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Abstract

Let G be a simple graph of order n and let L be its Laplacian matrix. Eigenvalues of the matrix L are denoted by p1, pt2, -+« , pin
and it is assumed that p1 > pu2 > -+ - > pn. The Laplac1an resolvent energy and Kirchhoff index of the graph G are defined

as RL(G) = >, ﬁ and K f(G) = n) .~ -, respectively. In this paper, we derive some bounds on the invariant

RL(G) and establish a relation between RL(G) and Kf(G).
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1. Introduction

Let G = (V(G), E(G)) be a simple graph with V(G) = {v1, va,...,v,} and | E(G)| = m. Denote by A(G) the adjacency matrix
of G, and by i, \a, - - - , A\, its eigenvalues satisfying \; > A\ > --- > \,,. The (ordinary) energy of the graph G is defined [7]

as .
G)=>_ Il
=1

Concept of graph energy has many applications, especially in chemistry. The most important properties of graph energy
can be found in the monographs [11,13] and in the references cited therein.

There are graph energies which are based on different matrices associated with graphs. One of them is the Laplacian
resolvent energy. Before defining this energy, we need some basic definitions.

Let L be the Laplacian matrix of the graph G and uq, pa, - - - , 4, be its Laplacian eigenvalues satisfying 1 > po > -+ >
tin- The Laplacian resolvent matrix R (z) of the matrix L is defined as

Rp(z) = (21, — L)~ !

Since all the Laplacain eigenvalues satisfy the condition p; < n,i=1,2,...,n, in the paper [3] it was proposed to choose
2z =n+ 1. The Laplacian resolvent energy is defined [3] as

n
Zn""l_.uz

Some of the basic properties and various bounds of the Laplacian resolvent energy can be found in the papers [3, 14,
20,21].

In the paper [17], Klein and Randi¢ introduced the notion of resistance distance r;; which is defined as the resistance
between the nodes i and j in an electrical network corresponding to the graph G in which all edges are replaced by unit
resistors. The Kirchhoff index is defined as

G) = Z Tij-

i<j
Gutman and Mohar in the paper [8] and Zhy et al. in the paper [25] independently proved that Kirchhoff index can be
represented as

For some basic properties and various bounds of K f(G), see the monograph [9].
Now, we recall some analytic inequalities for real number sequences that are of interest for the subsequent considera-
tions.
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Lemma 1.1. [15] Let a = (a;) and b = (b;), i = 1,2,...,n, be two sequences of non-negative real numbers of the same
monotonicity and p = (p;), i = 1,2,...,n, be a sequence of positive real numbers. Then
> pi Y piaibi =Y piai Y pibi. (1)
i=1  i=1 i=1 i=1
Equality in (1) holds if and only if a; = as = --- = ap, orby = by = --- = b,,.

Lemma 1.2. [4] Letay > ay > --- > a, > 0. Then

1

EZ%-n(HﬁJ'><wh—¢%F7 @)
i=1 i=1

with equality if as = a3 = -+ = an_1 = \J/a1ay,.
Lemma 1.3. [4] Let 0 < a; < - < a; < -+ < ay < -+ < a, and p1,ps,...,pn be positive real numbers such that
p1+pet--+pn=1land Q; =p1 +p2+---+pi, R = pr + pry1+ - pn. Then
; 1 ‘R — )2
p71+]2_|_...+&_ > Qi k(ak az) ’ 3)
a;  az an  pra1+paag+ o+ ppan a0 (Qia; + Reay)
with equality for
a1 = ay = =, A = Qpt] =+ = O, Gjr] = Qi =+ = Ak _ Qi + Rray
| =ay = = a - 1= = N . A
() + ny Wi i+ Qi+Rk

Lemma 1.4. [2,15] Let a = (a;) and b = (b;), i = 1,2,...,n, be two sequences of real numbers such that a < a; < A < 400
andb<b; < B<+4oofori=1,...,nwherea,b,A,B € R. Then

nZaibi —ZaZ-Zbi <n?a(n)(A—a)(B —b), 4)
i=1 i=1 =1
where (1)
1 n 1 n 1 —-1)" T 41
a”*vﬂﬂ(“vﬂﬂ>—40‘:mz)
The equality sign in (4) holds if and only if a1 = a3 = --- = a, or by = by = --- = b,,.
Lemma 1.5. [12] Let a = (a;), i = 1,...,n, be a sequence of positive real numbers such that 0 < r < a; < R < +o0 for

i1=1,...,nwherer, R € R. Then

n n 2
a; alz < 1 + a(n) (\E — \/Z> n27 (5)

i=1 i=1

where (1)
1 n 1 |n 1 1) 41
“W*vﬂﬂ<“vﬂﬂ)—40‘:mz)
The equality sign in (5) holds if and only if R=ay =as=---=a,=rorR=a1=ay=---=ap > axy1 = =an =T, for
k=13

Lemma 1.6. [15,23] Let a = (a;) and p = (p;), i = 1,2, ..., n, be two sequences of positive real numbers such that > p; =1
i=1
and 0<r<a; < R<+oofori=1,...,nwherer,R € R. Then

n n
Y pai+rRY P <r iR, (6)
N - a;
=1 =1
with equality if and only if R=a; = ay = ---=a, =rorR=a, =ay = -+ =ag = axy1 = -+ = a, = 71, for some k,

1<k<n—-1

Lemma 1.7. [18,24] Let a; c RT,i=1,...,n. Then

n

(n—l)Zai+n<Hai> }(Z@) 2Zai+n(n—1) <Hai> . (7
i=1 i=1 i=1 1

=1 i=

Both Equality signs in (7) hold if and only if a1 = as = - - - = a,,.
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Lemma 1.8. [1,22] Let x = (x;) be a sequence of non-negative and a = (a;), i = 1,2,...,n, be a sequence of positive real

n r+1
nor+l Z T
in i=

1
RN
i=1

Lemma 1.9. [5] A graph has one eigenvalue if and only if its size is zero. A graph has two distinct eigenvalues A1 and ),

numbers. Then, for any r > 0, it holds that

(8)
-1 ¢

x x x
Equality is attained if and only if A_2_...=n
al ag Qp,

A1 > Ao, with multiplicities my and mo, respectively, if and only if it consists of m, complete graphs of order A\ + 1 —in that
case, \y = —1 and mg = m ;.

Remark 1.1. [6] A result similar to Lemma 1.9 holds for the graphs with at most two different Laplacian eigenvalues.

2. Main results

In this section, we are present some new lower and upper bounds for RL(G) in the terms of number of vertices n, number
of edges m, det R (n + 1), the greatest and the second-smallest Laplacian eigenvalues p; and y,,_1, respectively.

2.1 Lower bounds

Theorem 2.1. For n > 3, let G be a graph with n vertices. Then

1
RL(G) > —~ +(n—1)((n+1)detRy(n+1))7T. 9)
n
Equality holds if and only if G =2 K,, or G = K,,.
Proof. Takingn:=n—1,p; =1,a;, = b; = ﬁ,i =1,2,...,n—11in (1) and using the right-hand side of (7), we get
n—1 1 n—1 1 2
-1 - > S
(n );n+1—ui <;m>
n—1 1 n—1 1 nl—l
> - —1)(n-2 -
;n—l—l—ui_'—(n )(TL )<Z_1:[1n+1—,ui>
n—1 1 )
= ; m + (ﬂ — 1)(n — 2)((1’L + 1) detRL(n + 1))"*1
which is equivalent to
n—1
(n—2) ; 71"'%—/% >n—1)(Mn-2)((n+1)det Rr(n+ 1))ﬁ,
and the proof follows for n > 3.
Equality holds if and only if
1 1 1
Vitl—p  Vn+1— s N/ R TR
ie.,ifand only if y; = po = - -+ = pty_1 > 1, = 0 and by Remark 1.1 this is equivalent to G = K,, or G = K,,. O

Theorem 2.2. Let G be a graph with n vertices. Then

e (\/n+1_'u1_\/n+1_ﬂn—1)2
+(n—=1)((n+1)det Rp(n+1))"" + (n+1—p)(n+1—pn 1)

Equality holds if and only if G = K,, or G = K,, or G has four distinct Laplacian eigenvalues, namely

RL(G) > (10)

n+1

n—3
,ul,(nJrl*\/(n+17,u1)(n+17,un_1)) s Mn—1, Un,

wheren+1—+/(n+1—p1)(n+1 — p,—1) has multiplicity n — 3.
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1
Proof. Using Inequality (2) forn:=n —1, a; = T,i =1,...,n—1, we get (10).
n — M4
By Lemma 1.2 equality sign in (10) holds if and only if uo = 3 = -+ = pyp_o =n+1— \/(n +1—p)n+1—pp_1). If
p1 = fin—1, then we have p; = pig = -+ = pin_1 > pn = 0, and equality sign in (10) holds if and only if G = K, or G = K,,.

If py # pn—1, then equality sign in (10) holds if and only if G has four distinct Laplacian eigenvalues, namely

n—3
m,(n—i—l—\/(n—&—l—ul)(n—i—l—unq)) y Mn—15 Un,s

where n+1—/(n+1—p1)(n + 1 — p,_1) has multiplicity n — 3. O
Theorem 2.3. Let G be a graph with n vertices and m edges. Then

1 (TL - 1)2 (:u’l - .LLTL—l)2 (11)

RL(G) > n + ,
(@) n+l n2—-1-2m (n+1—p)n+1—py—1)2n+2— 1 — pttn_1)

Equality holds if and only if G = K,, or G = K,, or G has four distinct Laplacian eigenvalues, namely

p1+ pn—1 nod
M1, Y s Bn—1, HUn,

B+ pp—1

where has multiplicity n — 3.

1 1
Proof. By Inequality (3) forn:=n—1,a; =n+1— pu;,p; = m,i =1,....n—1,Q: =R, = 7 we get (11).

From Lemma 1.3 we have that equality sign in (11) holds if and only if

_ _ _ _ M1 + Hn—1
/‘2—/‘3—"'—/17172—?
If 11 = ptp—1 then puy = pg = -+~ ftn—1 > i, = 0 and equality sign in (11) holds if and only if G = K, or G = K,,. If 11 # fin—1

then equality sign in (11) holds if and only G has four distinct Laplacian eigenvalues, namely

p1 + pn—1 nd
Hi, 5 y Bn—1, Mn,

B+ pn—1

where has multiplicity n — 3. O

Theorem 2.4. [14] Let G be a simple connected graph with n > 2 vertices and m edges. Then

1 (n—1)?2
> .
RL(G) > n+1 * n?—1-—2m (12)
Equality holds if and only if G = K.
Remark 2.1. Inequality (11) is better than (12).
2.2 Upper bounds
Theorem 2.5. Let G be a graph with n vertices. Then
1 o (VAFT =g — Vi F T i)’
< — n—1 — 2 —
RL(G) € m—— ] +(n—1({(n+1)detRp(n+1)) +(n—1%a(n—-1) T o (13)

where . 1) .
—_1\n +
Equality sign in (13) holds if and only if G = K,, or G = K,,.

Proof. Using Inequality (4) and right-hand side of (7) for

1 1 1
= —17 <:b4:77.:1,._., —17A:B:7, :b:—’
n n a; i /77714'1_,[%2 n </n+1—,u1a TL+1*/~Ln—1

we get (13). Similarly as in the proof of Theorem 2.1, equality sign in (13) holds if and only if G = K, or G = K,,. O
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Theorem 2.6. Let G be a graph with n vertices. Then

1 (n—1)2 (11 — pn—1)?
RL(G) < n+1 +n2—1—2m (14_&(“_1)(11—1-1—;Ll)(n—i-l—,un_l)>7 (14)

where 141
a(n—1) = <1_2(n—1)2)'

!
4
Equality sign in (14) holds if and only if G =2 K,, or G = K,,.

Proof. In (5) letting

n::n—l,ai:é,izl,...,n—l,r: L ,R= 1
n+1—p n+1—pin_1 n+1l—p
we get (14).
By Lemma 1.5, equality sign in (14) holds if and only if iy = pp = -+ = ptn_1 > g, = Oi.e., if and only if G = K, or
G2 K,. O

Theorem 2.7. Let G be a graph with n vertices and m edges. Then

1 2m+(n—1)(n—|—1—u1—,un,1)

RL(G) £ 15
S T T T T ) (15
with equality if and only if G = K,, or G = K,,.
Proof. Inequality (15) follows from (6) when
n:=n—1a = 1 ,T = 1 ,R= 1 ,Di = 1 =12 ... ,n—1.
n+1—yp n+1—pn_ n+1—p n—1
By Lemma 1.6, equality sign in (15) holds if and only if iy = po = -+ = ptn_1 > g, = Oi.e., if and only if G = K, or
G2 K,. O
2.3 Relations between RL(G) and K f(G)
In the next theorem we establish a relationship between Laplacian resolvent energy and Kirchhoff index of a graph.
Theorem 2.8. Let G be connected graph with n vertices. Then
12 2
KfQ)s " ((n+1)RL(G) = 1)%(n+1— ) (16)

“nt+1 (n+1-p)2(1—(m+DRLG) +(n+1)n2—1)
Equality holds if and only if G = K.

1 1
Proof. In Radon’s inequality (8) forr =1, n:=n—1,a; = —, x; = P i1=1,2,...,n—1, we get
i n — M
RLG) - 1)
n—1 ,LLZ "t 1
_ 1
o (1 - ) S K@)
n
Since
n—1 n—1
Hi _ Hi
Znrti-m)? e lm-n-1p
_ i 1 ni:l n+1
—pi—n—-1 (i —n—1)?
n—1 1
= —RL —_— 1
RL(G) + —— +(n+ );(M_n_l)w
and
1 1
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foralli =1,2,...,n — 1, and hence we have that

n—1

— i 1 n—1
M < _RLG)+ —— ) P —
2 i S PHO S )
and the proof follows. Equality in (16) holds if and only if 1y = po = -+ = pin—1 = pn, = 0i.e. if and only if G = K, since G
is connected graph. O
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