?)(1—a9)

("%?)
1 Z q2(i+1) (g2 —1)iyitig\ 2
120 Ty (1—q2ad) [T;E] (1—a9)

Moreover, the total length of the perimeter over all circular bargraphs with n cells is given by % (Bn+1)2" — (=)™ +

1
5 n.

e A superdiagonal bargraph is a bargraph such that the highest side of each column is placed above the diagonal y = z.
Deutsch, Munarini and Rinaldi [44] showed that the generating function for the number of superdiagonal bargraphs
according to the semi-perimeter is given by C(22/(1 — z)), where C(t) = %}fﬁ is the generating function for the

Catalan numbers. Moreover, it is shown that there exists a bijection between the superdiagonal bargraphs of semi-

perimeter n and the Motzkin paths of length n with no level steps at even levels. In addition, it is shown that the

number of all superdiagonal bargraphs with n cells and with & columns is (";@fl).

e A symmetric bargraph is a bargraph which is invariant under reflection along a vertical line. Deutsch and Elizalde
[42] showed that the generating function for the number of symmetric bargraphs according to the number horizontal
steps and up steps is given by

VI =y (1 —22)2 — y2(1 + 22)2) — 1+ 22 + y* + 22%y + 2%y

1
(1+2) 2x(1 — 22 —y — 2%y)

o A weakly alternating bargraph is a bargraph of the form u' hi*d* Rt ui2hi2d*>ht= . . . y'm himdF»  where m > 1 and
iy Jt, ke, &y > 1 for all r. A strictly alternating bargraph is a weakly alternating bargraph with no consecutive hori-
zontal two steps. In [42] it is proved that the generating function for the weakly and strong alternating bargraphs
according to number of horizontal steps and up steps is given by

(1—2)* = (1 —22)y — /(1 = 2)? — y)(A —2)* —y(1 - 22)?)
2z(1 — )
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and

1—y+aPy — /(1 —y)? —22y(2 + 2y — 2%y)
2x ’
respectively. Moreover, it is shown that the generating function for the number of strong alternating bargraphs

is related to counting Motzkin paths. In particular, it is shown that there is a bijection between strong alternating
bargraphs and Motzkin paths that maps the statistic number of horizonal steps and up steps to the statistics number
of up steps+number of down steps+1 and number of horizontal steps+2.

e A t-bargraph is a bargraph that besides cells of size 1 x 1, also includes d-cells (cells of size 1 x d with 2 < d < t) such
that these cells touch the z-axis. Mansour and Shabani [81] (also, Mansour and Shabani [80] for ¢t = 2), found the
generating function for the number of ¢-bargraphs according to the number of cells and the perimeter. Moreover, an
explicit formula for the total length of the perimeter over all t-bargraphs with n-cells has been derived.

e A bargraph and a topological index. Recently, Elumalai and Mansour [48], connected bargraphs with a well known
topological index - the general zeroth-order Randi¢ index. Therein, they studied °R,, (G) for the case when G is a graph
corresponding to a bargraph and where °R,,(G) is defined as R, (G) = 2uev(c) deg(u)®, where deg(u) denotes the
degree of the vertex v and « is a non-zero real number. It is shown that the expected value of the general zeroth-order
Randi¢ index over all bargraphs with n cells is asymptotic to %(30‘+1 +2%4+3.220" ) agp — co.
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